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Abstract

We present an exploratory QCD analysis of the neutrino structure functions in charged current DIS using the color dipole formalism. The dipole
cross sections are taken from recent phenomenological/theoretical studies in deep inelastic inclusive production. The theoretical predictions are
compared to the available experimental results in the small-x region, which has never been considered so far.
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1. Introduction

The interaction of high energy neutrinos on hadron tar-
gets are an outstanding probe to test quantum chromodynamics
(QCD) and understanding the parton properties of hadron struc-
ture. The several combinations of neutrino and anti-neutrino
scattering data can be used to determine the structure func-
tions, which constrain the valence, sea and gluon parton dis-
tributions in the nucleons/nuclei. The neutrino structure func-
tions are needed for computing the total neutrino–hadron cross
section, which plays an important role in high energy cosmic
rays studies and in astroparticle physics [1]. The differential
cross section for the neutrino–nucleon charged current process
νl(ν̄l) + N → l−(l+) + X, in terms of the Lorentz invariant
structure functions FνN

2 , 2xF νN
1 and xF νN

3 are [2],

dσν,ν̄

dx dy
= G2

F mNEν

π

[(
1 − y − mNxy

2Eν

)
F2

+ y2

2
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2
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xF3

]
,
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where GF is the weak Fermi coupling constant, mN is the
nucleon mass, Eν is the incident neutrino energy, Q2 is the
square of the four-momentum transfer to the nucleon. The vari-
able y = Ehad/Eν is the fractional energy transferred to the
hadronic vertex with Ehad being the measured hadronic energy,
and x = Q2/2mNEνy is the Bjorken scaling variable (frac-
tional momentum carried by the struck quark).

Similarly to the charged-lepton DIS, the deep inelastic neu-
trino scattering is also used to investigate the structure of nu-
cleons and nuclei. In the leading order quark–parton model
(the QCD collinear approach), the structure function F2 is the
singlet distribution, FνN

2 ∝ xqS = x
∑

(q + q̄), the sum of mo-
mentum densities of all interacting quarks constituents, and xF3
is the non-singlet distribution, xF νN

3 ∝ xqNS = x
∑

(q − q̄) =
xuV + xdV , the valence quark momentum density. These re-
lations are further modified by higher-order QCD corrections.
Currently, the theoretical description of experimental data on
neutrino DIS is reasonable (for a very recent investigation, see
Ref. [3]). The main theory uncertainties are the role played
by nuclear shadowing in contrast with lepton-charged DIS and
a correct understanding of the low Q2 limit. The first un-
certainty can be better addressed with the future precise data
from MINERνA [4]. However, nuclear effects are taken into
account by using the nuclear ratios R = FA/AF
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from lepton–nucleus DIS, which it could be different for the
neutrino–nucleus case. The low-Q2 region cannot be addressed
within the pQCD quark–parton model as a hard momentum
scale Q2

0 � 1–2 GeV2 is required in order to perform pertur-
bative expansion.

In this work we present a determination of the small-x struc-
ture functions for neutrino–nucleus within the color dipole for-
malism [5]. This approach allows for a simple implementation
of shadowing corrections [6] in neutrino–nuclei interactions.
This Letter is organized as follows. In Section 2, the structure
function FνN

2 is investigated within the color dipole picture
at small-x region, employing recent phenomenological parton
saturation models. It is shown that small-x data exhibit geo-
metric scaling property, which has important consequences for
ultra-high energy neutrino phenomenology. In Section 3, the
structure function xF3 and the quantity �xF3 are addressed.
The latter one provides a determination of the strange-sea par-
ton distribution through charm production in charged-current
neutrino DIS. Finally, we also analyze the nuclear ratios R2 =
FνA

2 /AFνN
2 and R2 = xF νA

3 /AxFνN
3 . In the last section we

present comments and conclusions.

