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A kinetic description is used to analyze wave propagation in dusty plasmas, taking into account the
fluctuation of the charge of the dust particles due to inelastic collisions with electrons and ions. The
case of propagation of waves exactly parallel to the external magnetic field and Maxwellian
distributions for the electrons and ions in the equilibrium is considered, and a parametric analysis of
the dispersion relation is performed. The investigation emphasizes particularly the effects of dust
density, radius of dust particles, ion temperature, ratio between electron and ion temperatures, ion
density, and ambient magnetic field, on the solutions of the dispersion relation. The analysis shows
the possibility of occurrence of coupling between waves in the whistler branch and waves in the
branch of circularly polarized waves, in the presence of the dust particles. © 2005 American
Institute of Physics. �DOI: 10.1063/1.1987270�

I. INTRODUCTION

In a recent publication we have used a kinetic descrip-
tion to analyze the propagation of electromagnetic waves in
dusty plasmas, taking into account the fluctuation of the dust
charges due to inelastic collisions with electrons and ions.1

We have also presented a short list of references related to
the subject.2–17

In the formulation utilized in Ref. 1, the components of
the dielectric tensor depend on the frequency of inelastic
collisions between ions and electrons and the dust particles.
This collision frequency is momentum dependent and, in or-
der to simplify the evaluation of momentum integrals and
solve the dispersion relation, we have assumed that it could
be replaced by an average over electron or ion distribution
function. The formulation has been applied to the particular
case of low-frequency waves propagating along the ambient
magnetic field, incorporating many details which have ap-
peared in previous publications.1,18,19

We have obtained results which show that, as in the case
of dustless plasmas, the dispersion relation describes two dif-
ferent modes, identified for higher frequencies as the whistler
waves and as the circularly polarized waves. In the absence
of dust these two modes collapse together, for frequencies
well below ion cyclotron frequency, forming the well-known
branch of the Alfvén waves. In the presence of dust particles

with variable charge, however, our results show that these
two modes become separated. Another effect of the presence
of the dust particles with variable charge is an additional
damping of the Alfvén waves, which may completely over-
ride conventional Landau damping for large wavelengths.
We have seen that, for small dust density, the damping of the
two modes increases nearly linearly with the dust density,
while for further increase of the dust density, waves in the
circularly polarized branch have the damping rate further de-
creased, while waves in the whistler branch continue to have
increased damping rates.1 Another novel feature obtained in
Ref. 1 is the occurrence of mode coupling due to the pres-
ence of dust particles, between waves in the branch of circu-
larly polarized waves, propagating in opposite directions.

The emphasis in Ref. 1 has been on the demonstration of
the effects of the presence of dust particles on the propaga-
tion and damping of low-frequency waves. A particular set of
representative parameters has been chosen and kept constant
along the analysis, including parameters like the magnitude
of the ambient magnetic field, the temperature of the ions
and the size of the dust particles. In the present paper we
return to the subject, in order to perform a parametric analy-
sis of the dispersion relation of low-frequency waves propa-
gating parallel to the ambient magnetic field, in a dusty
plasma, with emphasis on the parametric dependence of the
mode-coupling phenomena which have been shown to occur
due to the presence of the dust. For this analysis, we consider
a range of values of the ambient magnetic field, of the iona�Electronic mail: ziebell@if.ufrgs.br
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temperature, of the ratio between electron and ion tempera-
ture, of the ion and dust densities, and of the diameter of the
dust particles, assumed to be spherical. This analysis greatly
complements the previous analysis.1 It also shows the possi-
bility of occurrence of coupling between waves in the whis-
tler branch and waves in the branch of circularly polarized
waves, due to the presence of the dust particles, a phenom-
enon not yet reported in the literature, to the best of our
knowledge.

The structure of the paper is the following. In Sec. II we
briefly outline the model used to describe the dusty plasma.
In Sec. III we present essential features of the dielectric ten-
sor to be used in the discussion of wave propagation exactly
parallel to the external magnetic field, derived assuming
Maxwellian distributions for the electrons and ions in the
equilibrium, and the ensuing dispersion relation. In Sec. IV
the numerical results obtained from the dispersion relation
modified by the dust are presented and discussed. The con-
clusions are presented in Sec. V.

II. THE DUSTY PLASMA MODEL

We consider a plasma in a homogeneous external mag-
netic field B0=B0ez. In this magnetized plasma we take into
account the presence of spherical dust grains with constant
radius a and variable charge qd; this charge originates from
inelastic collisions between the dust particles and particles of
species � �electrons and ions�, with charge q� and mass m�.
For simplicity, we will consider simply charged ions.

The charging model for the dust particles must in prin-
ciple take into account the presence of an external magnetic
field. This field must influence the characteristics of charging
of the dust particles, because the path described by electrons
and ions is modified: in this case we have cyclotron motion
of electrons and ions around the magnetic field lines. How-
ever, it has been shown by Chang and Spariosu, through
numerical calculation, that for a��G, where �G

= �� /2�1/2rLe and rLe is the electron Larmor radius, the effect
of the magnetic field on the charging of the dust particles can
be neglected.20 For the values of parameters used in the
present work the relation a��G is always satisfied.

