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Resumo. Neste trabalho abordaremos a analise espectral de grafos por dois estudos: técnicas
de probabilidade quantica e por polinémios ortogonais com valores em matrizes. No Capitulo 1,
consideraremos a matriz de adjacéncia do grafo tal como um operador linear e sua decomposi¢ao
quantica permitira uma analise espectral que produzirda um teorema do limite central para tal grafo.
No Capitulo 2, consideraremos uma medida com valores em matrizes induzida por polinomios ortog-
onais com valores em matrizes. Sob certas condicoes, é possivel exibir explicitamente uma expressao
de tal medida. Algumas aplicagoes em teoria dos grafos sao dadas quando nos restringimos as ma-
trizes estocasticas e com valores em 0-1. Do nosso conhecimento, os calculos e exemplos obtidos nas

secoes 0.3.2, 0.3.3, 2.4 e 2.5 sao novos.

Abstract. In this work we focus on the spectral analysis of graphs via two studies: quantum
probabilistic techniques and by orthogonal matrix-valued polynomials. In Chapter 1 we consider
the adjacency matrix of a graph as a linear operator, and its quantum decomposition will allow a
spectral analysis that will produce a central limit theorem for such graph. In Chapter 2, we consider a
matrix-valued measure induced by orthogonal matrix-valued polynomials. Under certain conditions,
it is possible to display an explicit expression for such measure. Some applications to combinatorics
and graph theory are given when we restrict to the stochastic and 0-1 matrices. Up to our knowledge,

the calculations and examples obtained in sections 0.3.2, 0.3.3, 2.4 and 2.5 are new.
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0.2 Introduction

In this work we are interested in the spectral analysis of graphs. By this we mean that we study the
spectrum of the adjacency matrix associated with the graph and here this is done by two different
approaches: first, we describe the work due to A. Hora and N. Obata [7], where a sequence of
finite graphs is considered, for which the number of vertices tends to infinity in some prescribed
way, and then an asymptotic theorem on their spectra is obtained. In a second part, we study the
description due to A. Duran [5], where spectral information is obtained via the analysis of matrix-
valued polynomials. We use the results of A. Duran work’s to obtain spectral information of block

tridiagonal graphs in the aim to resolve counting problems on a specified class of graphs.

Unless otherwise specified, a graph is always assumed to be locally finite and connected (see
definition in section 0.4.1). In Chapter 1, we will mostly work with distance-regular graphs. Such
graphs possess high symmetry and then the so-called method of quantum decomposition will be most
effective. A connected graph G = (V, F) is called distance-regular if, for any choice of z,y € V' with
d(x,y) = k, the number

py = {z € Vid(z,2) = i,d(y, 2) = j}|
depends only on 4, j, k. The numbers pfj are called the intersection numbers of G = (V, E).
Once we choose an initial vertex o € V, we want a measure such that

+oo
(A™), = / "p(dr),m=1,2,...,

oo

where A is the adjacency matriz of the distance-regular graph G (defined in Section 0.4.1).
Notation: (A), is the (z,z) entry of the matrix A, i.e, (A), = Az,

For our analysis, we will make use of orthogonal polynomials: let ;4 a probability measure on
R having finite moments of all orders (i.e. fj;o |z|™u(dz) < oo). Consider the Hilbert space
L*(R, p) with the inner product < f,g >= fjoooo f(x)g(x)u(dz). We apply the Gram-Schmidt or-
thogonalization procedure to the monomials {1, z, 2%, ...} and we obtain a sequence of polynomials
Py(xz) =1, P (z), Py(x),... Each P,(z) is a polynomial of degree n, they are orthogonal to each other
and we can assume them to be monic. These polynomials are called the orthogonal polynomials

associated with p, and they satisfy the following:

Theorem 1. [12] (Three-term recurrence relation) Let {P,(x)} be the orthogonal polynomials
associated with a probability measure p on R, having finite moments of all orders.

Then there exists a pair of sequences ay, s, ... € R and wy,ws, ... € R, uniquely determined by



P()(ZE) = 1,
Pi(z)=2— oy,
mPn<x) = PnJrl(x) +an+1Pn(x)+wnPnfl(x)> n 2 1.

The main result of Chapter 1 is given by the following theorem:

Theorem 2. (Central Limit Theorem for a Growing Distance-Regular Graph) [/7/, chapter
8 page 96] Let GW) = (V) E®)) be a growing distance-regular graph with adjacency matrix A,,

with degree r(v), (defined in Section 0.4.1) and intersection numbers pj ;(v). If the following limits

exist,
o PO ) alw)
ST R v\ JR()
and if &y, ap, ... € R and @;,ws, ... € RY, then we have:

A, ) oo
lim z :/ 2" u(dr),m=1,2,...,
V—r00 /{(V) . — 00

where p is a probability measure with Jacobi coefficient ({@,},{&,}) (defined in Section 1.2.1).

The idea of the proof is: i) Use the quantum decomposition of the adjacency matrix A, =
A+ A2+ A, . ii) Compute the limit of the normalized quantum components over the vacuum state
as operators of an interacting Fock Space. Then the result is obtained by the following property that

establishes a relation between a measure and an interacting Fock space:

Proposition 1. [[7], chapter 1 page 25] Let p be a probability measure on R, having finite mo-
ments of all orders and ({w,}, {a,}) be its Jacobi coefficient. Consider the interacting Fock space
F({wn},{an}) = (F, {q)n}, B+, B, Bo). Then,

+0o0

<CI>0, (B++B_+B°)mfl>o>F = / 2"u(dr), m=1,2,...

—00

In the previous equation, the inner product is the one from the Hilbert Space (it will be defined
at section 1.2.1). This inner product has a good behaviour when submitted to limits. This is why

we will be able to work with growing graphs.

Let us give a definition to clarify the statement of Proposition 1. An interacting Fock space
associated with a Jacobi coefficient ({w,}, {ow}) is a quintuple I} {0,y = (I, {®n}, BT, B~, B°)
where I is a pre-Hilbert space, {®,,} is an orthonormal basis of I' and B*, B~, B° are linear operators

on I' such that:
B+(I)n = \/wn+1q)n+17 n Z 07
B_(I)O = 07 B, = \/wnq)n—la n > ]-7
B°®, = ap11®P, n>0.
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The inner product of I is denoted by < «,- >pr=< -, - > .

Going back to Theorem 2, if we specify the kind of distance-regular graph we are considering, we
will be able to express the measure explicitly. To illustrate this, we consider the homogeneous trees.
A tree is called homogeneous if it is regular. These are always infinite graphs. We denote by T} a

homogeneous tree with degree x > 2 and by A = A, its adjacency matrix.

Figure 1: Homogeneous Tree T3

Figure 2: Homogeneous Tree T}

e
[ %‘H ﬁ'f

Their intersection numbers are:

p7117;1(/€) =Kk = 17 p?,n—l(K’) = 17 p?,n(’%) =0.

Then the Jacobi coefficient ({&y,}, {@,}) of the measure given by Theorem 2 are:

PR (k) I (i ()
w, = lim =1, a, = lim ———

=0.
K—00 K K—>00 \/E

\]



The interacting Fock space associated with the Jacobi coefficient given by ({w, = 1},{a, = 0}) is
called the free Fock space and is denoted by I'fee.

Applying Proposition 1, we have that the measure with the Jacobi coefficient given by ({w, =
1}, {ay, = 0}) satisfies:

+00
/ ™ u(dr) = <<I>0, (B+ + B_)m <I>0>Ffm m=1,2,...

o0

where BT + B~ are the operators of the free Fock space.

The Wigner semicircle law is defined as the probability measure whose density function is given

by
(z) = %\/4 — x2, lz] <2,
PE)= 0, otherwise.

Proposition 2. For the free Fock space, it holds that
+oo
(@o, (B + B7)"g)p, = / "p(dr) m=1,2,...

o

where p(dz) is the Wigner semicircle law.

Then we have

400 400
/ " u(dr) = / z"p(dr) m=1,2,...

—00 —0o0

and as p is the solution of a determinate moment problem, we have that © = p and then, the

corresponding Theorem for homogeneous trees is:

Theorem 3. (Central Limit Theorem for homogeneous trees)//7/, chapter 4 page 110] Let
T, be a homogeneous tree of degree xk with adjacency matrix A,. Then we have
1 +2

A m
1 —K e — m — 2 —
/611—I>£>10<(\/E) >O o/, "/ x?de, m=1,2,...,

where the probability measure on the right-side is the Wigner semicircle law.

In Chapter 2, our aim is to display an expression for a matrix-valued measure under specific
conditions. Let Ay, A,..., A, be matrices in CN*¥ with A, # 0. We say that P : R — CV*V,

with P(t) = Apt™ + A, 1t" 1+ ...+ At + Ao, is a matriz-valued polynomial of degree n.

Let W : R — CV*¥ a bounded Hermitian matrix-valued function with W(t) < W(u), if t < u
(defined in section 0.4.4 ).
The left-inner product is < P, Q) >:= fj;o P(t)dW (t)Q(t)*. We have the following properties, which

are proved in Section 2.1:



1. <PQ>=<Q,P>"
2. <01P1—|—02P2,Q >:CI<P17Q>+CQ<P2,Q >, VCl,CQECNXN

3. <tP,Q >=< PtQQ >, teR

Orthonormal polynomials P,,n = 0,1,2, ... are then obtained with the Gram-Schmidt procedure
by normalizing I,tI,t*I,t31, ..., using the left-inner product.
+oo
<;%Rn>:/ Po(t)dW () Pou(t) = ol mym >0,

— 00

where 9,,,, = 1 if n =m, and 9,,,,, = 0 otherwise.

As in the scalar case, the sequence of orthonormal matrix polynomials admits a three-term re-

currence relation:

Theorem 4. [[15], page 32] For n =0,1,2,... suppose P, are left orthonormal matrix polynomials
with respect to the left inner product obtained by using a matrix measure W on the real line. Then
there exist invertible matrices A,, and Hermitian matrices B,, such that

P_1(t) =0, Py(t) € CV*M\{0},
tP,(t) = ApPruii(t) + BoPo(t) + Ax (P, _1(t), n > 0.

Let T be the following block tridiagonal matrix:

[ B, 4 0 0 0
A: By A 0 0
T = 0 AT B2 A2 0
0 0 A By A

Above we use the notation: if 7" is a block matrix, the matrix 7}; is the (¢, j)-block of matrix 7" In

the above Inatrix, we have: TOO = B(), TOl = Ao, T10 = AS e

With this, the previous recursion becomes
Py
TP(t) =tP(t), with P(t):= Py(t)

This relation can be iterated:

T"P(t) = t"P(t),



which, together with the orthonormality of P,, gives us an expression for the i, j entry of the block
matrix T":

= [ enmar o

The expression above is known as the Karlin-McGregor formula (see [2], p.469).

From the Karlin-McGregor formula, an interpretations for the matrix-valued measure arises in
the context of random walks, and another interpretation arise in the context of number of closed
walks on a block tridiagonal graph. In Section 0.3, we will see a concrete example of a matrix-valued

measure over a random walk.

Aiming to display an explicit expression for the matrix-valued measure, we will assume the

additional hypotheses:

e Both sequences of matrices are constant, i.e. A, = Aand B, =B forn=20,1,2,...

e Matrix A is positive-definite, and Py(t) = I.

As all B,, are Hermitian, the same is valid for B. Since matrix A is positive-definite, it is Hermitian

and then A* = A.

With these assumptions, the three-term recurrence relation is reformulated as:

P_1(t) =0, Py(t) = I, A positive-definite, B Hermitian,
tP,(t) = AP,1(t) + BP,(t) + AP, _1(t), n > 0.

The matrix measure for which the polynomials P, are orthonormal is denoted by W = Wy p.

We also will assume that Wy p is a positive-definite matrix.

Observation: These polynomials are known as Chebyshev matrix polynomials of the second

kind in analogy with the scalar case.