2. Neutrino structure function FνN
2 (x,Q2)

We focus here in the high energy regime, which one trans-
lates into small-x kinematical region. At this domain a quite
successful framework to describe QCD interactions is provided
by the color dipole formalism [5], which allows an all twist
computation (in contrast with the usual leading twist approxi-
mation) of the structure functions. The physical picture of the
interaction is the deep inelastic scattering viewed as the result
of the interaction of a color qq̄ color dipole, in which the gauge
boson fluctuates into, with the nucleon target. The interaction is
modeled via the dipole–target cross section, whereas the boson
fluctuation in a color dipole is given by the corresponding wave
function. The charged current (CC) DIS structure functions [7–
9] are related to the cross section for scattering of transversely
and longitudinally polarized W± bosons. That is,

(1)
F CC

T ,L

(
x,Q2) = Q2

4π2

∫
d2r

1∫
0

dz
∣∣ψW±

T ,L

(
z, r,Q2)∣∣2

σdip(x, r),

where r denotes the transverse size of the color dipole, z

the longitudinal momentum fraction carried by a quark and
ψW

T,L are the light-cone wavefunctions for (virtual) charged
gauge bosons with transverse or longitudinal polarizations. The
small-x neutrino structure function FνN

2 is computed from ex-
pressions above taking F2 = FT + FL. Explicit expressions for
the wave functions squared can be found in Refs. [7–9]. In
what follows we consider four quark flavors (u, d, s, c) with
masses mf . The color dipoles contributing to Cabibbo favored
transitions are ud̄(dū), cs̄(sc̄) for CC interactions.

The dipole hadron cross section σdip contains all informa-
tion about the target and the strong interaction physics. In the
present study, we consider analytical expressions for the dipole
cross section, with particular interest for those ones presenting
scaling behavior. Namely, one has σdip ∝ (r2Q2

sat)
γ for dipole
sizes r2 ≈ 1/Q2
sat and where (1 − γ ) is the effective anom-

alous dimension. The so-called saturation scale Qsat ∝ xλ/2 de-
fines the onset of the parton saturation effects. In what follows
one takes the phenomenological parameterizations: (a) Golec-
Biernat–Wüsthoff model (GBW) [10] and (b) Itakura–Iancu–
Munier (IIM) model [11]. Both models are able to describe
experimental data on inclusive and diffractive deep inelastic ep

scattering at small-x. We quote the original papers for details
on the parameterizations and determination of their phenom-
enological parameters. We call attention to Ref. [12], where
the implications of saturation in ultrahigh energy neutrino cross
section has been first discussed within the color dipole pic-
ture. We will show that the results are not strongly sensitive
to a particular choice of model. Here, we use an effective light
quark mass, mf = 0.14 GeV and the charm mass is set to be
mc = 1.5 GeV. In addition, as the color dipole models are suit-
able in the region below x = 0.01 and the large x limit still
needs a consistent treatment, we supplement the dipole cross
sections with a threshold factor (1 − x)nthres (nthres = 5(7) for
number of flavors nf = 3(4)).

The extension of the approach to consider nuclei targets we
take the Glauber–Gribov picture [6], without any new parame-
ter. In this approach, the nuclear version is obtained replacing
the dipole-nucleon cross section by the nuclear one,

σ nucleus
dip

(
x, r2;A)

(2)= 2
∫

d2b

{
1 − exp

[
−1

2
TA(b)σ nucleon

dip

(
x, r2)]}

,

where b is the impact parameter of the center of the dipole rela-
tive to the center of the nucleus and the integrand gives the total
dipole-nucleus cross section for a fixed impact parameter. The
nuclear profile function is labeled by TA(b) [13].

A basic property of the saturation physics is the geometric
scaling. It means that the total γ ∗p cross section at large ener-
gies is not a function of the two independent variables x and Q,
but is rather a function of the single variable τp = Q2/Q2

sat(x)

as shown in Ref. [14]. That is, σγ ∗p(x,Q2) = σγ ∗p(τp). In
Refs. [15,16] it was shown that the geometric scaling observed
in experimental data can be understood theoretically in the con-
text of non-linear QCD evolution with fixed and running cou-
pling. Recently, the high energy l±p, pA and AA collisions
have been related through geometric scaling [17]. Within the
color dipole picture and making use of a rescaling of the impact
parameter of the γ ∗h cross section in terms of hadronic target
radius Rh, the nuclear dependence of the γ ∗A cross section is
absorbed in the A-dependence of the saturation scale via geo-

metric scaling. The relation reads as σ
γ ∗A
tot (τA) = κAσ

γ ∗p
tot (τA),

where κA = (RA/Rp)2. The nuclear saturation scale was as-
sumed to rise with the quotient of the transverse parton den-
sities to the power Δ and RA is the nuclear radius, Q2

sat,A =
(A/κA)ΔQ2

sat,p . The functional shape for the photoabsorption
cross section, σγ ∗p(τp), has been considered based on theoret-
ical studies [17].