We will consider the dust grain charging process to oc-
cur by the capture of plasma electrons and ions during in-
elastic collisions between these particles. Since the electron
thermal speed is much larger than the ion thermal speed, the
dust charge will be preferentially negative. As a cross-section
for the charging process of the dust particles, we use expres-
sions derived from the OML theory �orbital motion limited
theory�.21,22

In the present work we focus our attention on low-
frequency waves in a weakly coupled dusty magnetoplasma,
where the electrostatic energy of the dust particles is much
smaller than their kinetic energy. This condition allows for a
wide variety of natural and laboratory plasmas, with the ex-
ception of the so-called colloidal plasmas.23,24 Dust particles
are assumed to be immobile, because of their mass which is
much larger than the masses of ions and electrons, and con-
sequently the validity of the proposed model will be re-
stricted to waves with frequency much higher than the char-

acteristic dust frequencies, excluding the modes that can
arise from the dust dynamics. More particularly, we will con-
sider the regime in which ��d���pd����i� ��e�, where
�d and �� are the cyclotron frequencies of the dust particles
and of electrons and ions, respectively, and �pd is the plasma
frequency of the dust particles. The regime of frequencies
���i deserves special attention because it covers the range
of the Alfvén waves, although nothing in the formalism pre-
vents the analysis of waves with �	�i.

As we will see, in this range of frequencies the dust
particles modify the dispersion relation, through modifica-
tions of the quasi-neutrality condition and through effects
due to dust charge fluctuation. These dust charge fluctuations
provide an additional damping mechanism for the Alfvén
waves, beyond the well-known Landau damping mechanism.

The dielectric tensor for a magnetized dusty plasma, ho-
mogeneous, fully ionized, with identical immobile dust par-
ticles and charge variable in time, can be written in the fol-
lowing way:


ij = 
ij
C + 
ij

N, �1�

where the explicit expressions for 
ij
C and 
ij

N are given in
Refs. 18 and 19 and also in the Appendix of Ref. 1.

The term 
ij
C is formally identical, except for the i3 com-

ponents, to the dielectric tensor of a magnetized homoge-
neous conventional plasma of electrons and ions, with the
resonant denominator modified by the addition of a purely
imaginary term which contains the collision frequency of
electrons and ions with the dust particles. For the i3 compo-
nents of the dielectric tensor, in addition to the term obtained
with the prescription above, there is a term which is propor-
tional to the inelastic collision frequency of electrons and
ions with the dust particles.

The term 
ij
N is entirely new and only exists in the pres-

ence of dust particles with variable charge. Its form is
strongly dependent on the model used to describe the charg-
ing process of the dust particles.

III. PROPAGATION PARALLEL TO B0
AND MAXWELLIAN DISTRIBUTION FUNCTION

If f�0 is a Maxwellian distribution the effects of charge
variation in the term 
ij

C of Eq. �1� only occur in the resonant
denominator, being this result independent of the direction of
k. The resonant denominator is modified by the addition of a
purely imaginary term which contains the inelastic collision
frequency of electrons and ions with dust particles. On the
other hand, in the case of propagation exactly parallel to the
external magnetic field, the term 
ij

N appearing in Eq. �1�,
only occurs for i= j=3, regardless of the detailed form of the
distribution function f�0.

As a consequence, in the case of propagation parallel to
the external magnetic field and Maxwellian distributions for
the electrons and ions, the dielectric tensor assumes the form


J= � 
11
C 
12

C 0

− 
12
C 
11

C 0

0 0 
33
C + 
33

N � , �2�

where
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11
C = 1 +

1

4�
�

X��Î�
+ + Î�

−� ,


12
C = −

i

4�
�

X��Î�
+ − Î�

−� ,


33
C = 1 + �

�

X�Î�
0 ,

and where

Î�
s 	

1

n�0

 d3p

p��f�0/�p�

1 −
k�p�

m��
+ s

��

�
+ i

��d
0 �p�
�

,

Î�
0 	

1

n�0

 d3p

p��p�/p��2�f�0/�p�

1 −
k�p�

m��
+ i

��d
0 �p�
�

,

with

��d
0 �p� =

�a2nd0

m�

�p2 + C��
p

H�p2 + C�� ,

X� =
�p�

2

�2 , �p�
2 =

4�n�0q�
2

m�

, �� =
q�B0

m�c
,

C� = −
2q�m�qd0

a
,

and s= ±1. The subscript �=e , i identifies electrons and ions,
respectively, qd0=�deZd is the equilibrium charge of the dust
particles �positive, �d= +1, or negative, �d=−1� and H de-
notes the Heaviside function. The number of charges in each
dust particle, Zd, is calculated from the equation of balance
of current in the dust particles, in the equilibrium state, and
from the quasi-neutrality condition, which gives also ne0 if
we fix the ion and dust densities ni0 and nd0. The explicit
form of the quantity 
33

N is not necessary for the present in-
vestigation and therefore will not be reproduced here.1,18,19

The general dispersion relation for k=k�ez and Maxwell-
ian distributions for electrons and ions therefore follows
from the determinant

det�
11
C − N�

2 
12
C 0

− 
12
C 
11

C − N�
2 0

0 0 
33
C + 
33

N � = 0. �3�

In this expression, N� =k�c /� is the refractive index in
the direction parallel to the external magnetic field. The dis-
persion relation for Alfvén waves is obtained retaining only
the components in the upper left 22 determinant in Eq. �3�,
that is, by imposing Ez=0. As a result, we obtain

�N�
2�s = 1 +

1

2�
�

X�Î�
s , �4�

where we have used the expressions for 
11
C and 
12

C , from Eq.
�2�.