For all z € R, let Hy p(2) := A~Y2(2I — B)A~Y(2I — B)A™Y/2 — 41. For all x € R, the matrix

—H 4 p(x) admits the following orthogonal diagonalization:
—Hyp(z) =U(z)D(x)U"(z),
where D(x) is a diagonal matrix with entries d;;(z),i =1,..., N, and U(z) is an unitary matrix.
With the additional hypotheses above, we will be able to display an expression for diW4 g, and

this is given by the following theorem, which is the main result of Chapter 2.

10



Theorem 5. [[5], page 327] If A is positive-definite and B Hermitian, the matrix weight Wy 5 for

the Chebyshev matrix polynomials of the second kind is the matrix-valued measure given by:
AW s () = %AI/ZU(a:)(D+(a:))1/2U*(:c)A1/2d:c,
where DT (x) is the diagonal matrix with entries
df.(x) = max{d;;(z),0}.

0

The strategy of the proof is first to use a known theorem about ratio polynomials in the three-
term recurrence relation to produce an equation for which the unknown is the Stieltjes transform of

the measure. The main result follows then by the inversion formula for the Stieltjes transform.

0.3 Applications

0.3.1 Random Walks

Imagine that you have a square with its 4 vertices named 0,1,2,3. Then a particle that starts at one
of the 4 vertices can jump to one of its neighbours. Let p,q,r € [0, 1] with p + ¢ + r = 1, associated
with the possibilities: it can move clockwise with probability p, it can move counterclockwise with
probability ¢, and it can rest with probability r. Let n € N. Starting at vertex 7, what is the proba-

bility of arrival at vertex j after n jumps?

A

kﬂ

U

r

DY

We will present two solutions. The first one uses traditional random walk theory. If we set P as

the transition matrix such that P;; is the probability to go from vertex ¢ to vertex j in one step, we

11



have:

o 33
< I o
=2 o

kN o 3

Then the answer is the probability P}
The second solution is using the matrix version of the Karlin-McGregor formula. Consider a homo-

geneous Markov chain (see [10]) with state space
Cn ={(,7) eNxN[0<j <N -1},

The state (7, 7) means : to be, at time 7, in vertex j.

Consider the one-step transition 7' = (T} );i—o0.1...

[ By, A, 0 0 0
Co By A, 0 0
T 0 Cl 32 A2 e ()
0 0 -+ C43 Bgo Ago
0 0 -+ 0 Cao Ba |

The matrix 7" is a block tridiagonal matrix, (see definition in section 0.4.2) with blocks N by N.
The probability of going in one step from state (, j) to (i, j') is given by the element in the position
(7,4') of the matrix T; ;. We have T}, = B;,T; ;11 = A;, and T;41; = C; The matrix T™ is the n-step
transition matrix, and the element in the position (k,[) of (1™);; is the probability of going in n steps
from state (i, k) to (j,[). Therefore, the Karlin-McGregor formula gives an integral representation

with matrix-valued measure for the probability of going in n steps from a state to another.

12



0,3) —— (1,3) —— (2,3) (3,3) (4,3)

p
(0,2) (1,2) (2,2) (3,2) —— (4,2)
N
(0,1) (1,1) (2,1) —— (3,1) (4,1)
q
(0,0) —— (1,0) —— (2,0) (3,0) (4,0)

In the particular case of the square, we set a random walk over the state space

Ci={(i,j) € N* x NJ0 < j < 3}.

Here, ¢ is the number of steps and j is the vertex. The one-step transition matrix 7' = (Tjy);i—o1....

as above is given by:

rp 0 ¢
r 0
Tiiy1=A; = gq f e
p 0 qr
E,i:Bi:()?
Titi=0C;=0.

Then the answer is the probability (7™)o, (7, j) i.e. the element (7, j) of the 4 x 4 matrix (7™)o,,
(the block in position (0,n)) given by Karlin-McGregor formula

o0
(T = /_ £ Py (1) AWV (£) Py (1)

o0
Comparing the two solutions, we may conclude that:

Pn:(Tn>07n n:1,2,...

and

Pl=(T"on(i,j) n=12,...., 0<ij<3

13



0.3.2 Closed Walks on the Semi Infinite Ladder Graph

In this section, we will calculate the number of n-step closed walks on the semi infinite ladder graph
K?0R (the product O is the Cartesian product of graphs defined in section 0.4.2) starting first from
a vertex (z,z9) € V(Gy), with z € K* 7y € R and then from a vertex (z,z;) € V(Gy), with

r € K% z; € R. Up to our knowledge, the following calculations are new.

The semi infinite ladder graph has adjacency matrix:

B A 0 0

A B A0 10 0 1
M = 0 A B A where A = 01 and B = Lol

We can define polynomials that satisfy the three-term recurrence relation:
P_4(t)=0,F(t) =1,
tP,(t) = Poi1(t) + BP,(t) + P,_1(t), n > 0.

There is a measure W for which the polynomials P, are orthonormal, and as A is positive-definite
and B is Hermitian, we can calculate dIW with the result of Theorem 5. In fact, in Section 2.2, we

have calculated dWW for the matrix given. The result is:

“ar\|l 11

1 11 1 -1
AW (z) ({ 1 V=22 + 2243 x19 + { 11 } V—x? =2z +3 X[—S,l]) dz.

By the Karlin-McGregor formula, the number of n-step closed walks starting from an initial vertex
(x,z0) of the semi infinite ladder graph is the first element of the first block of the matrix (M™) given
by:

(M")o,0 = /_+°O t" Po(t)dW (t) Po(t).

[e.o]

Then we have:

(e = [ vawte) =

—00

teo ] 11 1 -1
/ t" ({1 1}v—t2+2t+3x[_173}+{_1 1}v—t2—2t+3x[_3711)dt:

o 4T

3 1
11 1 -1
n 42 n 12 _ e
(/1t\/ P23 g g |+ [ OVEE2E3d

(/2(z+1)”mazz“ ”+/_22(y—1)”ﬂdy[_1 - D -

1
47
1
A \J_,

14



L[ ceosorsmzoan| L L] 4 [ 2coso—1rsimzoan| 1L
. COS S1n 11 B COS S11 _1 1 s

—T ™

with the change of variables z =t — 1,y =t + 1,60 = arccos(y/2), 8 = arccos(z/2).
Let n be even, with n = 2m. The first element of (M?*™), is given by:

0
l/ ((2cosf + 1)*™ + (2cos — 1)°™) sin® § df =

—T

1 &
—/ Z(( 2;;)2-22’“(:032’“9311129) df =
T J_

T k=0
E <( 2m ) 22k+1—/ cos%esin29d0) .
2k m )
k=0 &
By integral formula (4) in Section 0.4.7, we have that the number of n-step closed walks, for n even,

starting from an initial vertex is:

m m n/2
2m \ qope1 1 2m n
g ( 2k ) 2 22k+1 |Ck| - g 2%k |Ck’ - ; 2k |Ck|7

where |Ci| is the k-th Catalan number (see Lemma 1 in Section 0.4.6).

Now, we will generalize the previous result to any ¢ € N, i.e., we will calculate the number of
n-step closed walks on the semi infinite ladder graph, starting from a vertex (z,x;), which is at

distance ¢ from the initial vertex (x, x).

By the Karlin-McGregor formula, this number is the first element of the block ii of the matrix
(M™) given by:
+o00o
)= [ eR@avOR©.

[e.o]

Then, as P; and (I £ B) commute, we have:

11

0
(M™);; = l/ (2cosf + 1)"sin” OP;(2cos 6 + 1)? [ 11

—T

| aoe

0
/ (2cosf — 1)"sin? OP;(2cos ) — 1)? [ _1 _1 ] do.

For each i € N, let f;(t), g:(t) polynomials in ¢ such that:

oy | fil) at) ] ,
po = | 1 40 | = rorsaos

The polynomials P, satisfy:
P_1(t)=0,Py(t) =1,

15



where P(t) :=tI — B.

Then, forn > 0:

fn+1I +gn+1B = (tI - B)(fn[ + gnB> - fn—lI - gn—lB = (t.fn — Gn — fn—l)[ + (tgn - fn - gn—l)B-

Then,
fo(t) =1,90(t) = fi(t) = q1(t) = 0,
for1(t) = Lfalt) — gu(t) — fu-1(t),
Gnt1(t) = tgn(t) — fu(t) — gn-1(t)

For any z, we want to prove by induction on n that f,(z —1) — g,(x — 1) = fo(z + 1)+ gu(z + 1)
foralln=1,2,...

For n = 1, we have:

filt =) —gi(z =) =(z—1)fo—go— f-1 = (tgo — fo — gnt1) =z — 1+ 1 ==,
fit+ D) +a@+1)=(@+1Dfo+g90— f-1+({tgo— fo—gny1) =z +1-1=z,
Lo, fi(z—1)—gi(z—1) = fi(a+1)+g1(z-+1). Suppose that fi(z—1)—ge(z—1) = f(w+1)+gela+1)
for k=1,2,...,n.

We have:
fori(@=1) = gpri(z = 1) =2(fulz = 1) — gu(z = 1)) = (fusr(x = 1) — goa(z — 1)) =

(o + 1)+ gn(z+1) + (for(z+1) —gna(z+1) = faa(@ +1) + gnya(z + 1)

Let h,0 := f,(2cosf + 1) + g,(2cosf + 1). We have that the functions h,0 satisfy:
ho = 1, h10 = 2cos ¥,

hpi10 = 2cosOh,0 — h,, 10, n>1.

The closed expression for h,0 is:

Ln/2]

Bt = 3 (1), ( ”j‘.j ) (2 cos )%

j=0
Then,
1i/2) N i o
hff):Z(—nlﬂ( z )( jj)(Qcose)%—?J—ﬂ.
1,j=0

The first element of the block i of the matrix (M™) is given by:

™

1 0
(M"™);(0,0) = —/ ((2cosf — 1)" + (2cosf + 1)")hZ0sin* 0 df =

—Tr
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1 /0
; ( 272 ) 22k+1;/_ﬂ(0039)2kh§0 sin® 0 df =
0

o) 2%k il 10\ 250 _qyi+i L (k-ti—j—1)
§(2k>2+2( l )( j )2 (Uﬂg (0089) +i=3-1) 5in2 9 d6.

Lj -

By integral formula (4) in Section 0.4.7, we have that the number of n-step closed walks, for n even,

starting from a vertex (x,z;) is:
n i—1 © =\ o2kti—j—)+1(_1\l+i 1 I+ _
2 ( 2k ) ( l ) ( J ) 2 D s (CU Y Gyl =

kg
Ln/2] i/2] 1i/2] il i—
SN[
ZZZ(%)( (757 ol

0.3.3 Closed Walks on KVOR

Let N > 2 a fixed natural number, and Gy := K¥OR. In this section we count the number of closed
walks on such graph. We could not find in the literature a detailed exposition of this matter, so
we provide the details in what follows. We denote by CWyx(n,7) the number of n-step closed walks
starting from a vertex (z,z;) € V(Gy), with x € KV, z; € R. The number CWy(n, ) is well-defined
because of symmetric properties of G . By the Karlin-McGregor formula, CWy(n, ) is any diagonal
element of the block 7 of the matrix (M™) given by:

+o00
(M™),, = / 1 P(H)dW (1) (1),

1.e:

CWhy(n,i) = (M"):(5, ),
forall j=1,...N.
We have:

+o0

0= = ([ R0+ B @ rwa [

e [ Ten - o1 - Byaorar).

Then, as P; and (al + bB) commute for all a,b, we have:

/N+1 du()P()(HBdtJr/t\/EP? N—1)I - B)dt)

1
M")ii = 5=
M7 2N7T<N—3 -

For each i € N, let f;(t), g:(t) be polynomials in ¢ such that:

Pi(t) = filt)] + gi(t)B.

17



After some matrix calculations, we obtain:

P,(t)*(I+ B) = (fi(t) + (N — 1)g;(t))*(I + B),

Py(t)*(N = 1)I = B) = (fi(t) — g:()*(N = 1) — B).