The geometric scaling property has direct consequences on
the computation of small-x neutrino structure functions. It has
been shown in Ref. [18] that the charged (CC) and neutral (NC)
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current structure functions are described by the same mathemat-
ical expressions as the proton structure function up to a different
coupling of the electroweak bosons. Thus, using such a property
one has for the neutrino–nuclei collisions [18],

σW±A
tot

(
x,Q2;A)

(3)= σ̄0

(
nf κA

αemê2
f

)[
γE + 

(
0,

a

τb
A

)
+ ln

(
a

τb
A

)]
,

where αem is the QED constant coupling, êf is the sum of
electric charge of the quarks of flavor f . The quantity γE is
the Euler constant and (0, β) the incomplete gamma function.
The parameters a and b were obtained from a fit to the small-x
ep DESY–HERA data, with the overall normalization fixed by
σ̄0 = 40.56 µb [17].

Fig. 1. The scaling behavior of σWN(x,Q2) as a function of scaling variable τ

(see text).
It is important to investigate whether this geometric scal-
ing pattern is exhibited by the small-x neutrino deep inelastic
data. In order to do so, we take the datasets for the structure
function F2 with the kinematical cut x � 0.035 and all Q2

[19–21]. These experiments measure the differential cross sec-
tions for deep inelastic νμ–Fe and ν̄μ–Fe scattering and the
structure functions are then extracted. In Fig. 1, we plot the

quantity σWN = 4π2

Q2 FνN
2 as a function of the scaling vari-

able τ = Q2/Q2
sat(x). The saturation scale squared reads as

Q2
sat(x) = (3 × 10−4/x)0.288 [10]. The geometric scaling be-

havior is present with a smooth spread around the scaling curve.
The scaling curve (solid line) is obtained using Eq. (3). This
result is useful and can be investigated in more detail using pre-
cise measurements in future experiments. In the present kine-
matical window, the color dipole formalism (and geometric
scaling property) is in the limit of its validity. However, the
present result shows that it gives a reasonable phenomenologi-
cal description of the limit case.

Now, we will compare the color dipole prediction against

the structure function FνN
2 = Q2

4π
σWN . This is presented in

Fig. 2. We use the experimental datasets of the CCFR Col-
laboration [19,20], where filled circles correspond to points in
Ref. [20] and triangles up correspond to points in Ref. [19]. The
long-dashed curve is obtained using scaling expression Eq. (3)
for the boson–nucleus cross section. Nuclear effects are taken
into account through the nuclear saturation scale. The calcula-
tion produces a suitable description at small-x, despite the data
points lying at the expected validity region of the color dipole
approach, x � 10−2. For completeness, we have added the va-
lence content to F2. To this aim, the following parameterization
has been considered [22],

(4)F val
2 = Bνx

1−αR (1 − x)n(Q2)

(
Q2

2

)αR [
1 + fν(1 − x)

]
,

Q + b
Fig. 2. The structure function FνN
2 (x,Q2) as a function of boson virtuality. The long-dashed curve corresponds to the geometric scaling result for the neu-

trino–nucleus interactions, the dot-dashed curve to the valence content and the solid one is the sum of both contributions. Experimental data from CCFR
Collaboration [19,20].
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which it is a Regge inspired model. Above, n(Q2) = 3
2 (1 +

Q2

Q2+c
). The parameters are taken from Ref. [22], with Bν =

2.695, fν = 0.595, αR = 0.425, c = 3.5489 GeV2 and b =
0.6452 GeV2. The valence contribution is represented by the
dot-dashed curve, which is subleading at small-x, but improves
the overall description. The total contribution (valence + sea
color dipole) is given by the solid curve. It is worth to mention
that we have not tunned the original parameters of the scaling
model and of the valence parametrization.