The effect of the dust particles on the dispersion relation
given by Eq. �4� occurs via the quasi-neutrality condition
�ni0�ne0�, and also via the dust charge fluctuation present in
terms which contain the inelastic collision frequency ��d

0 .
Following the same procedure used in Ref. 1, for evaluation

of the integrals Î�
s , we replace the functions ��d

0 �p� by their
average values in momentum space,

�� 	
1

n�0

 d3p��d

0 �p�f�0. �5�

In the case of Maxwellian distributions, the average col-
lision frequencies can be written as follows:

�i = 2�2�a2nd0vTi�1 + �i� ,

�e = 2�2�a2nd0vTee
�e,

where �i	Zde2 / �aTi�, �e	−�Ti /Te��i, and vT�= �T� /m��1/2.
Using these average collision frequencies and perform-

ing the calculation of the I�
s integrals, the dispersion relation

given by equation �4� assumes the form

�N�
2�s = 1 + �

�

X���
0Z��̂�

s � , �6�

where Z is the plasma dispersion function,25 defined by

Z��� =
1

��



−�

+�

dt
e−t2

t − �
,

and

��
0 	

�

�2k�vT�

, �̂�
s 	

� + s�� + i��

�2k�vT�

.

In the absence of dust and for the conditions of existence
of Alfvén waves, this dispersion relation collapses into a
single branch, reproducing the well-known dispersion rela-
tion for an electron-ion plasma.

At this point it is useful to prepare the dispersion relation
for the numerical solution, introducing the following dimen-
sionless quantities:

z =
�

�i
, � =

ni0

ne0
, 
 =

nd0

ni0
,

u� =
vT�

vA
, � =

�2ni0vA

�i
, a = �ã ,

� =
e2

Ti
, �e =

Te

Ti
, q =

k�vA

�i
,

�̃� =
��

�i
, �� =

�p�

�i
, r� =

��

�i
, �7�

where vA is the Alfvén velocity,

vA
2 =

B0
2

4�ni0mi
.
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The relevant results can therefore be cast in terms of
these dimensionless quantities. For instance, the dimension-
less collision frequencies are given by

�̃i = 2�2�
�ã2ui�1 + �i� ,

�̃e = 2�2�
�ã2uee
�e, �8�

where �i=Zd / ã and �e=−�i /�e.
The dispersion relation becomes, in terms of these di-

mensionless quantities,

q2c2

vA
2z2 = 1 + �

�

��
2

�2qu�z
Z��̂�

s � , �9�

where

�̂�
s =

z + sr� + i�̃�

�2qu�

.

IV. NUMERICAL ANALYSIS

In the present section we present a parametric study of
the solutions of the dispersion relation given by Eq. �9�.
Along the study we change several important parameters,
considering as basic parameters the ion charge number Zi

=1.0 and the ion mass mi=mp, where mp is the proton mass.
For the classical distance of minimum approach, measured in
cm, we use the value �=1.4410−7 /Ti�eV�, where Ti�eV�
means the ion temperature expressed in units of eV. We
choose the ambient magnetic field B0=1.010−4 T, ion den-
sity ni0=1.0109 cm−3, ion temperature Ti=1.0104 K,
and electron temperature Te=Ti. For the radius of the dust
particles, we assume a=1.010−4 cm. These parameters
may be representative of plasmas in stellar winds. They are
the same utilized in Ref. 1, where it is possible to find ref-
erence to some sources which discuss the motivations for the
study of Alfvén waves in stellar wind plasmas, and justify
the choice of parameters.

We start by investigating Eq. �9� in the range of small
values of dust density, considering 
 between 0 and 5.0
10−6. As it is known, in the limit 
=0, ion and electron
densities are equal and �̃e= �̃i=0, and therefore the dispersion
relation becomes the usual dispersion relation for Alfvén
waves in the absence of dust.

We start the analysis with the display of two figures
which have already appeared in Ref. 1. They are repeated
here because of their usefulness for the identification of the
modes predicted by the dispersion relation. In Fig. 1 we ob-
serve the real part of the two roots obtained from Eq. �9� for
each of the signs s=1 and s=−1. There are two curves with
positive values of zr, describing waves propagating in the
positive direction. The uppermost curve is obtained with s
=1, and corresponds to the so-called whistler branch, while
the lower curve in the positive side is obtained with s=−1
and corresponds to the branch identified with circularly po-
larized waves propagating along the ambient magnetic field.
These curves have already appeared in our previous work,1

and are easily recognized from well-known textbooks.26 For
negative values of zr we have perfectly symmetrical solu-

tions propagating in negative direction, obtained, respec-
tively, with s=1 �the upper curve, closer to the axis� and s
=−1 �the lower curve�. For small values of q, q�0.2, the
two branches of waves propagating in a given direction col-
lapse together in a single branch known as the branch of the
Alfvén waves. Each of the curves appearing in Fig. 1 corre-
sponds to the superposition of five curves, obtained with 

=0.0, 1.2510−6, 2.5010−6, 3.7510−6 and 5.010−6.
These results show that the presence of a small density of
dust particles has negligible effect on the real part of the
roots obtained from the dispersion relation of low-frequency
waves propagating along the magnetic field.