Then,

(s = = [ OV + (¥ = D)1 + By

e [ OV ~ O = DI = B

= (ﬁ s t"\/di1 () (fi(t) + (N — 1)g(t )) dt + % doo () (fi(t) — gi(t))zdt) I+

N+1 1
(3= [ Va0 + O =000 - i [ Va0 - ayar) 5.
We just have expressed the block ii of the matrix (M™) by a linear combination of I and B. The
number CWy(n, i) is expressed by the function that multiplies I, i.e.:
1 N+1 1 [

CWy(n,i) = N7 Jus t"\/diy (8)(fi(t) + (N = 1)g;(t))?dt + ]\2[7 doa () (fi(t) — gi(t))?d.

Let x,y such that t +1 — N =z and t + 1 = y. Then CWx(n,i) =

ﬁ/_z(a:— 1+ N)"V4—22(fi(x — 1+ N) + (N — D)gi(z — 1 + N))*dz+

+j;71\77r1 /_2(y —1)"V4 =2 (fily = 1) — gy — 1))*dy

— ﬁ/ﬁ[(w—1+N)”(fi(x—1+N)+(N—1)gi(x—1+N))2+

+H(N = 1) (z —1D)"(fi(x — 1) — gi(z — 1))*|V4 — 22dx.

It is possible to prove by induction on 7, that fi(x — 1+ N)+ (N —1)gi(zr—1+N) = fi(zr—1) —
gi(x — 1), forz € andi=1,2,... Let h(x) := f;(x) — g;(x). We have then:

1 2
W) = 5= [ o= 14N + (V= (e = 1Yo — 1) VE= 2,
)
Let 0 such that £ = 2cosf. Then dx = —2sinf and

0
CWn(n,i) = ﬁ/ [(2cos0 — 1+ N)"+ (N —1)(2cos — 1)"](hi(2 cos § — 1))?|2 sin 8| (—2 sin §)df

9 0
= N_/ [(2cosf — 1+ N)" + (N —1)(2cos @ — 1)"](hs(2cos 6 — 1))*sin® 0 d§
™ —T

18



We have that h;(2cosf — 1) satisfies:
ho(2cos® — 1) = 1,hy(2cosf — 1) = 2cos b,

hiy1(2cos@ — 1) = 2cosbh;(2cosf — 1) — h;_1(2cosf — 1), i>1.

The closed expression for h;(2cos€ — 1) is

U o
hi(2cosf — 1) = Z(—l)] < jj ) (2cos )2,

=0
Then,
K i1\ [i—
hi(2cosf —1))? = —1)HI ( B ) ( B ) 2 cos )22, 1
rzeam 7 = -0 (1) (157) o) 0

Also, we have: (2cosf —14 N)" + (N —1)(2cosf — 1)" =

n

> ( Z > 2% cos" (N — 1)"F 4 (N — 1) 2 ( Z’ ) 2" cos™ O(—1)""*

k=0

n

= ( Z ) 2" cos® 0 (N — 1)" " + (N = 1)(-1)"") (2)

k=0

With equations (1),(2), we have that CWy(n,i) =

~ Nr /,r 2 (( v ) 2% cos™ 0 (N = 1)"F 4+ (N — 1)(_1)n—k)) .

li/2] . .
Z(_l)l+] ( 1 ;l ) ( ] ;] ) (2 COSQ)Qi_Qj_Ql Sin2 de

:—Zf( YT (7 ) e @ - ot - e

k=0 1,j=0

o1 [0 o
. 2k+2z—2]—2l_ (COS 8)k+21—2]—2l SlH2 do.
™

—T

By integral formula, the integral vanishes when k& is odd. Therefore, we can sum only the even terms.

We have that CWy(n,i) =

FEE () (V) (7)o,

. 92k+2i—2j -2 |Ck+i—j—l |
92k+2i—2j—21+1

_1 Lnf f‘] < ) ( i1 ) < ’;J ) (1) (N = 1" 4 (N = 1)(—1)") [Cossyi,

k=0 1,j=0
where |Cy| is the k-th Catalan number.
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0.4 Preliminaries
0.4.1 Graph Theory

A graph is a pair G = (V| E) of sets such that £ C [V]?. The elements of V are the vertices of the
graph G, the elements of E are its edges. The vertex set of a graph G is referred to as V (G), its edge
set as F(G). An edge {z,y} is usually written as zy. If x € X and y € Y, then zy is an X — Y edge.
The set of all X — Y edges in a set E is denoted by E(X,Y’). The number of vertices of a graph is
its order, written as |G].

A path is a non-empty graph P = (V| E) of the form
V ={zo,x1,...,2x} E={xoz1,2120,..., T 171},

where the x; are all distinct. The number of edges of a path is its length. A walk (of lengh k) in a
graph G is a non-empty alternating sequence vgeqgvie;...ex_1vx of vertices and edges in GG such that
e; = {v;, viy1} for all i« < k. If vy = vy, the walk is closed. A path is a walk with all vertices distinct.

A graph is called connected if any pair of distinct vertices x,y € V are connected by a walk.

The distance d(x,y) in G of two vertices x,y is the length of a shortest  — y path in G; if no
such path exists, we set d(z,y) := oo. The greatest distance between any two vertices in G is the
diameter of G.

Two vertices x,y of G are adjacent, or neighbours, if xy is an edge of G. We denote that two vertices
are adjacent by x ~ y. If all the vertices of G are pairwise adjacent, then G is complete. A complete
graph on n vertices is denoted by K™.

If V'C Vand E' C E, then G’ is a subgraph of G, written as G’ C G. If G’ € G, and G’ contains
all the edges ry € F with x,y € V', then G’ is an induced subgraph of G.

Let G = (V, E) be a (non-empty) graph. The set of neighbours of a vertex v in G is denoted
by I'(v). Also, we have I';(z) := {y € V : d(z,y) = i}. Then I'y(z) = I'(xz). The degree of a
vertex v is the number |I'(v)| of neighbours of v. The mazimum degree of the graph G is the number
A(G) = max,ey |I'(v)| . If all the vertices of G have the same degree k, then G is k-regular, or simply
reqular, with degree k. A graph is called locally finite if |T'(v)| < oo for all v € V.

Let G = (V,E) be a graph. An automorphism is a bijection ® : V' — V with zy € F <=
o(z)p(y) € E for all x,y € V. The set of all automorphisms over G is denoted by Aut(G).
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The adjacency matriv A = (Ayy)syev of G is the matrix defined by

1 ~
Ayy = y LY ‘
0, otherwise.

According to our definition of graph, the adjacency matrix is symmetric, and all elements of its
diagonal are null. As we will consider infinite graphs, this matrix can be infinite. The powers of
adjacency matrix give us information about walks. We have that (A"),, is the number of n—step
walks starting at vertex x and finishing at vertex y. In particular, (A"), is the number of n—step
closed walks starting at vertex x. Consider a fixed origin o € V. The graph is stratified into a disjoint
union of strata:

V=|Jv. V, ={z €V :d(o,x)=n}.
n=0

This is called the stratification associated with o € V.
Given a stratification, we define three matrices A%, € € {+, —, 0}, indexed by V as follows: For z € V,

and n > 0, we have:

. Avy, Y E Vo,
(A9) gy == v M
0, otherwise,

where n + € =n+1,n — 1,n according as € = 4+, —, 0. Then the adjacency matrix A is decomposed
into a sum of three matrices: A = At + A~ + A°, which we call the quantum decomposition of A,

and each of them is called quantum component.

3

The quantum decomposition A = AT + A~ + A° of the graph above is given by:

An example:

01 00O 01000 000O0®O0 000O0O0
10110 00110 10000 000O0®O
6o1o010(=f00O0O0O0|+]010O0O0+(000O0T10
01101 00001 01000 00100
00010 00 00O 00010 00 00O

Quantum decomposition will be important in Section 1.2, where the quantum components will be

regarded as linear operators.

0.4.2 Block Tridiagonal Graphs

A d-block tridiagonal graph of dimension n is a graph whose adjacency matrix is a block tridiagonal

matrix, with all blocks n by n, and d < oo blocks on the main diagonal. If d is infinity, we say that
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the graph is an infinite block tridiagonal graph.
Since the adjacency matrix of a graph is symmetric, the blocks on the lower diagonal are the transpose
of the blocks on the upper one. The adjacency matrix of a finite d-block tridiagonal graph G = (V| F)

of dimension n is represented by:

[ By, A, O 0 0
AT B A0 0
0 AT B, A, - 0
0 0 -+ AT . By, Ags
| 0 0 - 0 AL, Ba |

The order of such graph is nd. The blocks induce a natural d-partition over the set of vertices
V=V,Vi,...V4_1. Foreach k =0,1,...,d—1, By is the adjacency matrix of the induced subgraph
of V. Besides having a d-partition of V' by n-sets, the characteristic of a block tridiagonal graph is
that there is no edge between V;, and V; if |l — k| > 1.

One example of a infinite block tridiagonal graph of dimension 2 is the semi infinite ladder graph.

10 01
WehaveAk:A:[O 1} andBk:B:{l O]fork:1,2,...

Figure 3: Semi infinite ladder

A large class of tridiagonal graphs is given by the Cartesian product of graphs. If G and H are
graphs, their Cartesian product GOH has vertex set V(G) x V(H), where (x1,y1) ~ (x2,y2) if and
only if

x1 =1y and x9 ~ Yo, 01
{xl ~ y1 and T = Yo.
Proposition 3. Let G a finite graph with |V(G)| = d. If H is a (finite or infinite) graph with
A(H) < 2, then the graph GOH is d-block tridiagonal.

The proof follows immediately from the definition. Actually, the semi infinite ladder graph is an
example of cartesian product that is a block tridiagonal graph: it is the cartesian product of K? by

the ray R = (V, E) with V' = {xo, 21, x9,...} and E = {x¢z1, 2129, .. .}.
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Proposition 4. Let GG a connected block tridiagonal graph, with blocks A, and By. If both sequences
of blocks are constant, i.e. Ay = A and By = B for all k, then G is not regular.

Suppose G is regular. Consider the partition Vg, Vi, Vs, ... induced by the blocks. Since the block
sequence By is constant and the graph is regular, we have |E(Vy, V1)| = |E(Vo, V1)| + |E(V1, V2)|.
Then |E(Vy, V)| = 0, which means A; = 0. Since the block sequence Ay, is constant, we have A, =0

for all k£ and then G is not connected, which is a contradiction.

0.4.3 Functional Analysis

If V' is a vector space over F, (where F is the real field, R, or the complex field, C), an inner product
on V is a function < -, >: V x V — F such that, for all o, 8 € F, and all x,y, z € V, the following

are satisfied:

—_

L <ar+ Py, z>=a<x,z>+0 <y, z >,
2. <z ay+fr>=a<zy>+<z, 2>,
3. <xyy>=<y,r >,

4. <z,x > >0,

5. If <x,x >=0, then x = 0.

The quantity ||z|| =< 2,2 >'/2 for an inner product < -,- > is called the norm of x. A pre-Hilbert
Space is a vector space H over F together with an inner product < -,- >. A Hilbert Space is a
vector space H over F together with an inner product < -,- > such that, relative to the metric

d(x,y) = ||x — y|| induced by the norm, H is a complete metric space.

Interacting Fock spaces are separable Hilbert Spaces with creation, annihilation and diagonal
operators to be presented in Section 1.2. We will study the spectral behaviour of a growing graph

via the interacting Fock spaces induced by the algebra space of the powers of its adjacency matrix.

0.4.4 Matrix Analysis

The following definitions and corresponding facts can be seen in [8]. Let CV*V denote the vector

space of all N x N matrices over C, i.e.
CVY = {A = (Ajj)ozijen—1 with Ay € C}.
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The element ¢j of matrix A is denoted by A;; or sometimes by A(7, j). With this notation, the first
element of matrix A = (4;;) is Agp = A(0,0). The conjugate transpose of a matrix A € CV*V is the
matrix AT, which is denoted by A*. A matrix A € CN*N is Hermitian if A = A*. An eigenvector of a

CN*N is a (non-zero) vector z € CV such that Az = Az for some scalar A € C. The value

matrix A €
A is the corresponding eigenvalue. The spectral theorem guarantees that if a matrix A is Hermitian,
there exists an orthonormal basis of CV consisting of eigenvectors of A whose eigenvalues are real and
whose matrix admits the eigendecomposition A = P~*DP, where P € CV*V is an invertible matrix

and D € CV*¥ is the diagonal matrix whose diagonal elements are the corresponding eigenvalues.