A short comment is in order here. We found that the com-
plete numerical calculation for the structure function F2, using
Eqs. (1) and nuclear corrections from Eq. (2) produces results
compatible with the geometric scaling calculation above within
a few percents. This fact corroborates the advantage of using
the fast scaling parametrization, which can be promptly com-
puted for any nuclei. This is possible because the parameters of
the scaling curve suitably absorb the details of the charm contri-
bution, which turn out the complete calculation somewhat more
involved. In the next sections, we will use the full color dipole
calculation as the structure function xF3 is strongly sensitive to
the charm quark contribution.

3. The quantities xFνN
3 , �xFνN

3 and the nuclear ratios

Lets now compute the structure functions xF νN
3 within the

color dipole formalism. We concentrate on the interaction of
the cs̄ color dipole of size r with the target hadron which
is described by the beam- and flavor-independent color di-
pole cross section σdip. In the infinitum momentum frame, this
is equivalent to the W±-gluon fusion process, W± + g →
cs̄(c̄s). The analysis for charged current DIS has been ad-
dressed in Refs. [23,24], where the left–right asymmetry of
diffractive interactions of electroweak bosons of different he-
licity is discussed. There, the relevant light-cone wavefunctions
have been evaluated. The contribution of excitation of open
charm/strangeness to the hadron absorption cross section for
left-handed (L) and right-handed (R) W -boson of virtuality
Q2, is given by [5],

σL,R

(
x,Q2)

(5)=
∫

d2r

1∫
0

dz
∑
λ1,λ2

∣∣Ψ λ1,λ2
L,R

(
z, r,Q2)∣∣2

σdip(x, r),

where Ψ
λ1,λ2
L,R (z, r,Q2) is the light-cone wavefunction of the cs̄

state with the c quark carrying fraction z of the W+ light-cone
momentum and s̄ with momentum fraction 1 − z. The c- and
s̄-quark helicities are λ1 = ±1/2 and λ2 = ±1/2, respectively.
The diagonal elements of density matrix are given by,

(6)
∑
λ1,λ2

Ψ
λ1,λ2
L

(
Ψ

λ1,λ2
L

)∗ = 4Nc

(2π)2
z2[m2

q̄K2
0 (εr) + ε2K2

1 (εr)
]
,

(7)

∑
λ1,λ2

Ψ
λ1,λ2
R

(
Ψ

λ1,λ2
R

)∗ = 4Nc

(2π)2
(1 − z)2[m2

qK2
0 (εr)

+ ε2K2
1 (εr)

]
.

In the expressions given by Eqs. (6), (7), one uses the no-
tation ε2 = z(1 − z)Q2 + (1 − z)m2

q + zm2
q̄ , where the quark

and antiquark masses are mq and mq̄ , respectively. The corre-
sponding expressions for W− boson are obtained by replacing
mq ↔ mq̄ . It should be noticed the strong left–right asymmetry
referred above.

The structure function of deep inelastic neutrino–nucleon
xF3 can be defined in terms of σR and σL of Eq. (5) in the
following usual way,

(8)xF νN
3

(
x,Q2) = Q2

4π2

[
σL

(
x,Q2) − σR

(
x,Q2)],

where the expression can be interpreted in terms of parton den-
sities as being the sea-quark component of xF3. It corresponds
to the excitation of the cs̄ state in the process W+g → cs̄, with
xF3 differing from zero due to the strong left–right asymmetry
of the light-cone |cs̄〉 Fock state. For values of Bjorken variable
not so small, xF3 contains important valence quark contribu-
tion. The valence term, xqval, is the same for both νN and
ν̄N structure functions of an iso-scalar nucleon. The sea-quark
(xqsea) term in the xF νN

3 has opposite sign for xF ν̄N
3 , leading

to xF
ν(ν̄)N
3 = xqval ± xqsea.