In Fig. 2 we see the corresponding imaginary parts. Fig-
ure 2�a� shows the imaginary part of the root corresponding
to the whistler branch appearing in Fig. 1, either for s=1,a
or s=−1,a. It is seen that the damping rate for these waves is
negligible in the absence of dust �
=0�, but becomes signifi-
cant in the presence of even a small amount of dust, espe-
cially in the range of small values of q. Figure 2�b� depicts
the imaginary part corresponding to the branch of the circu-
larly polarized waves. In the region of small values of q,
where the waves are identified with Alfvén waves, the damp-
ing rate is negligible for 
=0, becoming significant for q
approaching q=1. This damping is due to wave-particle reso-
nance and is known as the ion-cyclotron damping, which
occurs for ����i. In the presence of dust this mode de-
taches from the mode depicted in Fig. 2�a�. The damping due
to the dust particles is relatively small for very small q, be-
comes significant for larger values of q, and competitive with
the ion-cyclotron damping for q1. Even for q1, Fig.
2�b� shows that the damping due to dust particles tends to
dominate over the ion-cyclotron damping, even for the rela-
tively small dust density which has been considered in the
case of Fig. 2.

It is interesting to notice that, in the absence of dust, the

FIG. 1. Real part of the normalized frequency �zr� for the two roots obtained
using s=1 and for the two roots obtained using s=−1, as a function of q, for
five values of 
: B0=1.010−4 T, Ti=1.0104 K, ni0=1.0109 cm−3, Zi

=1.0, mi=mp, and Te=Ti. The radius of dust particles a=1.010−4 cm. The
dust density nd0 is obtained from 
=nd0 /ni0, and the values of 
 utilized are

=0.0, 1.2510−6, 2.5010−6, 3.7510−6, and 5.010−6. For this range
of variation of 
, the quantity zr is almost independent of the dust density, so
that the five curves appear superposed �Ref. 1�.
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damping rate in the range of small q is given analytically by
the well-known expression for Landau damping of Alfvén
waves,

zi = −��

8

�i
2

q�1 + �i
2�ui

exp�−
1

2q2ui
2� . �10�

For the parameters which we are utilizing, ui0.13. The
exponential factor appearing in Eq. �10� is nearly 1.0

10−79 for q=0.4, and even smaller for smaller values of q.
Landau damping of Alfvén waves is in practice completely
negligible for the parameters which we are utilizing, while
the damping due to the presence of dust particles may be-
come very significant even for small values of dust-density,
as seen in Fig. 2.

Figure 3 displays the values of the real part of the nor-
malized frequency zr as a function of 
, for six values of q

FIG. 2. �a� Imaginary part �zi� of the positive propagating upper root appearing in Fig. 1, obtained with s=1, as a function of q, for the same five values of

 used for Fig. 1. �b� Imaginary part �zi� of the lower positive propagating root appearing in Fig. 1, obtained with s=−1, as a function of q, for the same five
values of 
 used for Fig. 1. The labels on the curves indicate 
=0.0, 1.2510−6, 2.5010−6, 3.7510−6, and 5.010−6. Other parameters are the same as
in Fig. 1 �Ref. 1�.

FIG. 3. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, and six values of q. �a� q=0.1; �b� q
=0.2; �c� q=0.3; �d� q=0.4; �e� q=0.5; �f� q=0.6. As in Fig. 1, the curves identified as s= +1,a and s=−1,a pertain to the whistler branch in the limit of
vanishing dust density, and the curves identified as s= +1,b and s=−1,b pertain to the branch of circularly polarized waves. Other parameters as in Fig. 1.
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and both signs s= +1 and s=−1, considering the same pa-
rameters utilized for Fig. 1, but considering 
 up to 2.0
10−4, much above the maximum value of 
 considered for
Figs. 1 and 2. Figure 4 shows the corresponding values of the
imaginary part. The values of q depicted in panels �a� to �f�
of the figures are, respectively, q=0.1, 0.2, 0.3, 0.4, 0.5, and
0.6. According to what we have learned from Fig. 1, for 

=0 the uppermost and lowermost curves for zr shown in each
of the panels of Fig. 3 correspond to the values of zr for the
whistler branch obtained for s= +1 and s=−1, respectively.
The other two curves in each panel pertain to the other mode,
the circularly polarized branch.

It is seen from Fig. 3�a� that for q0.1 the two roots
corresponding to the whistler branch display decreasing val-
ues of �zr� for increasing dust density, up to a point near 

1.310−5, and then show �zr� increasing linearly with 
. It
can be shown that the point of minimum value of �zr� changes
with q, being close to 
=0.710−5 for q=0.05, 1.310−5

for q=0.1, and 1.910−5 for q=0.15.1 On the other hand,
the two roots corresponding to the circularly polarized waves
propagating in positive and negative directions, which are
well separated for 
=0, feature mode-coupling for increasing
dust density. Figure 3�a� shows that the point of mode-
coupling approximately corresponds to the point of mini-
mum value of zr for the whistler branch.