A Hermitian matrix A is said to be positive-definite if the scalar z*Az is real and positive for
all z € CM\{0}, which is denoted by A = 0. Equivalently, a Hermitian matrix A is positive-definite
if and only if all its eigenvalues are positive. For any matrices A, B we write A < B if B — A is

positive-definite.

A matrix may have several square roots [8]. We will set the square root of any positive-definite
matrix M in the following way. As M is Hermitian, it admits the eigendecomposition M = P~ D, P,
with D), a diagonal matrix whose diagonal elements are the corresponding eigenvalues. As A is

positive-definite, all of is eigenvalues are positive. Then we can define D}\f by:

VN 0 - 0 0
0 \/)\_2 0 0

DJI\//[2 = : :
0 o - AN_1 0
0 o - 0 VAN

where )\1, ce )\N are the eigenvalues Of A. We set
Vi P Dl 2 P

We have
— 1/2 — 1/2 — 1/2 ~1/2 _
MY2MV? = piDyPPPIDYPP = PT'DY?DYPP = PT'Dy P = M.

The matrix M'/? defined above is also positive-definite and it is the only square root of M that is

positive-definite.

0.4.5 Measure Theory

The support of a measure W (over R) is a subset of R defined by:
supp W = R\ A,
with A = J{U C R|U is a open set of R such that W(U) = 0}.
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The Stieltjes transform of W is defined by:

with z € C\ supp W.

We recall the classic inverse formula of Stieltjes, in a form which is suitable for our purposes:

Theorem 6. [5, 12] If a measure W is continuous over R, we have:

W(z) = —i lim (Gw(z +iy) — Gw(z —1iy)),

20T y—0+

where Gy is the Stieltjes transform of W.

0.4.6 Combinatorics
Let m € N*. Given € = (€7 ..., €9,) € {+, —}*™ we associate a path in Z? defined by

(070)7 (17€1>7 (2761 + 62)7 R <2m7€1 + €4+ €2m>7

where +1 is assigned to ¢;, = + and —1, to ¢; = —.

Definition 1. Let C,, denote the set of paths which end at (2m,0) and are restricted to the upper
half plane, i.e.

m!| €1+ ...+ >0 k=1,...,2m—1,
Cm:{<€1...,62m>€{+,—}2 L k }

61+---+€2m—1+€2m20

An element in C,, is called a Catalan path of length 2m. We call |C,,| the m-th Catalan number.

Lemma 1. [[7], chapter 1 page 37] For m > 1 the m-th Catalan number is given by
(2m)!
Cnl = |
ml(m + 1)!

Proof.
Set

Cm:{(617"‘762771)e{+7_}2m|€1+”'+€2m—1+62m20}-

We have C,, C C,,. Each ¢ € C,, corresponds to a path starting at (0,0) and finishing at (2m,0),

without any half plane restriction. As e starts and finishes in the x-axis, there are as many occurrences

()
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Now we will compute [C,,\Cin|. Let € = (e1, . .., €am) € Cm\Cp. Then the path € starts at (0,0), pass
at least once in the lower plan and finishes at (2m,0). Then, there exists k € 1,...,2m — 1 such
that e +---+¢ >0foralll=1,....,k—1and e; +---+ €, = —1. Then, ¢ +--- 4+ 6,1 = 0 and
€ = —1. Let L be the horizontal line containing the point (0, —1). We have that e intersects L for
the first time at (k, €;). Define € as the path obtained from e by reflecting the first part of € up to
(k,—1) with respect to L. Then, € is a path beginning at (0, —2), intersecting L for the first time at
(k, €x) and finishing at (2m, 0).

We have that € <+ € is a one-to-one correspondence between ém\Cm and the set of paths connecting
(0,—2) and (2m,0). In fact, for each € = (e1...,€m) € Cn\Cm, by construction there is a path €
beginning at (0, —2) and finishing at (2m,0). On the other hand, each path € beginning at (0, —2)
and finishing at (2m, 0) intersects the line L. Let (k,—1) be the first intersection. Define € as the
path obtained from € by reflecting the first part of € up to (k, —1) with respect to L. Then, € is a
path beginning at (0,0), intersecting L for the first time at (k, €x) and finishing at (2m,0).

As € starts at (0, —2) and finishes at (2m,0), for all 2m elements of the path e there is exactly

m + 1 of them that are positive, and m — 1 of them that are negative. Then,

5 2m
el = (00 )

Hence,
5 5 2m 2m (2m)! (2m)!
Conl = 1G] = [Cn\Cm| = ( m ) - ( m1 ) ~mbml  (mt Di(m —1)!
(2m)!(m + 1) 2m)lm  (2m)!
T omlm+ 1) (m+Dim! T ml(m+ 1)U

2m)!
Cml = m!ém—i)- nH

U
0.4.7 Integrals of Trigonometric Functions
For k € N*, we have:
I (2k)!
%/ﬂ cos™ 0 df = SETATR (3)
and:
1 0 2k c 02 1
- _Wcos 0sin” 0 df = W\CH, (4)

where |Cy| is the kth Catalan number (see Lemma 1 in Section 0.4.6).
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We will prove Equation (3) buy induction on k. For k = 1, we have:

{%foﬂcoﬁede _ir_1

(2k)! 1

22kEIE! T 2°

Let k > 1. Suppose Equation (3) is true for k. We have:

0 0
/ cos? 0 df = / cos?* 1 @ cos 0 df = [cos%’1 0 cos 6] (iw —
0 0
—/ (2k — 1) cos® 2 0(—sin §) sin 0 df = (2k — 1)/ cos®*20(1 — cos? 0) df =
0 0
(2k — 1)/ cos?tV 9 dg — (2k — 1)/ cos?* 0 df.

From
0

0 0
/ cos® 0df = (2k — 1)/ cos’ Vg de — (2k — 1)/ cos® 6 db),

—T —T —T

we have:

1/ 2k—1 1 [°
—/ cos?k 0 dh = K . —/ cos?k=1) g qp.
T 2k T

- —T

By induction hypothesis,

l/o costbogp — k=1 (2(k — 1) _ (k-1 (2k)!

™

—Tr

For Equation (4), we have:

s s ™

1/ 1/ 1/
—/ cos?k 9 sin® 0 dh = —/ cos%ﬁdﬁ——/ cos? kD) g do =

(2k)! (2 + 2)! ORI+ 12— (2k+2) (2R)(2k +2)
PREI T 2R+ DIk + )1 262k + )I(k+1)! 2.2 (k+ DI(k+ 1)
(2k)( + 1) Lt 1
k|-

Tk DIk + 1)1 2% El(k+ 1) 22k
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Chapter 1

Spectral Analysis over Growing (Graphs

1.1 Distance-Regular Graphs

This section follows [7]. Distance-regular graphs are important to our study because they have
significant properties from the viewpoint of quantum decomposition.

In this section, some basic properties are established. They will be useful in the following section,
where some spectral aspects will be analyzed. Later, in sections 1.4 and 1.6, we will study asymptotic

spectral distributions of the adjacency matrix of such graphs.

Definition 2. Let 7,j,k € N. A connected graph G = (V| F) is called distance-regular if, for any
choice of z,y € V with d(x,y) = k, the number

Pl =z € Vid(z,z) =i,d(y, z) = j}|

depends only on 4, j, k. The numbers pfj are called the intersection numbers of G = (V, E).

Distance-regular graphs are regular with degree p?,. Then, by Proposition 4, distance-regular

graphs and block tridiagonal graphs are disjoint classes of graphs.

A graph is called distance-transitive if for any x,2’,y,y’ € V such that d(z,y) = d(2’,y’) there
exists w €Aut(G) such that a(z) =2/, a(y) = ¢

Proposition 5. Every distance-transitive graph is distance-regular.

Proof.
Let i, 7, k positive integers. As the graph is distance-transitive, for two distinct pairs (x,y), (2, /)
with d(z,y) = d(2',y’) = k, we have that |{z € V;d(z,2) =i,d(y,2) = j}| and [{z € V;d(2/, 2) =
i,d(y',z) = j}| are the same, since there is an a € Aut(G) such that a(x) = 2/, a(y) = y/. The

number pfj is then defined only depending on ¢, 7, k.
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O
Example 1. Every cyclic graph (with |[V| > 3) is distance-regular because it is distance-transitive.

Example 2. Consider the graph (Z2, E(Z?)), where {(i,7), (k,1)} € E(Z?) <> |i — k| +|j = 1| = 1.
This graph is not distance-regular. In fact, if we take, O = (0,0), A = (1,1), B = (0,2), we have
that d(O, A) = d(O, B) = 2. But we have 2 vertices that are at distance 1 of both O and A while

only one vertex is at distance 1 of O and B. Therefore, p?, does depend of the choice of the vertices.

1.2 Interacting Fock Space

This section follows [7]. We will see that the interacting Fock space of a graph together with its

spectral distribution will lead to a quantum central limit theorem.

1.2.1 Definition of Interacting Fock space

In this subsection, we will define an interacting Fock space and in the following subsections, we will
define the interacting Fock space of a general graph and of a distance-regular graph.
Step 1. Choose an infinite-dimensional separable Hilbert Space H.

Step 2. Choose a complete orthonormal basis {®,, : n € N} in H.

Let Ho C H denote the dense subspace spanned by {®, : n € N} i.e,

Ho = [{Pn}nen] == {Zak@k rap € C k= 0,1,...}.

k=0
Definition 3. A pair of sequences ({wy }, {an})52, is called a Jacobi coefficient if one of the following

two conditions is satisfied:
(a) [infinite type] o, € R, w,, > 0 for all n;
(b) [finite type] o, € R, w, > 0 for n € {1,...,mo}, and ay, 11 = w, = 0 for n > my.

Step 3. Choose a Jacobi coefficient ({wy, }, {@,})s2;. Then the linear operators BT, B~, B® € L(H,)

are defined by
B+(I)n =V wn—i—lq)n—&—b n >0,
B™®q = 0, B~ o, = \Y wn(bnfh n =1,

B°®, =qa,. 1P, n>0.
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The subspace I" is the subspace of Hy spanned by {(B)"®, : n € N}, i.e,

I'=[{(B")"®y:n €N} := {iak(B+)k<I>o cap,€C k= 0,1,...} :

k=0

Lemma 2. T is invariant under the actions of B™, B~, B°.
Proof.
As BY(BT)"® = (BT)""'®,, I is invariant under the action of BT.
Furthermore, we have:
(B+)nq)0 = (B—l—)n_l\/wlq)l = (B+)”_2\/w2w1(1>2 = =AWyt wl@n
Then, I' can be expressed by:
I'=[{Vw, - -wi®, :neN}.

Hence, if ({w,}, {an})5%, is of infinite type, we have I' = H,, and then I is invariant also under B~
and B°. If ({wn,}, {an})52 is of finite type, there is some mgy with o, € R, w,, > 0forn € {1,...,myg},

and «,, = w, = 0 for n > mgy. As w, = 0 for n > mg, we have:
=[{®,:n=0,1,...,mg— 1}].

Then I' is invariant under B~ and B°.

Some observations:
(a) T is a pre-Hilbert space.
(b) By Lemma 2, BT, B~, B° are linear operators in T.

Definition 4. The quintuple 'y}, 1an}) = (I, {®0n}, BY, B~, B°) is called an interacting Fock space
associated with a Jacobi coefficient ({wy}, {an}) -

The inner product of I' is denoted by < -, - >p=< -, > .

1.2.2 Interacting Fock Space of a Graph

In this subsection, we will define the interacting Fock space of a graph. Let G = (V, E) a graph.

Step 1. We choose l5(V), the space of square-summable functions as our Hilbert Space H i.e.:

H:lg(V)::{f:V—HC

S @) < oo} with < fg =3 @)
zeV zeV

1, if y=u=x,

0, otherwise.

