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We present an analysis of the Kondo effect on the Bohm-Aharonov oscillations of the tunneling currents in
a mesoscopic ring with a quantum dot inserted in one of its arms. The system is described by an Anderson-
impurity tight-binding Hamiltonian where the electron-electron interaction is restricted to the dot. The currents
are obtained using nonequilibrium Green functions calculated through a cumulant diagrammatic expansion in
the chain approximation. It is shown that at low temperature, even with the system out of resonance, the Kondo
peak provides a channel for the electron to tunnel through the dot, giving rise to the Bohm-Aharonov oscilla-
tions of the current. At high temperature these oscillations are important only if the dot level is aligned to the
Fermi level, when the resonance condition is satisfied.@S0163-1829~97!53012-8#

I. INTRODUCTION

The Bohm-Aharonov effect1 has been the subject of many
experimental and theoretical studies in the realm of mesos-
copic transport. Under the effect of an external magnetic
field the waves describing the currents propagating from left
to right, along two branches of a mesoscopic ring, suffer a
phase shift. According to this shift there is a constructive or
destructive interference at the right contact of the device,
which is reflected in the conductance as cycles of period
f05hc/e, depending on the magnetic fluxf encircled by
the ring. This sensitivity of the interference pattern produced
by the dephasing of the two waves can be exploited to study
the nature of transport in a particular system. For example,
recently the resonant tunneling of an electron going through
a dot that belongs to one of the arms of a ring linked to two
contacts has been measured2 and theoretically studied.3 From
the experimental data it was possible to distinguish between
coherent and sequential tunneling by studying the oscilla-
tions in the conductivity as a function of the magnetic flux
threading the ring. Undoubtedly, a system of this kind is also
extremely appropriate to study the effect of Coulomb repul-
sion on transport.

In the experiment mentioned2 the system exhibits pro-
nounced oscillations of the conductance when the gate po-
tential on the dot is modified. The Coulomb blockade of an
electron when it tries to go into a dot already occupied by
another electron provides the theoretical explanation for the
conductance oscillations. However, at low external applied
potentials, when the system can be considered to be in equi-

librium, another Coulomb repulsion effect, the Kondo4 ef-
fect, shows up. Although its experimental detection is
difficult5 we believe that it can be clearly seen in a device of
the kind described above, due to its sensitivity to interference
effects. For temperatures below the Kondo temperatureTK
the I -V characteristics should reflect this effect when the
system operates in the so-called Kondo regime. This happens
when the Fermi energy has an intermediate value between
the energy of the localized level at the dot and the energy
necessary to incorporate an extra electron to it.

The aim of this paper is to study the current going along a
quantum dot in two different situations: at low temperature
when the system is in the Kondo regime and at high tem-
perature when the flowing charges are dominated by the
resonant tunneling condition. We take advantage of the
Bohm-Aharonov effect, which emphasizes the differences
between the two regimes, by locating the dot in one of the
arms of a ring connected to two contacts. A scheme of the
ring with the dot is shown in Fig. 1. The ring is threaded by
an external magnetic field and the dot is subjected to a gate
potential. The electron-electron interaction gives rise to an
Abrikosov-Suhl resonance or to Coulomb blockade behavior
for temperatures below or aboveTK , respectively. As we
show below, these two situations are clearly distinguished in
this Bohm-Aharonov device. The Kondo regime is charac-
terized by a current that depends strongly upon the magnetic
flux f, due to interference between the waves going along
the upper and the lower arms of the ring. This holds for a
region of the parameter space~gate potential, Coulomb re-
pulsion, and temperature! irrespective of the dot being in
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resonance or not. On the other hand, in the Coulomb block-
ade regime one observes a strongf dependence only when
the level localized at the dot satisfies the resonant tunneling
condition.

II. THEORY

The system is described by an Anderson-impurity first-
neighbor tight-binding Hamiltonian defined over a ring and
two contacts. Although the electron-electron interaction is
present in the entire system we assume it to be restricted to
the dot where, due to quantum confinement, the electrons
interact more strongly. The Hamiltonian is then given by

H5Hc1(
i j s

t i j cis
† cjs1t8(

s
~c1s

† c2s1c21s
† c22s1c.c.!,

~1!