In Fig. 3�b� we see the case of q=0.2. As in the case of
q=0.1, the two roots corresponding to the whistler branch
display decreasing values of �zr� for increasing dust density,
up to a certain value of 
. However, they meet the curves
corresponding to the branch of the circularly polarized
waves, something that did not happen for smaller values of
q, for the parameters utilized. After this meeting point, at 

2.710−7, the figure shows �zr� nearly constant with fur-
ther increase of 
, instead of growing as in panel �a�. The two
roots corresponding to the circularly polarized waves propa-
gating in positive and negative directions still feature mode-
coupling for increasing dust density, as in the case of panel
�a�. The point of coupling for these waves increases as com-
pared to the case of panel �a�, being close to 
=2.410−5.

Figures 3�c�–3�f� show similar features occurring for in-
creasing values of q. It is seen that the coupling points occur
for larger and larger values of 
, for increasing values of q,
and that the points of coupling, between forward and back-
ward propagating circularly polarized waves and between
whistler and circularly polarized waves, are progressively
separated with the increase of q.

In Fig. 4 we see the corresponding imaginary parts. For
q=0.1, Fig. 4�a� shows that the damping of both modes,
which is negligible for 
=0, increases linearly with the dust
density, up to nearly the value of 
 where the real parts of the

FIG. 4. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, and six values of q. �a� q=0.1; �b�
q=0.2; �c� q=0.3; �d� q=0.4; �e� q=0.5; �f� q=0.6. Other parameters as in Fig. 1.
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two branches show the closest approximation, in Fig. 3�a�.
Beyond this point, the damping rates of the two modes are
separated one from the other. The damping of the waves in
the whistler branch continues to increase almost linearly with
the dust density, while the damping of the waves in the
branch of circularly polarized waves is gradually reduced for
increasing values of 
. For q=0.2 and larger values, Figs.
4�b�–4�f� show behavior qualitatively similar, but with an
important difference. For these values of q after the occur-
rence of mode coupling, it is the branch identified with the
cyclotron mode at low 
 that displays increasing growth rate
for increasing values of 
, as shown from Figs. 4�b�–4�f�.
Another qualitative feature to be remarked is that the damp-
ing of the two modes becomes progressively more separated
even for small values of 
, for increasing values of q.

An amplified view of the transition between the situation
in which only one coupling point occurs, for 0�q�0.2, and
the situation in which two coupling points occur, for q
�0.2, can be seen in Figs. 5 and 6, which show, respectively,
the values of zr and zi, for q=0.1 and q=0.2, and for the
range of 
 between 0.0 and 5.010−5. This amplified vision
shows more clearly the features described in connection with
Figs. 3 and 4.

The identification of the roots in Figs. 3 and 4 may be
further explained as follows. As we have seen, the coupling
point between the whistler branch and the cyclotron branch
starts to occur, for the present parameters, at q0.2. Let us
consider for example the case of q=0.3, in Figs. 3�c� and
4�c�. The whistler branch, identified by the bold line in the
region of small 
, in Fig. 3�c�, becomes the thin line after the
point of mode coupling. This interpretation is confirmed by

the behavior of the imaginary part zi in Fig. 4�c�. The conti-
nuity of the curve requires the change of line thickness, from
bold to thin. The same requirement applied to the real part in
Fig. 3�c� confirms that the real parts of the two branches
really cross each other at the point where the curves inter-
cept, and not simply touch each other. Similar features can
be seen in panel �b�, �d�, �e�, and �f� of Figs. 3 and 4.

Another view of the complexity of the behavior of the
roots of the dispersion relation can be seen in Fig. 7, which
shows in panels �a� and �b� the real and imaginary parts of
the two roots obtained using s=1, as functions of q and 
, for
q between 0 and 0.3. Corresponding figures can of course be
obtained using s=−1. The two roots are found by numerical
procedures, bold lines are assigned to the root with the
higher value of zr, and thin lines to the root with the lower
value of zr. Figure 7�a� shows that for 
→0 the root in bold
lines is clearly identified with the whistler branch, while the
root in thin lines is identified with the cyclotron branch. For
q�0.2, the bold plane does not intercept the plane of thin
lines. In Fig. 7�b� we see the behavior of zi, where we easily
recognize features already remarked in the comments about
Fig. 4�a�. For q�0.2, however, Fig. 7�a� shows that the
plane in bold lines touches or intercepts the plane in thin
lines at a given value of 
. Figure 7�b� shows that the conti-
nuity of the root requires that the plane in bold must be
continued with the plane of thin lines, and vice versa, show-
ing clearly that the real parts indeed cross each other in Fig.
7�a�.

The dependence on the ion temperature is shown in Figs.
8 and 9. Figure 8 displays the values of the real part of the
normalized frequency zr as a function of 
, for q=0.4 and

FIG. 5. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 5.010−5, for s= ±1, and two values of q. �a� q=0.1; �b� q
=0.2. Other parameters as in Fig. 1.

FIG. 6. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and to 5.010−5, for s= ±1, and two values of q. �a� q
=0.1; �b� q=0.2. Other parameters as in Fig. 1.
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both signs s= +1 and s=−1, for 
 up to 2.010−4, for sev-
eral values of ion temperature Ti. We assume in each case
Te=Ti. Other parameters are the same as in Fig. 1. The val-
ues of Ti used to generate panels �a� to �d� are, respectively,
Ti=0.25104 K, 0.5104 K, 2.0104, and 4.0104 K.
Figure 8�a� displays the coupling between forward and back-
ward propagating circularly polarized waves appearing near

=1.210−4, while the coupling between whistler and cir-
cularly polarized waves do not appear in the range consid-
ered in the figure. The successive panels show that the cou-
pling points migrate to smaller values of dust density as the
ion temperature is increased. However, the transition be-
tween panels �c� and �d� shows that, for sufficiently high ion
temperature, the coupling between the whistler branch and
the branch of circularly polarized waves ceases to exist, re-
maining only the coupling between forward and backward
circularly polarized waves. One should notice that between
the cases depicted in panels �b� and �c� there is the case
corresponding to panel �d� in Fig. 3. The corresponding
curves for the imaginary part, zi, appear in Figs. 9�a�–9�d�.