Then, {0,}.cv is a complete orthonormal basis of I3(V'), but it is still not the one that we choose for

For each x € V, 0, € I5(V) is defined by 6,(y) = {

our Fock Space (see Step 2).
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Now we fix a stratification on G: we fix an origin o € V, and for each n € N, we put V,, = {zx € V' :

d(o,x) = n}.

Vi

Figure 1.1: Stratification V = UV, . Figure extracted from [7].

Now, we are ready for

Step 2. We choose {®,, : n € N} with
b, = { |V”|71/2 ervn 6907 if Vn 7é Q)»

0, otherwise.

We have that {®,, : n € N} is an orthonormal subset of l5(V).

We want to choose a Jacobi coefficient such that the operators of the interacting Fock space match
with the quantum components of the adjacency matrix. First of all, let us see how the adjacency

matrix A and the quantum components A€ e € {4, —, 0} act on d,:

A6y =) Al =) 6, z€V,

yev T~y
A5, =3 A0, = S 6, weV
yeVv T~y
Y € Vinte

The quantum components A€ e € {4, —, 0} act on ®,, in the following way:
Proposition 6. Let G = (V| E) be a graph with a fixed origin o € V. Let A = AT + A~ + A° be the

quantum decomposition of the adjacency matrix. Then we have:

AT®, = Vo7V Y w ()3,

YEVn41
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A", = |Vn|71/2 Z w4 (y)dy,

yEVn,1
AP, = V|72 wo(y)d,
IS
where w.(y) .= |{z € V :x ~y,d(o,x) = d(o,y) + €}| for e € {+, —, 0}.
Proof.
We have:
S =D Y = > AT = V[PAT (T Y 6) = [ PATe,,
YEVn41 z€V, z~y z€Vy z€VR
RS
S Twi)y =) ) 6= A =V PAT(VLTYP Y 6 = (VoA e,
yEVn_1 zeVy z~y zeVn zeVn
Yy € Vp_1
S iy = 30 3 b= 3 A%, = AV Y ) = v e aca,
yeVy eV, Jcewvy x€Vp x€Vp

O
Before establishing one consequence of the previous proposition, we will need the following lemma:

Lemma 3. (Matching identity). It holds that

Z wi(z) = Z w_(y), n > 0.

z€Vy, YEVn41

If w (y),w,(y) are constant on V,, for all n € N, it follows that:
’Vn‘w-i-(x) = |Vn+1|w—(y)7 T e Vna y e Vn—i—la n > 0.

Proof.
We have that both )
namely [E(Vy, Vi)l

vev, Wi (@) and 3° o, w_(y) are the number of edges between V,, and V41,

In fact:

S i)=Y HyeViy~a, doy) =doa)+1} = Sy € Viy~a, doy)=n+1}

eV, eV, eV,

=Y HyeViy~a yeVuudl=Hay € E:a € Vi, y € Varr}| = [E(Vi, Vara)|.

On the other hand, we have:

Z w_(y) = Z HreV :x~y, dlo,x)=d(o,y)— 1} = Z Hzx eV :x~y, do,x)=n}|

YEVn+1 yEVn4+1 YEVn4+1

Y HzeVia~y zeVil=Hyr € E:y e Vo, € Vo}| = [E(V,, Vi)l

YEVnt1
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If w_(y),w(y) are constant on V,, for all n € N, we have, for n > 0:

S e o) =w (o) 31 =w @)Vl

Similarly,
YD w W =w(y Y 1=w_()|Varl-
yEVn41 YEVn41

Then,

’Vn’w+(x) = ’VnJrllw*(y)'
0
Corollary 1. Let G = (V, E) be a graph with a fixed origin 0 € V. Let A = AT + A~ + A° be the

quantum decomposition of the adjacency matrix. If we assume that w_(y),wy (), w,(y) are constant

on V,, for all n € N, we have:

Vi,
AT, = | ]V+|1|w (¥)? Ppy1, Y € Vi
Vi
Aiq)n = |“/ L’w(y>2 (I)nfla y e Vn7

Proof.
By the previous proposition, we have for y € V,, :

AR, = V|72 YT w ()8 = [Val TPV PV T P (y) Y 6y

yEVnt1 YEVn+1

Va
’ le (¥)? Ppgr.

- |Vn|_1/2|Vn+1|1/2w—(y)q)n+1 = ‘V ’ —

By the previous proposition and the matching identity, we have for x € V,,_; and y € V, :

A, = Vo2 ) wi(@)8s = Vil 2 Ve | Vi wa () Y 5,

2E€Vp_1 z€Vh—1

:|Vn|—1/2|vn_1|—1|Vn|w_(y) Z 5z=|Vn|1/2|Vn_1|_1/2w_(y)|Vn_1|_1/2 Z 5.

r€Vn_1 z€Vnh_1

_ Va
= Vo () = [ 2 0

By the previous proposition, we have for y € V,, :

AP, = |VN|_1/2 Z wo(y)dy = WO(y)|Vn|_1/2 Z Oy = Wo(y) Pn.

yeVn yeVn
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Step 3. We choose the following Jacobi coefficient:

14 >
Wy, = w_ , eV,
Vil (y) y

O = wo(y>7 Yy e anla n > 1.

This coefficient defined above is well-defined only if w_(y) (and therefore w, (y) by the matching
identity) and w,(y) are constant over V,,, for each n € N. So a necessary condition for the graph G
to admit a Fock Space over it is that G must have a stratification such that w_(y), w(y), w,(y) are

constant over V,, for each n € N.

With this choice of Jacobi coefficient, the linear operators associated B™, B~, B° coincide with the

quantum components A" A~ A° (see Corollary 1).

We saw in Lemma 2 that ' can be expressed by:

(BB = i 1.

Then we have:

[Val

N Va
|Vn—1|

(yn)? - ks (y2)

[l

BT)"®, =
(B7)" %0 A

W (11)?®p = w_(Yn) - w-(Y2)w— (Y1) V[Vl Ps

where y,, € V,,,n > 0. Then
N(G) =T =[{(B")"® : n € N} = {w_(y) - w_(y2)w—(y1)V/|Va| P : m € N}].

If G is infinite (and connected), |V,| # 0 for all n > 0 and then I'(G) = [{®,, : n € N}|. If G is finite,
let mg such that |Vp,,—1| # 0 and |V},,| = 0. By the Corollary 1, if w_(y),w(y),w,(y) are constant

on V,, for all n € N, T'(G) is invariant under the quantum components A", A~ A°.
In that case, (I'(G),{®,}, AT, A=, A°) becomes the interacting Fock Space of a graph G, and the
Jacobi coefficient associated is

LA
! |Vn—1|

w-(y)’,  yeV,

Qp = wo(y>’ y e VTL—17 n > 1.

An important class of graphs where the w_(y),w, (v),w,(y) are constant on V,,, for all n € N, is the
class of distance-regular graphs. One observation: A graph does not need to be distance-regular in

order to w_(y),w+(y),w,(y) be constant on V,,. (see Section 1.7 for such counterexample).
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1.2.3 Interacting Fock Space of a Distance-Regular Graph

In this subsection, we will define the interacting Fock space of a distance-regular graph. In distance-
regular graphs, w_(y) is constant over V,,, as the following lemma will show us. Then, such graphs
admit a interacting Fock space associated with a Jacobi coefficient that can be expressed by the

intersection numbers of the graph.

Lemma 4. w.(z) = p}, ., where z € V,,.

Proof.
wi(r)=HzeV:z~adloz)=do,x)+1}|=[{z €V :d(x,z) =1 and d(o, z) = n+1}| = Pl

U

The Jacobi coefficient depends on w_(y),w,(y) and V,,. With the previous lemma, we can express
w-(y),w,(y) in terms of intersection numbers, and with the following one, V;, could be expressed in

the same way too.

Lemma 5. p?’n+1|Vn| = p?,:1|vn+1"

Proof.

By the previous lemma, and by the fact that each w. is constant on V;, py, 1|Va| = wy(2)|[V,| =

> ey, wi(x), with 2 € V,,. Analogously, pi'}![Viyi| = w_(y)|Vasa| = D yevs, W—(y), with y € Vi1
The result follows by the matching identity.

O

Let n € N,y € V,,. Now, with the two previous lemmas, we can compute the Jacobi coefficient in the

following way:

. |Vn| 2 ‘Vn| n 2 p?;ll n 2 _ . n—1_n
Wn = |Vn,1\w7(y) = |Vn,1](p1’n_l) = " (Pl,n—l) =Pin Pin—1>

an = woly) = Pty
So, for a distance-regular graph G, we have that (I'(G), {®,}, AT, A=, A°) becomes the interacting
Fock Space associated to the coefficient ({au}, {wn}), given by w, = pi,_1pi," and oy, = pi',L. The

operators AT, A=, A° are the quantum components of the adjacency matrix of G.
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1.3 Proof of Proposition 1

This section follows [7]. In the Introduction we saw that Proposition 1 is important since it establishes

a relation between a measure and an interacting Fock Space.

Proposition 1. Let p be a probability measure on R, having finite moments of all orders and

({wn}, {an}) be its Jacobi coefficient. Consider the interacting Fock space
Pitwntfony) = ({0}, B, B, BY)

Then,
+o00

<Q>0, (B++B’+B°)m<b0> = / 2"u(dr), m=1,2,...

—0o0

Before proving Proposition 1, we need some preliminary results:

Lemma 6. [[7], chapter 1 page 20] Let {P,(x)} be the orthogonal polynomials associated with a
probability measure p having finite moments of all orders. Then, the Jacobi coefficient ({w,}, {c,})

is determined by

+o00
Wy "+ Wy = / Po(z)?u(dz), n=12...,

o0

+oo
o= [ antan

o0

+o00o
Qpp—1 W1 = / rP,_(x)*u(dz), n=2,3,...

o0

Proof.

Since p is a probability measure, we have: < Py, Py > = fj;o p(dx) = 1.

From the three-term recurrence relation, we have:

Pi(z) =z — ay,
xP,(z) = Poi1(x) + api1 Po(x) + wp Pyoi(x),n > 1.

Then,

<zP,,P,1>=<P,1,Ph1>+an, 1 <P, Po1>+w, <P, 1,P 1>

=wp < Py, P >, n=>1,
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where the inner product is defined by:

“+o00

<hgzu=<fig>= | f@g@)udr)
Hence, for n = 1 we have:
w < Py, Py >=<xP,Py>=< P,eFPy >=< P,z >.
Since
<P,P><P,r—a>=<P,x—a P >=<P,o>—-a1 < P,Py>=< P,z >,
we have w; < Py, Py >=< P, P > . And for n > 2 we have:

wp < P 1,Pp1>=<2aP,,P, 1 >=<P,,xP,_1 >=

<Pn,Pn+anPn,1 4wy 1P >=< Pn,Pn>+Oén<Pn,Pn,1 >+
wn_1<Pn,Pn_2 >=< Pn,Pn>.

Then for n > 1,
<Py, P>
B < Pn—lapn—l >‘

wn
Hence, for n > 1 we have:

<P,P,> <P, 1,P,_1> < Py, P>< P, P >

Wy * - W] = .. —
" <P, 1, P11 ><P,9,Poy> <P,PI><P, P>

<P P > too
SIimin T o p P, >= P ()2 pu(dz).
P A , / (2)° u(de)

o0

For o we have
0:<P1,P0>:<$—061,P0 >:<.T,P0>—<041P0,P0 >:<$,P0>—Oé1.

Then,
+o0o

o =<uz,Py>= / zp(dx).

—00

Now for the «,, with n > 2, we have:
<$Pn,1,Pn,1 >:<Pnapnfl >+an<Pnfl>Pn71 >+wn<Pn727Pn71 > =

Oén<Pn_1,Pn_1>.

Then for n > 2,
< xPn—th—l >
oy = .
" < Pn—lapn—l >
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Hence, using the previous result for w, - - - wow; we have for n > 1:

<xPn—17Pn—1><Pn—17Pn—1> o <IPn—17Pn—1> -
<P, 1,P,_1> < Py, Py > < Py, By >

ApWp—1 ** - Wl =

/:LOO o P,_1(z)*u(dx).