A direct comparison of result in Eq. (8) with experimental
data is somewhat difficult. The reason is that structure functions
obtained from neutrino scattering experiments are usually ex-
tracted from the sum and the difference of the neutrino and anti-
neutrino y-dependent differential cross sections, respectively.
That is, xF3 is determined by the average 1

2 (xF νN
3 +xF ν̄N

3 ). In
Ref. [23], the authors intend to compare the result of Eq. (8) to
CCFR data [19]. However, this procedure is questionable since
the cs̄(sc̄) component disappears in the sum Fν

3 +F ν̄
3 = 2xqval.

This comparison is shown in Fig. 3, where the structure func-
tion xF νN

3 (x,Q2) is shown as a function of Q2. The theoretical
curves correspond to the results using the GBW (dashed-line)
and the IIM (dot-dashed line) models for dipole cross section,
respectively. The total contribution (solid) includes the valence
quark contribution through the above procedure. The calcula-

Fig. 3. The structure function xFνN
3 (x,Q2) as a function of boson virtuality

(see text).
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tion takes into account nuclear shadowing for the iron nucleus
via Glauber–Gribov formalism, where the dipole–nucleus cross
section is computed using Eq. (2). The distinct models for the
dipole cross section give similar results for the range of vir-
tuality considered in the plots. We have checked our results
with those in Ref. [23] and it was found they are similar de-
spite the different dipole cross section used. The main reason
is that current experimental results are probing mostly the color
transparency domain in the dipole cross sections. Future mea-
surements at smaller x and heavy nuclei, as proposed in the
Minerva experiment [4], will allow to disentangle the models
concerning the parton saturation effects.

The neutrino–antineutrino difference xF ν
3 − xF ν̄

3 provides a
determination of the sea (strange) density. In the parton model,
one has xF νN

3 = xqval − 2xc̄(x)+ 2xs(x) and xF ν̄N
3 = xqval +

2xc(x) − 2xs̄(x). Therefore, the neutrino–antineutrino differ-
ence effectively measures the strange density, since the charm
contribution is small in the kinematical region measured by cur-
rent experiments. Assuming s(x) = s̄(x) and c(x) = c̄(x) one

Fig. 4. The structure function �xFνN
3 as a function of boson virtuality (see

text).
obtains,

(9)�xF3 = xF νN
3 − xF ν̄N

3 = 2xqsea = 4x
[
s(x) − c(x)

]
.

Here, some comments are in order. Taking into account that
our calculation in Eq. (8) corresponds to sea-quark content of
xF3, then �xF3 = 2xF νN

3 . Our calculation is equivalent to the
cs component of the structure function given by the W -gluon
fusion term at order αs , which reads as,

(10)FνN
3

(
W+g → cs̄

) =
(

αs

2π

) 1∫
ax

dz

z
g
(
z,μ2)C3

(
x

z
,Q2

)
,

where a = 1 + (m2
c + m2

s )/Q
2 and the Wilson coefficient

C3 represents the W+g → cs̄ cross section. The total cs

contribution to F3 is the sum of the quark excitation term,
taken at the factorization scale μ2 = m2

c (near threshold),
and the gluon–fusion term above. Namely, FνN

3 (x,Q2) =
2[s̄(xc,μ

2) − c(x,μ2)] + FνN
3 (W+g → cs̄), with the slow-

rescaling variable xc = x[1 + (mc/Q
2)] and similar expression

for F ν̄N
3 (x,Q2).

In Fig. 4 the quantity �xF3 as a function of Q2 at fixed x is
shown in comparison with the CCFR result obtained from νμFe
and ν̄μFe differential cross section [25]. The theoretical curve
is obtained from Eq. (9) using the IIM dipole cross section and
Glauber–Gribov shadowing corrections. The agreement is good
and the quark excitation contribution, described above, has not
been added. This additional piece should improve the descrip-
tion.

As a final analysis, we consider the nuclear ratios for the
neutrino structure functions. We are confident in the reliabil-
ity of these calculations using the color dipole approach as they
were successfully tested against charged lepton scattering data
[6]. First, we compute the ratio R2(x,Q2) = FνA

2 /(AFνN
2 ).