where i , j denote the atomic sites in the ring and contacts,
t i j is the first-neighbor hopping matrix element,t8 is the
hopping connecting the dot to the upper arm of the ring, and
Hc represents the dot modeled by a cluster of three sites and
is given by
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whereU andV0 correspond, respectively, to the electronic
repulsion and gate potential on the dot, which is at site 0.
The local energies of the two other sites, 1 and21, are
chosen to be zero and their interaction with the dot ist8, as
illustrated in Fig. 1. The matrix elementt8 in Eq. ~2! plays
the role of the hybridization of the usual Anderson Hamil-
tonian; in this senseHc is equivalent to an overscreened
Anderson Hamiltonian with a nonlocal hybridization. There-
fore, one expects to obtain a Kondo effect in the limit
t8,t. The applied electric potential is taken to be negligibly
small so that its contribution to the site energies can be ne-

glected. The transport is supposed to be ballistic in nature so
that the Hamiltonian does not include a dissipative mecha-
nism or other degrees of freedom, but does include electrons.
The external magnetic field producing the flux is incorpo-
rated in the first-neighbor matrix elements,t i j , of the ring as

t i j5te2~ ip/N!~f/f0!, ~3!

wheret is the first-neighbor hopping,f is the quantum flux
crossing the ring,f5rAW •dlW , whereAW is the vector potential,
f0 is the quantum of flux, and 2N is the number of atoms of
the ring with lattice parametera.

The system is considered to be strictly one dimensional
~1D!, constituted by one line of atoms, which is, evidently,
not a realistic situation. Transverse quantum confinement
would produce some transverse quantum states for which
different 1D electronic channels would be available for elec-
trons to move along the ring. However, if the width of the
wire is small enough these states can be well separated in
energy and we can restrict ourselves to the study of a one-
channel system. The current circulating along the ring is cal-
culated using the Keldysh formalism.6 In addition to the
usual advanced and retarded Green functions, two other cor-
relation functions are required:
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† ~ t !cis~0!&eivtdt, ~4a!
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where the mean values are calculated on a nonequilibrium
stationary state of the system under the effect of an applied
electric potential.Gii

21(v) gives the spectral representation
of the electronic occupation at sitei , corresponding to this
current flowing stationary state. To calculate the transport
properties the system is partitioned into two semi-infinite
supports so that the two subsystems are in thermodynamic
equilibrium, the electric current is zero, and the correspond-
ing Green functions can be obtained by standard techniques.
The dressed Green functions for the nonequilibrium situation
are calculated through a Dyson equation obtained by re-
establishing the connection between the two subsystems, ac-
cording to the Keldysh formalism. Following this idea the
total current circulating along the contacts due to the appli-
cation of an external bias can be obtained from
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wheren and n11 are two adjacent sites belonging to the
contacts. In our calculation these sites are chosen as shown
in Fig. 1.

The cluster HamiltonianHc is diagonalized by consider-
ing, for simplicity, the electron-electron interactionU to be
infinite. The eigenvalues and eigenvectors for all possible
numbers of particles are then calculated. To obtain the
propagators for the total system we calculate first the Green
function for the cluster using the grand-canonical ensemble:

FIG. 1. Schematic representation of the ring connected to two
contacts with a three-site cluster inserted in its upper arm. The
quantum dot is at site 0. The total current is calculated between
sitesn andn11.
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with
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whereZ is the cluster partition function,b5(kBT)
21, Nc is

the number of electrons in the cluster, andm is the chemical
potential.

The Green functions appearing in Eq.~5! are calculated
using a cumulant diagrammatic expansion where the nondi-
agonal matrix elements linking the dot with the rest of the
system is taken to be the perturbation. The expansion is re-
stricted to the ‘‘chain approximation,’’7 which has shown to
be a suitable scheme to describe the Kondo and Coulomb
blockade effects.8

Within this approximation the propagators for the total
system are obtained solving the Dyson equation

Gi j s~v!5gi j s~v!1(
ml

gi l ~v!t l m8 Gmjs~v!, ~7!

wheregi j s(v) has been extended to represent the undressed
Green function of the two noninteracting subsystems, the
cluster given by Eq.~6! and the rest of the system. The
Kondo regime is attained for values of the gate potential
V0 such that the dot resonant level is below the Fermi level
«F . As the approximation proposed is exact at the atomic
limit it describes the Coulomb blockade in an appropriate
way.

III. RESULTS AND DISCUSSIONS

Using the above formalism we study the current circulat-
ing along a ring of 27 atoms having a quantum dot inserted
in one of its arms, under a small applied electric potential of
0.03t. The dot is subjected to a variable gate potentialV0 and
interacts with the rest of the ring with at850.1t. This value
is justified because there is a barrier that reduces the trans-
mission probability between the dot and the rest of the ring.
The ring is connected to two semi-infinite linear chains.