[e.9]

Now we are ready to prove Proposition 1.

Proof.
Let P(R) the set of one-variable polynomials on R. Let U : I' — P(R) the linear map defined by:
by — Py, Jw, w1 P, — P, forn > 1. Then U is a linear isometric isomorphism.

In fact, in Lemma 6, we have seen that
Wp o w =< P, P,>,, n=12 ..

Then,

<Uikn<1>n,Uikn<Dn> = <ian@n,ian¢n> = (koPy, koPp),
0 0 " 0 0 "

- k - k
+ —" P, —2 P ) =k(P,P)+
<Z e o o > 2 (Po, o)

> k2 0
an ‘W o By = k2+2k2 _zo:ki

1

As {®,} is an orthonormal basis we have:

<§: kn®,,, iknq>n> Zkz @, P,) Zk:z
0 0
Hence U is isometric. Let V' be the candidate for the inverse map of U i.e.
V:PR)—=T, Py P, Jwp - w®, n>1
Also, let U* be adjoint of U. We have:
<U'Py, Q0 >, =< P, Uy >, =< P, Py >,=1 =< Py, ) >r =< VF, P >r .
As w, ---wy =< P,, P, >, , we have for n,m > 1:
<U'P,, @, >, =< P,,UD,, >, =< P, ( m...wl)*1/2pm >,=

(wn .. .wl)_1/2 < P,,” Pn >,LL 6mn =\ Wp - '(A)l(smn7
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where
1, m=n

5mn = .
0, otherwise.
On the other hand, we have:

< VP, &, >r=<w, - wiP,, P, >r= Vw, w1 < Py, D,y >r= /Wy - W10mm.

As < U*P,, ®,, >=< VP,, ®,, > for all n,m > 0, we have that U* =V =U"!.

As U is a linear isometric isomorphism, we have:
(©g, (BY+ B~ +B°)" @), =(U 'R, (B"+B +B°)" U 'R),
=(U"Ry, (B" + B~ +B°)"U'Ry). = (P, U (B* + B~ + B°)" U"Ry),,
= (P, (U(B*+B~+B°)U")" P0>u

ie.,

(@, (BY + B~ +B°)" @) = (P, (U(B"+ B~ +B°)U")" R),
Let Mx : P(R) — P(R) the multiplication operator by x defined by:
(Mx f)(z) =xf(z), zeR
Rewriting the three-term recurrence relation in terms of My, we have:
P,=MxPFy— a1 F,

MxP, = P,s1 +ap1 P +w,Pry, n=12 ...

For ®,, we have:
MxU®y=MxPy =P+ oy Py = Uy/w®1 + Uy = U(\/w1 Py + a1 D) =
U(BT®y + B°®y) = U(BT®y + B°®y+ B~ ®y) = U(B* + B+ B™)®,.

By the definition of U, U\/w, -~ w1 ®, = P,, and by the definition of B, B°, B~,

B*®, = \Jw,11Pni1, BP9 =0,B" P, = /w, P,

For ®,,, n > 1 we have:

MxU®, = MxPy(wn - w1) Y2 = (Popi + Qg1 Po + wn Pat) (why -+ wr) 72 =

39



(Unf@ni1 1Pyt + a1 Unfwn 1@y + woUnfam 1 1@ ) (W - - - wp) 2
U (OBt + Api1®y 4 /in®n 1) = U(B*®, + B°®, + B~B,)
=U(B" + B°+ B")®,.

Hence, MxU = U(B* + B°+ B7), i.e, Mx =U(B" + B°+ B™)U*.
Then for m > 1:

(Po, (U (B*+ B~ +B°)U")" Py), = (Po, MY Py),, (1.2)

For m > 1 we have:

<PMER > = [ RWMER) @) = [ AR i)

= /:O(M}l_2:pQPO)(x)u(dx) == /;M(Mxxm_lpo)(@ﬂ(dx) =
/_:o 2" Py(x)p(dx) = /_:O " p(dzx),
ie., < o MEFy >y /_:O o () (1.3)

The result follows by combining Equations (1.1), (1.2), (1.3).

1.4 Asymptotic Spectral Distribution of a Distance-Regular
Graph

In this section, we will demonstrate the two main theorems of this work, namely the Quantum
Central Limit Theorem for a Growing Distance-Regular Graph and the Central Limit Theorem for

a Growing Distance-Regular Graph.

Let G = (V) E®) be a growing distance-regular graph, where a growing parameter v runs
over a directed set. Let pf;(v) be the intersection numbers of G and k(v) = pY,(v) the degree of
G®. Each graph G® has a fixed origin o, € V*), associated with the corresponding stratification:

oo

v = v v ={z eV d(o,,x) =n},

n=0

the subspace I'(G™)) spanned by the unit vectors:

oY) = [V Y 4,

a:EV,EV)
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and the quantum decomposition of the adjacency matrix:
A, = A7+ A + A

A natural normalization of adjacency matrix A, is given by:
AV - <A1/> 2
—_— Y(A)* = ((A, — (4, )
SO S = (A - A,
The mean and the variance of are given by:

<Au>o =0 Z<Au) =V <<A1/ - 0)2 oV /1(1/)_

Then, the normalized adjacency becomes:

A, _ A A A
VEW)  VEW)  VE)  VEW)

Defining .
o Pl (WPt (V)
R R
-1
v
& () Piaa( )7
k(v)
we have:
Af Pin ()Pt (v)
v ) — n nt o — Ot (v o) n=0,1,2,...
K}(l/) n J H(V) n+1 +1( ) n+1
A-
oy =0,
VW)
A w1 P ) y
A0 P ()Pl (v) o, = (Dn(V)@gL)lan =1,2,
K(v) K(v)
A? v
v_p) = Pin( )cp;) = A1 (V)W) n=0,1,2
K(v) r(v)
Thus we need to consider the limits of @, (v), @,(v). For n = 1,2 we define
N (ot () ()
@y := lim w,(r) = lim :
V—00 V—00 I{(l/)
p?;l 1(’/)

G, = lim a,(v) =
v—00 1/—>oo )

As there is no guarantee that such limits exist, we need to consider the following condition:
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(DR) (i) for all n = 1,2, ... the limits &, and &, exist with &, € R}, &, € R,

or (i) there exists n € N* such that the limits &y, ...,&, and a4, ..., &, exist with

(Z}l:]-a a)Qa"w(Dn—leRia (DTL:Oa
Gy,. ..., €R.

If the Condition (DR) is satisfied, ({@,}, {&.}) becomes a Jacobi coefficient.

The Condition (DR) is satisfied with the homogeneous trees (see section 1.6). The Condition
(DR) is not satisfied with the complete graphs. Consider the growing graph KV with N — oo,
where K™ is the complete graph on N vertices. We have £(N) = N —1 and pj ;(N) = N — 2. Then,

& lim p11<N) im N —2
2= N—oo /K "~ Nooo N —1

Theorem 7. (Quantum Central Limit Theorem for a Growing Distance-Regular Graph)

= +00.

[[7], chapter 3 page 95] Let GW) = (V¥ E®) be a growing distance-regular graph with adjacency
matrix A,, whose degree is x(v). Assume that the Condition (DR) is satisfied. Let I'g,},{an}) =
(T, {¢}, BT, B, B°) be an interacting Fock space associated with ({@,}, {a&,}). Then we have:

676 € {+7 B 0}7

V=0 /K

in the sense of stochastic convergence with respect to the vacuum states, i.e.,

lim (o), " A)
Jim (90, s 2

for any €1,...,6, € {+,—, 0 and m=1,2,....

> (g, B™ -+ - B 1y)

Proof.
We see from equations (1.4), (1.5), (1.6) and (1.7) that

Af/m AEVI )
. D
VEW)  VE@)
is a constant multiple of @Ef}r,,,+6m ife; +...4+€¢ >0, for k =1,2,...,m (otherwise it vanishes)
and the constant is given by a finite product of @, (v) and &,(v),n = 1,2,... Hence, as Condition
1

(DR) is satisfied, the limit lim,, <(I>é”)7 \;‘Z("_V) e \;‘_ > exists. Since @, 1= lim,_,o0 @y (¥) and
Gy, := lim,, o, @, (v), we have that the limit coincides with (g, B - - - B 1)y).

42



Observation: As {®,} is a sequence of orthonormal vectors,

v Afm ASl v
<(I,(> v v)q>g>>7éo;»el+...+em:0
14

0 »
Ve)  V/a(
Now we will prove the following theorem presented in the Introduction:

Theorem 2. (Central Limit Theorem for a Growing Distance-Regular Graph) Let

G = (V) E®™) be a growing distance-regular graph with adjacency matrix A4,, with degree x(v),

and intersection numbers pf;(v). If Condition (DR) is satisfied, we have:

4, ) oo
lim — :/ 2™ u(dr),m=1,2,...,
V—00 K/(y) o —00

where p is a probability measure with Jacobi coefficient ({@,}, {a,}).

Proof.

For m =1,2,..., we have

A, \ A\
lim z = lim ( d,, z 5, ) =
() ) -l () )

At Ao A=\,
14 14 _|_ 14 ) @(() ) > —
K )

lim (ID(()V),

Hoo< Va@) | A A

lim { @, Ay A ><I>é”>> _
V—)oo<q) . Z < (V) (V)

----- €m€{+,—70}

Aem Ael
Ij o) v v_pW\ _
Z Vggo< 0> /r(v) /1(v) 0

€15-e0s 677L6{+7_30}

> (Yo, BT By) = <¢0a >, (B "BEI)@/)0> =

€10y Eme{+,—,0} €115 Eme{"r,—,O}

(Yo, (BY + B~ + B°)" ¢,).

By Proposition 1, the last line is equal to

/ +°° o™ pu(dz).

[e.o]
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1.5 Proof of Proposition 2

We saw that Proposition 2 is important since it establishes a relation between the Wigner semicircle
law and the free Fock Space. We first recall the statement of this proposition and then we consider
some results before proving it.

Proposition 2. For the free Fock space, it holds that

+oo
(®o, (BT + B_)mq)()>rfme = / "p(dr) m=1,2,...,

o0

where p(dz) is the Wigner semicircle law.

Definition 5. The interacting Fock Space associated with the Jacobi coefficient given by ({w,, =
1}, {a, = 0}) is called the free Fock Space and is denoted by I'fe, i.€.,

Piree = Lfw, =1} {an=zop = (T {®n}, BT, B7,0) = (I, {20}, BT, B7)
with
B*®, = ®,.1, n>0,
B ®y=0, B ®, =0, n>l,
B°®, =0, n>0.

Lemma 7. [[7], chapter 1 page 33] For the free Fock space, we have

(o, (B 4 B~)*"®g) = [Cpl,
(@, (B + B~)*1dg) = 0,

for m > 1.

Proof.
For more information about Catalan numbers, see Lemma 1 in Section 0.4.6. We have that
(o, (BT +B ') = Y (@9, B%--- BB d)
(€1 en)€{+,—}*
As Bt®, = ®,,1, B~ ®,, = ®,,_; for the free Fock Space, a necessary condition for B - .- B2B1d,
being a multiple of ®q is €; + ...+ ¢, = 0. For this reason, (g, B2+ ... B2B®q) = 0 for all m,
and then (®g, (B* + B™)*""1dy) = 0.

In the sum Z(El--qﬁk)e{‘h*}k (Pg, B* - - - BB ), since B~ ®y = 0, there are a lot of terms that

vanish. We may state the following:

(@o, (BT +B7)"®g) = Y (@, B --- BB )

(e1...,€2m)ECm
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In fact, let (e1...,€2,) € {+,—}*"\Cp. Then, 3k € 1,...,2m — 1 such that ¢; + ...+ ¢ > 0
foralll=1,...,k—1and e+ ...+ ¢ = —1. Then, ¢, +... + 6,1 = 0 and ¢, = —1. Hence, as
B_CI)():O,

(Bg, B - - B2B D) = (®g, B® - B*1 B~ B%1 ... B2BId) =

<(I)0’ Bem ... Bék+1B—<I>O> — <(I)07 Bem ... B€k+10> =0

Now, we will demonstrate that (®g, (B* + B7)?*"®) = |Cp,|, for m > 1, and then the result will

follow by Lemma 1. In fact, we saw that

(@, (BT + B7)"®g) = Y _ (g, B*" --- B? B &)
Cm

For each € = (€7 ..., €a,,) € Cpp, we have
<q)07 B ... BGQBQQ)()) =< Py, Py >=1,

because in the free Fock space, BT ®,, = ®,,,1,B~®, =&, ;,and as e € Cp,, €1 + ... + €2, = 0.
Hence,

(@, (BT + B7)"®g) = Y (Pg, B*"--- B2B Q) = Y 1 =|Cpl.
Cm Cm

Now, we are ready for the proof of Proposition 2.