The influence of the difference of temperature between
electrons and ions is shown in Figs. 10 and 11 for a repre-
sentative value of the ion temperature. Figure 10 displays the
values of zr as a function of 
, for q=0.4 and both signs s
= +1 and s=−1, for 
 up to 2.010−4, for several values of
the temperature ratio Te /Ti. The ion temperature is assumed
to be Ti=1.0104 K. Other parameters are the same as in
Fig. 1. The values of Te /Ti used to generate panels �a� to �d�
are, respectively, Te /Ti=0.25, 0.5, 2.0, and 4.0. Figure 10�a�
displays the coupling between forward and backward propa-
gating circularly polarized waves appearing near 
=1.2
10−4, while the coupling between whistler and circularly
polarized waves does not appear in the range considered in
the figure. The successive panels show that the coupling
points migrate to smaller values of dust density as the tem-

FIG. 7. �a� Combined view of the real parts �zr� of the two roots obtained
with s=1, as a function of q and 
. �b� Combined view of the imaginary
parts �zi� of the two roots obtained with s=1, as a function of q and 
. Other
parameters are the same as in Fig. 1.

FIG. 8. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ion
temperature Ti, for Te=Ti. �a� Ti=0.25104 K; �b� Ti=0.5104 K; �c� Ti=2.0104 K; �d� Ti=4.0104 K. Other parameters as in Fig. 1.
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perature ratio is increased. The general appearance of the
curves appearing in Figs. 10�a�–10�d� is very similar to those
appearing in Figs. 8�a�–8�d�, indicating the relevance of the
electron temperature for the determination of the behavior of
the roots of the dispersion relation for low-frequency waves.
However, although the overall similarity, one notices that in
the case of Te /Ti=4.0, appearing in Fig. 10�d�, the coupling
between the whistler branch and the branch of circularly po-
larized waves continues to occur, while it does not appear in
Fig. 8�d�, with the same electron temperature, but tempera-
ture ratio equal to unity. The corresponding curves for the

imaginary part, zi, appear in Figs. 11�a�–11�d�. They are also
very similar to the corresponding curves appearing in Figs.
9�a�–9�d�.

Figures 12 and 13 show the effect of the radius of the
dust particles, considering Ti=1.0104 K, Te /Ti=1.0, and
B0=1.010−4 T. Other parameters are the same as in Fig. 1.
Figure 12 displays the values of zr as a function of 
, for q
=0.4 and both signs s= +1 and s=−1, for 
 up to 2.0
10−4. The values of a used to generate panels �a� to �d� are,
respectively, a=4.010−5 cm, 6.010−5 cm, 8.010−5 cm,
and 1.010−4 cm. This last value means that Fig. 12�d� is

FIG. 9. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ion
temperature Ti, for Te=Ti. �a� Ti=0.25104 K; �b� Ti=0.5104 K; �c� Ti=2.0104 K; �d� Ti=4.0104 K. Other parameters as in Fig. 1.

FIG. 10. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ratio Te /Ti.
�a� Te /Ti=0.25; �b� Te /Ti=0.5; �c� Te /Ti=2.0; �d� Te /Ti=4.0. Other parameters as in Fig. 1.
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the same as Fig. 3�d�. Figure 12�a� shows that the coupling
between the roots of the dispersion relation do not appear in
the range of the values of 
 considered for the analysis, in the
case of sufficiently small radius of dust particles. For increas-
ing radius, Figs. 12�b�–12�d� show that the couplings occur
for progressively smaller values of dust density. It occurs at

1.410−4 for a=0.610−4 cm, 
0.810−4 for a
=0.810−4 cm, and 
0.510−4 for a=1.010−4 cm.
This strong dependence of the coupling conditions on the
radius of the dust particles poses an interesting question for
future analysis, namely, which is the behavior of the wave

modes in the case of wave propagation in dusty plasmas with
a distribution of particles of different sizes. Such a question,
however, is outside of the scope of the present formulation,
and shall be addressed in a future investigation. The damping
rates corresponding to the cases shown in Figs. 12�a�–12�d�
appear in Figs. 13�a�–13�d�.

Another parameter to be varied is the intensity of the
ambient magnetic field. Figure 14 displays the values of the
real part of the normalized frequency zr as a function of 
,
for q=0.4, both signs s= +1 and s=−1, and four values of
B0, for 
 up to 2.010−4, with other parameters as in Fig. 1.

FIG. 11. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ratio
Te /Ti. �a� Te /Ti=0.25; �b� Te /Ti=0.5; �c� Te /Ti=2.0; �d� Te /Ti=4.0. Other parameters as in Fig. 1.