The tunneling current as a function of the magnetic flux
encircled by the ring, for different values of the gate poten-
tial V0 , is presented in Fig. 2, for low and high temperature
(T). By varying the gate potential we can change the energy
of the dot resonant level, which does not coincide withV0
due to the interaction of the dot with the rest of the system.
Let us first analyze the behavior at highT, which has been
chosen to correspond tokBT50.1t. ForV0 such that the dot
resonant level coincides with the Fermi level, which was
taken to be20.05t, the system is in the resonant tunneling
condition and the current circulates along the upper arm of
the ring, where the dot is located, as well as along the lower
arm, producing interference at the right contact. The interfer-
ence pattern depends on the magnetic flux encircled by the
ring since the magnetic field introduces a phase shift between
the currents circulating along the two arms. As a result the
total current shows a strong dependence on the magnetic flux

as shown in Fig. 2~b! for V0 equal to 0.3t ~continuous line!.
On the other hand, when the upper arm is taken out of reso-
nance by increasing or reducing the gate potential, the elec-
trons circulate mainly along the lower arm and the interfer-
ence is reduced. The dependence of the current on the
magnetic flux becomes weaker and the amplitude of the os-
cillations is smaller, as illustrated in Fig. 2~b! for V0 equal to
0.5t ~dotted line! and 0.2t ~dashed line!.

By reducing the temperature belowTK we obtain the
curves shown in Fig. 2~a!, where the current is depicted as a
function of the magnetic flux forkBT50.01t with the same
values of the gate potential as in Fig. 2~b!. One can see that,
unlike the high-T case, the current shows large oscillations
for V050.2t ~dashed curve!, in which case the dot level is
below the Fermi level and the system is in the Kondo re-
gime. This is a consequence of the appearance of an
Abrikosov-Suhl resonance at the Fermi level providing a
channel for the electron to go along the upper arm of the ring
through the dot, giving rise to a strong interference with the
current circulating along the lower arm.

These features are better clarified by analyzing the local
density of states~LDOS! at the dot, which is shown in Fig. 3,
for the same values of temperature and gate potential as in
Fig. 2 and for a small energy range, of the order of the
applied potential, around the Fermi level. ForV0<0.2t the
LDOS shows the Kondo peak approximately pinned at the
Fermi level and the resonant level is far lower in energy.
This is illustrated by the dashed curves corresponding to
V050.2t, where the only structure appearing in the energy
range considered is the Kondo peak. Notice that at highT
this peak is also present but strongly reduced. Increasing
V0 further, the resonant peak moves towards the Fermi level

FIG. 2. Current density as a function of magnetic flux at~a! low
T and ~b! high T, for different values of the gate potentialV0 /t:
0.2, dashed line; 0.3, continuous line; 0.5, dotted line.
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and as it gets close to the original Kondo peak their interac-
tion results in a double structure in the LDOS that has a
weak dependence on temperature. This is shown in Fig. 3 by
the continuous curves corresponding toV050.3t. For greater
values of the gate potential these two structures merge into
one peak, represented by the dotted curves, which shifts to-
wards higher energies and the Kondo effect disappears.

The distinction between the high-T and low-T behavior is
made evident in Fig. 4 where the oscillation amplitude of the
current is presented as a function of the gate potentialV0 for
the same low~continuous line! and high~dashed line! tem-
peratures as in Figs. 2 and 3. One can see that for the whole
range of values of the gate potential for which the system is
in the Kondo regime (V0<0.2t) the oscillations of the cur-
rent are much larger for lowT than for highT. On the other
hand, forV0.0.4t the behavior of the oscillations for both
temperatures is similar. However, the current oscillation am-
plitude is smaller for highT than for low T, although the
LDOS near resonance is approximately temperature indepen-
dent. At highT, due to the spread of the Fermi distribution
there are more channels contributing to the current with dif-

ferent energies and, as a consequence, different phases. At
low T the phase dispersion is restricted to the window
opened by the applied potential, which is enlarged by in-
creasing the temperature. The smaller phase resolution of the
experiment at highT reduces the amplitude of oscillations
since there is no magnetic flux for which the electrons going
along the different arms of the ring can be totally in phase or
out of phase.

The not completely monotonic behavior of the oscillation
amplitude at lowT, shown in Fig. 4, is a result of the meso-
scopic character of the ring, which is reflected on the LDOS
by the existence of several structures that interact slightly
with the Kondo peak as a function of the gate potential.

We have shown that an imperfect ring threaded by a mag-
netic flux is a device very sensitive to distinguish between
the low- and high-temperature behavior in the Kondo re-
gime. At low T the Bohm-Aharonov oscillations reflect the
presence of the Kondo resonance, which provides a channel
by which the electrons can go through the dot, producing
interference. At highT the Abrikosov-Suhl resonance disap-
pears and the oscillations are important only when the dot
level is at the resonance condition. We hope these results
motivate an experimental verification of this effect.
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FIG. 3. Local density of states at the dot site at~a! low T and~b!
high T, for the same values of the gate potential as in Fig. 2.
V0 /t 50.2 ~dashed line!, 0.3 ~continuous line!, 0.5 ~dotted line!.

FIG. 4. Current oscillation amplitude as a function of gate po-
tential at lowT ~continuous line!, and at highT ~dashed line!.
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