Proof.
Let {M,,} denote the moment sequence of the Wigner semicircle law, i.e.
I
Mm:2— 2"V4 — x2dx, m=1,2 ...
T J 2

As 2?2 t1\/4 — 22 is an odd function for every m > 1, , My, = 0 for every m > 1. For the even

moments we have, after the substitution z = 2cos#:

+2 0
27 My, = ¥4 — x2dx = / (2cos 0)*™ /4 — (2 cos 0)2(—2sin 0)dh =

—2 ™

0 0
22m/ cos®™ 0 2v/1 — cos? 0(—2sin )df = —22m+2/ cos®™ 0 |sind)| sin 0df =

—T

0
92m+2 / cos®™ @ sin® 0do

Then, for all m > 1 we have:

0
2 Mo, = 22m+2 / cos®™ 0 sin® 0d0

—Tr
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By integral formula (4), we have:

22m+2 1 0 ) ) 2m—+1 1
Moy = = F/_ cos™™ §sin” 0df) = 2°" o2 |Con| = [Cl-

s

In summary, we have for all m > 1:

M2m+1 - 07

By Lemma 7, we are able to establish for all m > 1:

<(I)0, (B+ + B—)mq>0> - Mm

1.6 Asymptotic Spectral Distribution of Homogeneous Trees

We will apply the theorems from the previous section for a particular type of distance-regular graph:
the homogeneous trees. The main theorem of this section establishes a link between homogeneous
trees and the Wigner semicircle law, and that link is the free Fock Space. A graph is called a tree
if it has no cycle. A tree is called homogeneous if it is regular. A homogeneous tree is always an
infinite graph. We denote by T, a homogeneous tree with degree x > 2 and by A = A, its adjacency
matrix. A homogeneous tree T} is distance-transitive and hence distance-regular. By straightforward

observation we easily obtain the intersection numbers:

Fix an origin o of T,; and consider the quantum decomposition:
A=A"+ A",

In fact, A° = 0 because if we have A° # 0, there will be a cycle of order 3 in a tree. We are interested

in a probability measure p having finite moments of all orders such that

AN\ oo
VILIIO10 <50, (\/—%) 5O> = /OO 2" u(dr),m=1,2,....
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From the previous section, the Jacobi coefficient ({@,}, {@&,}) of such measure is given by:

®)p? (K 1-
@ := lim @(k) = lim p1’0< )p1’1< ) = lim (%) =1,
K—00 K—00 K K—00 K
n n—1
n—1\F n \K . 1. —1
Wp := lim w,(k) = lim Pinr(FPin (%) = lim Lle=l) =1, forn>2
K—00 K—00 K K—00 K
n—1
n—1\F .0
G, = lim @, (k) = lim ]91—1() = lim — =0, forn > 1.
K—00 K—»00 \/E K—»00 \/E

The Condition (DR) is then satisfied. As we have ({&,} = 1,{a&, = 0}) , we are able to establish
that it is the free Fock space that is linked to the asymptotic spectrum of homogeneous trees.
Once we adapt the Quantum Central Limit Theorem seen in the previous section to the homogeneous

trees, we come to the following:

Theorem 8. (Quantum Central Limit Theorem for homogeneous trees) [[7], chapter /

page 110] Let T, be a homogeneous tree of degree x with adjacency matrix A,. Let I'gee =

(T, {¢,}, B, B7) be a free Fock space. Then we have:

AE
lim £ = BE, € € {+7 _}7

K—00 \/E

in the sense of stochastic convergence with respect to the vacuum states.

Now we will prove the following theorem presented in the Introduction:

Theorem 3. (Central Limit Theorem for homogeneous trees) Let 7, be a homogeneous
tree of degree x with adjacency matrix A.. Then we have
AN™ 1 [t
lim<(—“) > = — "V4A —a22de, m=12,...,
k=00 \ \ /K . 2m ),

where the probability measure on the right-side is the Wigner semicircle law.

Proof.

By the previous theorem, we have

(), 2 (e () ) o () ) -

and as we saw in the Proposition 2,
I

<¢0, (Bt + B_)m@/)0> =3 2"V4 — 2%dzx.
)
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1.7 Counterexample

A graph does not need to be distance-regular in order to w_(y),w(y),w,(y) be constant on V,,. We
can construct a regular graph such that w_(y),w; (y),w,(y) are constant on V,, for all n € N, but is

not a distance-regular graph:

The above graph is a 3-regular graph, and we have:

( ( (

0, yeW, 0, yeW, L, yeW,
L, yeV, 0, ye, 2, ye,
w_(y) =91, yeVa, wly) =41 yeVy, wi(y)=11 yel,
2, yevs 0, yels L, yelVs,
(3, yeVu (0, yeVi (0, yeVu

However, that graph is not distance regular: some pairs of neighbour vertices have 1 common neigh-
bour while other pairs have 2 of them. We are also able to construct an infinite graph with same

properties of the previous one:

SN DN AN
P
NN AN
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Chapter 2

Orthogonal Matrix-Valued Polynomials
and Matrix-Valued Measures

In this chapter we still make use of a spectral approach to study certain graphs. By the Gram-Schmidt
orthogonalization procedure (the inner product induced by the measure is considered) applied to the
sequence of monomials, we obtain a sequence of orthogonal polynomials. As previously discussed,
this sequence satisfies a three-term recurrence relation from which three sequences of coefficients
are extracted. With these coefficients, in certain cases, we are able to display an expression of the
original measure, but now we consider a setting where the polynomials will be matrix-valued, and

so will be the studied measure.

2.1 Proof of Properties of the Left-Inner Product

We prove the matrix-valued inner product properties 1,2, and 3 presented in the Introduction:

1. We have:
<Q,P>*= /_ +OO(Q(t)dW(t)P(t)*)* = /_ - P@)™dW (t) Q)"

o0 o0

B / " P@aw QU =< P,Q >

2. By the linear properties of integral, we have Yc;, c, € CV*V:

+oo

< Clpl + C2P2, Q >= / (Clpl + CQPQ)dW(t)Q(t)*
+oo +oo
= Cl/ PldW(t)Q(t)* + CQ/ PQdW(t)Q(t)* =1 < Pl, Q > 4o < P27Q > .

3. For t € R, we have:

+oo

<tP,Q >= / tP(t)dW (H)Q(t)*
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400 +o00
— / P()dW ()tQ(t)* = / LP(H)AW () (Q())* =< P1Q > .

2.2 Proof of Theorem 4

Theorem 9. [[15], page 32] For n =0, 1,2,... suppose P, are left orthonormal matrix polynomials
with respect to the left inner product obtained by using a matrix measure W on the real line. Then

there exist invertible matrices A,, and Hermitian matrices B,, such that
tP,(t) = ApPoia(t) + BoPu(t) + A Poa(t), n >0
P_1(t) = 0, Py(t) € CV*M\{0}.

Proof.
Let n > 1. The degree of the polynomial ¢P,(t) is n + 1, then we have:

n+1
i—0
for some K,,; € CV*N,

For j € {0,...,n — 2}, the polynomial ¢P; is a linear combination of Py(t), Pi(t),..., P._1(t).
Hence, < tP;, P, >= 0. On the other hand, for k& € {0,...,n + 1} by property 3 we have:

n+1
<Py, Py >=< Py, tPy >= Y K, ; < P(t), Pi(t) >= K < Pi(t), Pi(t) >= Ky il = Ko,
=0
ie,
Kn,k =< tP, P, >, kE{O,,n+1} (22)

Therefore, K, ; = 0 for j € {0,...,n — 2}. Also, by Equation (2.2) and properties 1 and 3 we have

mni1 = Ko, and K = K, ;.. In fact,
K;,n+1 =< tPTH—lv Pn >*=< Pna tPn—H >=< tPna Pn—l—l >= Kn—&-l,m
and

K, =<tP,, P, >"=< P, tP, >=<tP,, P, >= Ky .

Then, for n > 1, we define A, := Ky, 41, Bn = K, ;n, on Equation (2.1). As K, = K, B, is

Hermitian. The result follows, since K, ,, 1 = K, ;, = A;,_;.
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2.3 Proof of Theorem 5

This section follows [5]. The main objective of this section is to display an expression for a spe-
cific class of matrix-valued measure associated with matrix-valued orthonormal polynomials. Before
establishing this theorem, some preliminary results are needed. The Stieltjes transform of Wy p is

given by:

z—1

Guva () = Ganl) = [

We will assume the following theorem:

Theorem 10. Let (P,), be the orthonormal matrix polynomials satisfying the three-term recurrence

relation with constant sequences. Then

lim P, 1(2)P, () = Gag(2)A,

n
n—o0

for z € C\A, where A C R.

We also will assume the two following lemmas:

Lemma 8. Let (P,), be the orthonormal matrix polynomials satisfying the three-term recurrence
relation with constant sequences. Then the sequence (FP,), has a unique matrix weight Wy 5, and
there exists a positive constant M > 0, which does not depend on n, such that W, g has compact

support contained in [—M, M].

Lemma 9. [[5/, page 317/ If M and N are Hermitian matrices, then the matrix Mz + N is diago-
nalizable for z € C\I', with |T'| < oo, depending of M, N, and TN R = §.

As the matrix A is positive-definite, we can take the square root A~1/? as explained in Section

0.4.4. Then A~'/? is also positive-definite and, in particular, Hermitian.

Proposition 7. Let A positive-definite and B Hermitian. Then the matrix function

ATVA(B — 2D ATV — ATV (T — BYATY (2 — B)ATV2 — A
is analytic in C\A, where A C R, and x € A <= A~Y2(B — 2I)A~'/? has at least one eigenvalue in

~2,2].

Proof.
The matrix

Dy(z) = A™V3(B — 2I)A™1/?

51



is diagonalizable for z € C\T', with |T'| < oo, depending of M, N, and T NR = (), i.e., there exists a

invertible matrix P(z) and a diagonal matrix D;(z) such that:

Dy (z) = P~1(2)D1(2) P(2).

In fact, A=V2(B — 2I)A™Y/2 = A712BA1/2 — A712,A71/2 = A=1/2BA-Y2 — A=1z. Then, it follows
by applying Lemma 9 with M = —A~' and N = A"Y2BA~Y/2 (since A, B, A~'/? are Hermitians, so
are the matrices M, N).

The matrix

Hap(z) = A7V2(21 — BYA Y (2] — B)A™Y? — 41

is diagonalizable for z € C\T', because H p(z) = Dy(z)* — 4I. We have then
Hap(z) = P7'(2)(Di(2) — 41)P(z).
In fact,
Hap =D} —4I = (P7'DyP)? =4l = P7'D{P —4I = P7'D;{P — P~ '4IP = P~ (D} — 4I)P.

With the notation above, we have to prove that the matrix function

Dy(2z) —\/Hap(2)

is analytic in C\A. For this, we have to set how the square root of Hy p(2) is taken. We saw that
H, p(z) is diagonalizable for z € C\I' and ' "R = (). The eigenvalues of H, p(z) are of the form
A? — 4, where \ is an eigenvalue of Dy/(z). In order to take the square root of Hu 5(z), we must set
how we will take the square root of its eigenvalues. The function f(z) = z — V22 — 4 have branch
points on z = +2 and then [—2,2] is a branch line. We remark that |f(z)| = 2 for all z € [-2,2].