FIG. 12. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of radius of dust
particles, a. �a� a=4.010−5 cm; �b� a=6.010−5 cm; �c� a=8.010−5 cm; �d� a=1.010−4 cm. Other parameters as in Fig. 1.
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The values of B0 utilized to generate panels �a� to �d� of Fig.
14 are, respectively, B0=1.010−4 T, 2.010−4 T, 3.0
10−4 T, and 4.010−4 T. Figure 15 shows the correspond-
ing values of the imaginary part zi. It is seen from Fig. 14
that the role of the magnetic field is in some sense contrary
to the role of the particle diameter. The wave coupling occurs
for larger and larger values of 
, for increasing magnitude of
the magnetic field. The coupling between backward and for-
ward propagating circularly polarized waves, which occurs at

5.010−5 for B0=1.010−4 T, is moved to 
1.8
10−4 for B0=3.010−4 T. Moreover, the coupling between

the circularly polarized waves and the whistler waves ceases
to occur for B0 approaching 2.010−4 and above.

The last parameter to be varied in our parametric analy-
sis is the ion density. Figure 16 displays the values of the real
part of the normalized frequency zr as a function of 
, for
q=0.4, both signs s= +1 and s=−1, and four values of ni0,
for 
 up to 2.010−4. The values of ni0 utilized to generate
panels �a� to �d� of Fig. 16 are, respectively, ni0=1.0
109 cm−3, 0.50109 cm−3, 0.25109 cm−3, and 0.125
109 cm−3. The electron density of course is changed from
case to case, as required by the charge neutrality condition.

FIG. 13. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of radius
of dust particles, a. �a� a=4.010−5 cm; �b� a=6.010−5 cm; �c� a=8.010−5 cm; �d� a=1.010−4 cm. Other parameters as in Fig. 1.

FIG. 14. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the magnitude
of the ambient magnetic field, B0. �a� B0=1.010−4 T; �b� B0=2.010−4 T; �c� B0=3.010−4 T; �d� B0=4.010−4 T. Other parameters as in Fig. 1.
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Figure 17 shows the corresponding values of the imaginary
part zi. It is seen from Fig. 16, compared to Fig. 14, that the
decrease of the ion density causes on the roots of the disper-
sion relation effect similar to the increase of the magnetic
field. The wave coupling occurs for larger and larger values
of 
, for decreasing ion density.

An interesting feature about the dependence on the ion
density can be shown considering the cases depicted in Fig.
18. From the four panels of Fig. 16, we have seen that the
characteristics of the wave modes are strongly modified with

a reduction by a factor of 8, in the region of relatively small
dust density, with 
 up to 2.010−4. In Fig. 18 we see that
after the strong modification occurring between the cases of
ni0=1.0109 cm−3 and ni0=1.0108 cm−3, a further de-
crease of two orders of magnitude in the ion density did not
change in any meaningful form the characteristics of the
quantity zr. Figure 19 shows similar features appearing in the
behavior of the imaginary part zi.

It may be added that the parameter analysis has been
made by changing systematically some important param-

FIG. 15. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the
magnitude of the ambient magnetic field, B0. �a� B0=1.010−4 T; �b� B0=2.010−4 T; �c� B0=3.010−4 T; �d� B0=4.010−4 T. Other parameters as in Fig.
1.

FIG. 16. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ion density,
ni0. �a� ni0=1.0109 cm−3; �b� ni0=0.5109 cm−3; �c� ni0=0.25109 cm−3; �d� ni0=0.125109 cm−3.
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eters, using as a starting point the parameters originally used
in the analysis of Ref. 1. We have seen, for instance, that the
increase of the magnetic field is deleterious to the occurrence
of mode coupling in the range of dust densities considered.
We have also seen a similar effect due to the decrease of the
radius of the dust particles, or due to the decrease in the ion
density. These results have been indications about the effect
of individual parameters. However, combined effects due to
the variation of more than one parameter may occur, extend-
ing the range of possibilities for the mode coupling phenom-

ena. It is impossible to consider all possibilities in a paper of
reasonable size. As an example, we show in Fig. 20�a� the
situation in which the density is given by ni0=1.0
108 cm−3, and the radius of dust particles is a=6.0
10−4 cm, with the other parameters as in Fig. 1. In Fig.
20�b� we show the case of ni0=1.0108 cm−3, and magnetic
field intensity B0=1.010−5 T, with the other parameters as
in Fig. 1. In both cases we observe the occurrence of mode
coupling. The corresponding imaginary parts zi appear in
Fig. 21.

FIG. 17. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ion
density, ni0. �a� ni0=1.0109 cm−3; �b� ni0=0.5109 cm−3; �c� ni0=0.25109 cm−3; �d� ni0=0.125109 cm−3. Other parameters as in Fig. 1.

FIG. 18. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ion density,
ni0, considering a more extended range than in Fig. 16. �a� ni0=1.0109 cm−3; �b� ni0=1.0108 cm−3; �c� ni0=1.0107 cm−3; �d� ni0=1.0106 cm−3. Other
parameters as in Fig. 1.
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Finally, we add some considerations on the validity of
the formalism with the parameters utilized. Let us consider
for instance the point of mode coupling occurring in Fig.
3�c�, which is close to the value 
=6.010−5, and let us
assume that the dust particles have mass md1.05.0
10−11 g. This is the value obtained if the dust particles
have density similar to that of ice. It may be larger if the dust
particles contain material with greater density. For these pa-
rameters, ��d� /�i4.610−9 and �pd /�i8.710−2. Fig-
ure 3�c� shows that the coupling occurs for zr0.11, there-
fore the condition �	�pd is satisfied with a relatively
narrow margin, while the condition ���d is satisfied with a
very large margin. The validity of the treatment may be in
principle compromised in the case of a sufficient reduction of
the intensity of the magnetic field, or reduction of the radius
of the dust particles, since in both cases the ratio �pd /�i

would be increased, and would be improved in the case of
dust particles with larger diameter, or simply larger mass, or
in the case of greater intensity of the magnetic field. Con-
sider for instance the case of a=6.010−5 cm, shown in Fig.