This is shown in Fig. 5(a), as a function of Q2 for fixed x

(10−5 � x � 10−2). For our purpose, an iron nuclei (A = 56)
is considered and valence content is disregarded. A strong Q2

dependence is observed. For intermediate virtualities, the ratio
ranges on 0.75 � R2 � 0.85 and decreases with lower x. In the
current region of neutrino data, the nuclear correction is of or-
Fig. 5. The nuclear ratios (a) R2 = FA
2 /(AF2) and (b) R3 = xFA

3 /(AxF3) as a function of virtuality Q2 at fixed x (see text).
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der 15–20%. This dependence on virtuality is different of the
observed flat behavior present in calculation using the DGLAP
collinear approach [3]. In Fig. 5(b), it is shown the nuclear ratio
R3(x,Q2) = xF νA

3 /(AxFνN
3 ) as a function at Q2 at fixed x.

This corresponds to nuclear shadowing in sea content of xF3.
A weak dependence on Q2 is observed, whereas it decreases at
lower x. An interesting point it is the different shadowing con-
tribution for xF3 in contrast with F2. This feature has already
been observed in the comparison of collinear QCD approach
with neutrino data [3] and corroborates the dynamical shadow-
ing correction considered here.

4. Comments and conclusions

As a summary, an analysis of small-x neutrino–nucleus DIS
is performed within the color dipole formalism. The struc-
ture functions FνN

2 , xF νN
3 and the quantity �xFνN

3 are cal-
culated and compared with the experimental data from CCFR
and NuTeV by employing phenomenological parameterizations
for the dipole cross section which successfully describe small-x
inclusive and diffractive ep DIS data. Nuclear shadowing is
taking into account through Glauber–Gribov formalism. It is
found that small-x data show geometric scaling property for
the boson–hadron cross section as a function of the scaling
variable τ . The structure function F2 is in agreement with the
phenomenological implementation using the saturation mod-
els at the small-x region. The structure functions xFνN

3 is also
discussed in detail. The sea content, described by the quantity
�xFνN

3 , is well described and the addition of quark excitation
term should improve it. Although the results presented here are
compelling, further investigations are requested. In particular,
measurements of neutrino–nucleus structure function in smaller
values of x than the currently measured in the accelerator ex-
periments. The present results also confirms the robustness of
the color dipole formalism to describe the total neutrino cross
section of ultra-high energy neutrinos. Finally, we predict the
nuclear ratios R2 and R3 and single out the size of nuclear ef-
fects in each case.
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[14] A.M. Staśto, K. Golec-Biernat, J. Kwieciński, Phys. Rev. Lett. 86 (2001)

596.
[15] E. Iancu, K. Itakura, L. McLerran, Nucl. Phys. A 708 (2002) 327.
[16] A.H. Mueller, D.N. Triantafyllopoulos, Nucl. Phys. B 640 (2002) 331.
[17] N. Armesto, C.A. Salgado, U.A. Wiedemann, Phys. Rev. Lett. 94 (2005)

022002.
[18] M.V.T. Machado, Phys. Rev. D 71 (2005) 114009.
[19] W.G. Seligman, et al., CCFR Collaboration, Phys. Rev. Lett. 79 (1997)

1213.
[20] B.T. Fleming, et al., CCFR Collaboration, Phys. Rev. Lett. 86 (2001) 5430.
[21] M. Tzanov, et al., NuTeV Collaboration, Phys. Rev. D 74 (2006) 012008.
[22] M.H. Reno, Phys. Rev. D 74 (2006) 033001.
[23] R. Fiore, V.R. Zoller, JETP Lett. 82 (2005) 385.
[24] R. Fiore, V.R. Zoller, Phys. Lett. B 632 (2006) 87.
[25] U.K. Yang, et al., Phys. Rev. Lett. 86 (2001) 2742.


	Small-x neutrino-hadron structure functions  within the QCD color dipole picture
	Introduction
	Neutrino structure function F2nuN(x,Q2)
	The quantities xF3nuN, DeltaxF3nuN and the nuclear ratios
	Comments and conclusions
	Acknowledgements
	References