In fact, for 2z € [—2,2], we have 22 — 4 < 0, and then:
IfR)=|z—V22—4|=|z—iVd—22| =22+ (4 - 22) =2.

Hence, the two branches of the function f are defined by |f(z)| > 2 and |f(z)] < 2. We take the
square root 1/z such that |z — /22 — 4| < 2 for z € C\[-2,2].

Then we have:

Hip(z) = P\(2) < D(z) — 41) P(2).
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where \/D? — 41 is given by taking the square root of each A\? — 4 such that|\ — /A2 — 4| < 2. For
this to be possible, we cannot allow A € [—2,2], i.e. Dy(z) must not have any eigenvalue in [—2, 2].

Hence, the matrix function \/Ha p(z) is analytic in C\A, where
A ={z € C: Dg(z) has at least one eigenvalue in [—-2,2]}.

To finish the proof, we need to show that A C R.

In fact, let z € A. Then there is A € [-2,2] C R and a A-eigenvector u € C\{0} such that Dy (z)u =
A, i.e. u*Dy(2)u = \. By the definition of Dy (2), we have u* A=Y/2BA™Y 2y —u* A=V2 21 A=12y = ).
As A € R, we have that Im(\) = 0 and then —u*A~Y2Im(2)IAY?u =0, i.e. Im(2)u*A~u = 0. As

the matrix A is positive-definite, we have I'm(z) = 0, which means z € R.

O

Proposition 8. [[5/, page 319] Let A be positive-definite and B Hermitian. Then the Stieltjes

transform of W4 p is given by:

dWapt) 1 1

Gw,p(2) = Gapl(z) = / = 5A*l(zf —B)A™! — 514*1/2 Hpp(2)A™Y2,

R 22—t

with z € C\ supp W g.

Proof.

In [5], the author admits that the three-term relation can be extended to C as follows:
2P, (2) = AP,11(2) + BP,(2) + AP,_1(2)
Hence, multiplying by P;!(z) we have:
2l = APy 1 (2) PN (2) + B+ AP, 1(2) P, (2)
Taking the limit as n — oo and using Theorem 10, we have:
2l = AAT'GL5(2) + B+ AGas(2)A,
which can be written as
AGap(2)AGap(2) + (B —21)Gap(z) +1=0.
If we write Fa p(2) = AY2G 4 5(2)AY?, we have G p(z) = A™Y2F, p(2)A™1/2, and then:

AATVRF, p(2)ATVPAATY2E, p(2) A2 4 (B — 21)AVPFap(2) A2 41 =0
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Hence,

AV R, p(2)2PA™Y2 4 (B — 2D) AV E  g(2) A2+ 1 =0
Multiplying by A~Y? by the left we have:
Fap(2)?A72 4+ AT(B—2) A7 PFy () AP+ A2 =0
Multiplying by A'/2 by the right we have:
Fap(2)? + A Y2(B - 2D)AY2F,p(2) +1=0
By the definition of Dg(z), we have:
Fap(2)?+ Du(2)Fap(z) +1=0 (2.3)

From Lemma 8, there exists M > 0 such that supp(W4 5) C [-M, M]. Hence, for z € R with z > M,
we have z —t > 0 for ¢ € supp(Wa p) and then G4 p(2) is positive-definite (by assumption W, g is
a positive matrix-valued measure). So is Fj p, since A'/? is positive-definite. Also, Ha p is positive
for z large enough. Looking at Equation 2.3 as a quadratic equation with unknown Fy p(2), we have

the following expression for Fy p(2) :

Fan(2) = 5(~Du(2) = T)

where T is a square root of the matrix (Dy(2))* — 41 = Ha p(2).

Then,
1 1
Fup(z) = §A‘1/2(zl — B)A7Y? — 3! [Hap(z).

1 1
Gap(z) = A"Y? <§A—1/2(21 — B)A™Y? — o /HA,B@)) A2,

1
-1 §A—1/2 HA,B(Z)A_I/Q,

And finally,

= %A‘l(zl — B)A

for z positive and large enough. By definition, we have that G 4 p(z) is analytic in C\ supp Wy g, and
by Proposition 7, the matrix-valued function 2A~!(2I — B)A™! — 1 A=Y/2\/H, p(z) A~"/? is analytic
in C\A. Therefore, supp W4 p = A.

Since H 4 p is diagonalizable, so is its opposite —Hy g, i.e.:
—Hyp(z) =U(x)D(x)U*(x),
where D(x) is a diagonal matrix with entries d; ;(z),i =1,..., N, and U(z)U(x)* = I.
We have the following theorem that establishes an expression for the matrix weight:
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Theorem 11. [/5/, page 327] 5 If A is positive-definite and B Hermitian, the matrix weight W4
for the Chebyshev matrix polynomials of the second kind is the matrix-valued measure given by:

AW s p(x) = %A1/2U(q:)(D+(m))1/2U*(:c)A1/2d:c,

where D7 (x) is the diagonal matrix with entries

d;:(x) = maz{d; ;(x),0}.

Proof.
From the inversion formula for the Stieltjes transform (Section 0.4.5) it is enough to prove that

1
— AV2U(2) (DT (2))V2U* () ATV, z eR.

1 .
—— lim (Gap(x +iy) — Gap(x —iy)) = o

2mi y—0+
For a fixed real number z, we have that —H 4 g(x) is Hermitian. Hence according to [[14], Theorem 1,
pp. 33, 34], there exist analytic matrices U(z), D(z), at « such that, for z in a complex neighbourhood
of x, U(z) is invertible, U(z) is unitary, D(z) is diagonal and —H4 g(z) = U(z)D(2)U*(z) i.e.,

Hap(2) = U(2)(=D(2))U"(2).

 Has(@) = /U (2)(=D(@)U*(x) = U(x)y/ = D()U* (x)

where we take the square root as we did in Proposition 7. Then by Proposition 8:

Then we have:

lim (GA B(ZL’ + Zy) GA,B (ZE - Zy)) =

y—0F
—%yli}lr(x)l+ ATV2(U (x4 iy)/—D(x + i) U Nz + iy) — Uz — iy)/—D(x — iy) U~ (z — iy))A~/?
= AU (@) (D (@)U () A,
because

tim (y/—dua( + i9) — /—deso — 1)) = {2“/”:5 dis(z

y—0t , otherw1se

2.4 Example of a Matrix-Valued Measure

The examples in this section and the next are apparently new. We will compute dW, g with

10 0 1
A—{O 1} emdB—{1 O}'

Hap(x) = A"V (al — B)A™ (2] — B)A™Y? — 4] = (21 — B)? — 41 =
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Normalizing uq, uy we get

Uy \/§ R _\/5

V] = —— = — == —
|21 ] 2 |z | 2

From (2.4), we see that v; is a normalized eigenvector for eigenvalue —x? + 2x + 3 and v, is a

normalized eigenvector for eigenvalue —z? — 22+ 3. Then, —H 4 p admits the unitary diagonalization

—Hap=U(x)D(x)U*(x), where

2 2
U(x):U:U*:U_lzg{l 1 22+ 2x+3 0

1 —1]’ D(f”):[ 0 —22 — 20 +3

Now, we will compute D*(z): dy1(z) = —2® 4+ 22+ 3 = —(z + 1)(z — 3). Then,
dfl(ﬁ) =max{0,dy ;(z)} = (—a? + 22 + 3)X[-1,3-
Also dyo(2) = —2? — 22+ 3 = —(x + 3)(x — 1). Then

dIQ(x) = max{0,dyo(z)} = (—2? — 22 + 3)X[-3,1]-

di (z) 0 di1 ()X 0
+ _ 1,1 = L1 [=1.3]
We have then D (z) = [ 0 dfy(x) } [ 0 da2 (@)X [-31) |
Finally,
1
AW a () = o A I/ZU( )(D+(J:))1/2U*(I)A*1/2dx
1201 . R Hr
=151 o -1

Fcﬁ()?
F{ M*Q)
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2.5 Generalized Example of a Matrix-Valued Measure

Let N > 2 a fixed natural number, Ay := Inxn and B := Jy — Ay, where Jy is the N x N matrix

with all entries equal to 1. For example, when N = 4, we have:

1000 011 1
0100 1011
A4_0010’B4_1101
0001 1110

We usually drop subscript N, and we usually denote Ay, By, In by A, B,I. Let Gy := KNOR be
the Cartesian product of KV and R, where K¥ is the complete graph with N vertices and R = (V, E)
is the ray with V' = {xg, 21, 29,...} and F = {xox1, 2129, ...}. With this, Gy is a block tridiagonal

graph with adjacency matrix:
B
A

SN N

A
B A
The graph GG is the semi infinite ladder already considered.

Figure 2.1: Graphs G5 and G4

VI

We have:
Hap(z):= AV2(2I — BYA™ (21 — B)A™Y? —4I.

As A = I, we have:
Hyp(z) = (2 — B> —4I = (2* —4)I — 22B + B”.
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Because of B = J — A, we have:
B?>=(N—-1)I+ (N —-2)B.
Then,
Hyp(z) = (2*+ N =51+ (N —2—22)B,

and

~Hup(2)=(5-N-2°)[+(2:+2 - N)B.

Setting u; :=[11 --- 1]T and uy := —e; + e, where ey, =[0 --- 010 --- O]T, with the number 1 in
the k-th position. We have:

{ —Hy p(z)uy = dyy(z)uy

(2.5)
—Ha g(x)up = doo(z)ug, k=2,3,...,N,

where dy;(z) = =22+ (2N —2)z + 2N — N2 + 3 and dy(z) = —2? — 22 + 3. The factored expressions

for dy1(x) and dys(z) are:

dii(x) =—=(x—N+3)(z—N —-1), dys(x) = —(x — 1)(z + 3).

Normalizing u; we have

V1 ‘(= a1Uq,
where a; = \/LN
Using Gram-Schimdt procedure for u,, k& = 2,3,..., N, we obtain a sequence of orthogonal

vectors wy, k=2,3,..., N, given by:

Normalizing wg, k = 2,3,..., N, we have:

k—1
Vi = (k—l)ek+akZel, k‘:273,...,N,
=1

1
k(k—1)"

where a;, =
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From (2.5), we see that v; is a normalized eigenvector for eigenvalue di;(x) and vy is a normalized
eigenvector for eigenvalue dop(x) for k = 2,3,..., N. Then, —H 4 p admits the unitary diagonalization

—Hap=U(z)D(x)U*(x), with U(z) =U =U*=U"", and

ay —az —a3 —a4 —05 - —an
a az —az —QaQ4 —as - —an
ap O 203 —ayg —az --- —ay
U= ay 0 0 3(14 —das ’

—ay

la; 0O 0 0 0 (N—1ay

[ dy(z) 0 0 0 ]

0 dgz(l’) 0 0
| 0 0 ce 0 dgg(l‘) |

Now, we will compute D (x): dy;(z) = —(x — N 4+ 3)(x — N — 1). Then,
diy(x) = max{0,dy 1 (2)} = —(z = N +3)(x = N = 1) x(n—s.5+1)-
Also dag(z) = —(z +3)(z — 1). Then
&5y () = max{0, doa(2)} = (—2* — 20+ 3)x 5.1

We have then

di () 0 e 0
N .
Dt (z) = 0 dy ()
: 0
0 0 di(x)
d1 () X[N=3,N+1] 0 e 0
_ 0 da2 () X[-3,1) :
: . 0
0 ce 0 d22($)X[—371}

Let E; := eje;-r’. We have:

UD* ()20 =U (En/dﬁ(x) + Z@Md%(@) U* = UB\U*\/df,(2)+U (Z Ej) U*y/dy(z)

After some matrix calculations, we obtain:

L al 1
UEU' = (I +B), U (Z Ej> U*=—((N—-1)I - B).

And then,
U(D*(x))Y?U* = %(IjL B)\/df(x) + %((N — 1)I — B)y\/diy ().

29



Finally,

1 1
dWA,B($) = %A*1/2U<x)(D+<x>>l/2U*($)Afl/2dx — %U(DJr(x))l/QU*dx

— e (0 B+ (V= 01 = B)ap (o)) o
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