12�b�. It is seen that mode-coupling occurs for 
1.7
10−4, with zr0.21. For this value of 
, it is found that
�pd /�i0.23, which means that the effect of the dust mo-
bility should be taken into account for a better description of
the dispersion relation. The same is true for the case of re-
duced magnetic field, as depicted in Fig. 20�b�, in which the
values of zr near the point of mode coupling are also outside
the limits of validity of the hypothesis �	�pd. These find-
ings indicate the need for further investigation taking into
account the dynamics of the dust particles. We are working
on the subject and intend to report our findings in the near
future.

V. CONCLUSIONS

In the present paper we have used a kinetic description
to analyze wave propagation in dusty plasmas, taking into
account the fluctuation of the charge in the dust particles, due
to inelastic collisions with electrons and ions. We have con-
sidered the case of propagation of waves exactly parallel to

FIG. 19. Imaginary part of the normalized frequencies �zi� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, q=0.4, and four values of the ion
density, ni0, considering a more extended range than in Fig. 17. �a� ni0=1.0109 cm−3; �b� ni0=1.0108 cm−3; �c� ni0=1.0107 cm−3; �d� ni0=1.0
106 cm−3. Other parameters as in Fig. 1.

FIG. 20. Real part of the normalized frequencies �zr� as a function of 
, for 
 between 0.0 and 2.010−4, for s= ±1, and q=0.4. �a� ni0=1.0108 cm−3,
a=6.010−4 cm; �b� ni0=1.0108 cm−3, B0=1.010−5 T. Other parameters as in Fig. 1.

082102-14 Ziebell et al. Phys. Plasmas 12, 082102 �2005�

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  143.54.44.137 On: Wed, 04 May

2016 17:02:07



the external magnetic field, and Maxwellian distributions for
electrons and ions in the equilibrium situation. We have used
this kinetic formulation to obtain and solve the dispersion
relation, and perform an analysis of the dependence of the
roots of the dispersion relation on several important param-
eters of the dusty plasma. The emphasis has been on the
mode-coupling phenomena which have been previously
demonstrated to occur due to the presence of the dust
particles.1

We have seen that coupling between forward and back-
ward propagating circularly polarized waves may occur at
moderately high dust densities, even at the large wavelength
limit. For smaller wavelengths, this kind of coupling contin-
ues to occur, and coupling between waves in the whistler
branch and circularly polarized waves appears for higher
dust density. According to the results obtained, the minimum
amount of dust required for the coupling to occur increases
with the decrease of the wavelength.

The results also show that, for a given wavelength, the
coupling points are moved to smaller values of dust density
as the ion temperature is increased. Moreover, we have seen
that, for sufficiently high ion temperature, the coupling be-
tween the whistler branch and the branch of circularly polar-
ized waves may even cease to exist, remaining only the cou-
pling between forward and backward circularly polarized
waves.

We have also investigated the effect of temperature dif-
ference between electrons and ions, obtaining that the depen-
dence of the roots of the dispersion relation on the parameter
Te /Ti is similar to the dependence of the parameter Ti �for
Te=Ti�.

The radius of the dust particles has been shown to be
very significant for the behavior of the roots of the dispersion
relation. For a given wavelength and a given range of values
of dust density, we have seen the nonexistence of mode cou-
pling for sufficiently small radius of dust particles. The mode
coupling appears for a given value of the radius, and occurs
for progressively smaller dust density as the particle’s radius
is increased. We have also seen that the validity of the hy-
pothesis that the dust dynamics can be neglected may be
compromised for sufficiently small dust particles. Of course,
these findings pose the question about what would be the
behavior of the wave modes in the case of a distribution of
particles of different sizes. We intend to address such a ques-
tion in a future investigation.

We have also investigated the dependence of the wave
modes on the intensity of the ambient magnetic field. The
results obtained show that the role of the magnetic field is in
some sense contrary to the role of the particle diameter. For
increasing magnitude of the magnetic field, the wave cou-
pling occurs for increasing values of the parameter 
, which
increases with the dust density. Moreover, we have seen that
the coupling between circularly polarized waves and whistler
waves ceases to occur for sufficiently high value of the in-
tensity of the magnetic field. We have also seen that a de-
crease in the magnetic field intensity may compromise the
validity of our hypothesis of immobile dust particles.

Finally, we have investigated the dependence of the
wave modes on the ion density. We have seen that the initial
decrease of the ion density from our original choice causes
on the dispersion relation effect similar to that of the increase
of the magnetic field. We have also seen that for the first
order of magnitude of decrease in the ion density the wave
modes are strongly modified. However, further reduction of
two orders of magnitude did not cause further appreciable
change, indicating that the solutions of the dispersion rela-
tion are relatively independent of the ion density, for that
range of densities.
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