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Abstract. We prove a large deviations principle for the empirical measure of the one dimensional
symmetric simple exclusion process in contact with reservoirs. The dynamics of the reservoirs is
slowed down with respect to the dynamics of the bulk of the system, that is, the rate at which
the system exchanges particles with the boundary reservoirs is of order n=?, where n is number of
sites in the system, # is a non negative parameter, and the system is taken in the diffusive time
scaling tn?. Two regimes are studied here, the subcritical # € (0,1) whose hydrodynamic equation
is the heat equation with Dirichlet boundary conditions and the supercritical 6 € (1,+o00) whose
hydrodynamic equation is the heat equation with Neumann boundary conditions. In the subcritical
case 0 € (0, 1), the rate function that we obtain matches with the rate function corresponding to the
case § = 0 which was derived on previous works, see Bertini et al. (2009); Farfan et al. (2011). In the
supercritical case 6 € (1,+00), the rate function is equal to infinity outside the set of trajectories
that preserve the total mass, meaning that, despite the discrete system exchanges particles with the
reservoirs, this phenomenon has super-exponentially small probability in the diffusive scaling limit.
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1. Introduction

Due to its special features and simplicity, the exclusion process became a prototype interacting
particle system in Probability and Statistical Mechanics: on one hand it presents an interaction
among particles (the hard-core interaction) describing many physical phenomena of interest. On
the other hand, it is a mathematically treatable model, allowing rigorous proofs of those phenomena
Kipnis and Landim (1999).

In plain words, the exclusion process is described by independent random walks on some graph
under the constraint that at most one particle is allowed to occupy each vertex of the graph.
Variations of the exclusion dynamics then lead to many different physical situations. One of the
most common and relevant is to put the exclusion process in contact with reservoirs, and this has
been widely studied in the literature, see for instance the seminal paper Eyink et al. (1990). In
particular, the symmetric exclusion in contact with reservoirs is the subject of study in this paper.

Recently, in Baldasso et al. (2017) it was derived the hydrodynamic limit of the one-dimensional
symmetric exclusion process on the box with n sites and in contact with slow reservoirs. That is, the
dynamics is given by a superposition of a Kawasaki dynamics and a Glauber dynamics at the end
points of the box. More precisely, the symmetric simple exclusion dynamics acts on the bulk, that
is the set of points {1,...,n — 1} and, at the sites 1 and n — 1, particles can be injected /removed
to/from the bulk at a rate which is slowed down with respect to the bulk dynamics. More precisely,
particles enter (respectively, leave) the system through the left boundary at rate a/n? (respectively,
(1 — a)/nf) and particles enter (respectively, leave) the system through the right boundary at rate
B/n? (respectively, (1 — f)/n?). Here, 0 < o, 3 < 1 and 0 > 0 are fixed parameters.

Given that the hydrodynamic limit has been established, which is, in some sense, a law of large
numbers for the density of particles, since its limit is deterministic, it is quite natural to ask about
its large deviations. That is, the asymptotic probability to observe rare events (which, grosso modo,
goes exponentially fast to zero for events that do not contain the expected limit from the law of large
numbers). This is precisely what we do here: in this paper we analyze the large deviations of the
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model studied in Baldasso et al. (2017), in both the subcritical case 6 € (0, 1) and the supercritical
case 0 € (1,+00). The critical case, § = 1, was recently analyzed in Franco et al. (2022).

We describe next the main features of this work, starting with some words about the super-
exponential replacement lemmas which are of fundamental importance in the derivation of our
results. For 6 € (0, 1) since we are in the regime of Dirichlet boundary conditions, we need to replace
the value of the empirical measure at the left (resp. right) boundary by the value « (resp. 3). This
can be achieved by taking as reference measure a product measure associated to a continuous profile
9o, Which is locally constant equal to a at the left boundary and locally constant equal to 3 at
the right boundary. For 6 € (1, +00), we need to assure that profiles not preserving the total mass
of the system have a super-exponentially small probability. These facts help solving the elliptic
equation (associated to the weakly asymmetric system), and this provides the correct perturbation
in order to observe a given profile.

For 6 € (0,1), the large deviations rate function that we obtained coincides with the large
deviations rate function of many previous works, as Bertini et al. (2003), or Farfan et al. (2011)
in dimension one and parameter a = 0, or in Bodineau and Lagouge (2012) if we do not consider
the reaction dynamics as they do. We stress that despite having the same large deviations rate
function, the case 6 € (0,1) is not a particular case of those aforementioned works, since many of
the estimates that we need are harder to obtain. Nevertheless, their exchange rates at the boundary
corresponds to taking 8 = 0 in our rates. At the end, we prove that slowing down the exchange rate
of the boundary by n=?, with 6 € (0,1) the large deviations behave as in the case § = 0.

For 6 € (1,+00), contrarily to the case 6 € (0, 1), the large deviations rate function depends on
the value of the density profile at the boundary. The rate functions for the cases 6 € (0,1) and
0 € (1,400) are then written in the following succinct form, as the supremum over the set of possible
perturbations H of the price function Jg(p) to be precisely defined in Subsection 2.5, restricting
the set of reachable profiles p to distinct sets in each case. In other words, the rate functions for
0 € (0,1) and 0 € (1,+00) are quite similar, in their form, but they have, as natural, different
attainable profiles. The constraint p;(0) = « and p;(1) = S defines the set of reachable profiles for
6 € (0,1), which corresponds to the Dirichlet case. On the other hand, for 6 € (1, +00), reachable
trajectories must have constant mass in time, which corresponds to the Neumann case. Both sets
of reachable profiles are natural if we take into consideration that the corresponding hydrodynamic
equations have Dirichlet and Neumann boundary conditions, respectively.

In neither the cases § € (0,1) and 6 € (1, +00) the current through the boundary plays any role.
This can be explained as follows. For 6 € (0,1), in the same spirit of Bertini et al. (2003); Bodineau
and Lagouge (2012); Farfan et al. (2011), a super-exponential replacement lemma at the boundary
holds, meaning that the exchange of particles is fast enough to not allow any large deviations in the
diffusive time scaling. On the other hand, for 6 € (1, +00), the exchange of particles is so slow that
any large deviations of the current through the boundary have no strength to interfere in the large
deviations of the density. That is, the current through the boundary disappears super-exponentially
fast in the diffusive time scaling. This phenomenon does not appear in the case = 1. In that case,
the current has an impact in the large deviations functional, as we can see in equations (2.10)-(2.12)
in Franco et al. (2022) and because of this, different techniques have to be derived in order to prove
the large deviations principle.

The paper is structured as follows: In Section 2 we give definitions and we state our main results.
Section 3 contains the necessary super-exponential replacement lemmas which are crucial along the
arguments. In Section 4 we study the hydrodynamic limit of the associated weakly asymmetric
process. In Sections 5 and 6 it is presented the large deviations upper bound and lower bound,
respectively.
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2. Statement of results

2.1. The model. Given n > 1, denote ¥, = {1,...,n — 1} and consider the state space €, :=
{0,1}*». Configurations on this state space €2, will be denoted by 7 so that, for x € %,,, n(z) = 0
means that the site = is vacant while n(z) = 1 means that the site = is occupied. We define the
infinitesimal generator £,, = L, 0 + n_eﬁmb as follows. For any function f: Q, — R,

n—2

(oo D) = 3 (SO = fm) | (2.1)

=1

LasHm) = D el =n(@) + (1 = ro)n(@)| (F0™n) = £0n)) . (2:2)
ze{l,n—1}

z,x+1

with r;1 = o and 1,1 = . Above, for x € {1,...,n — 2}, the configuration 7 is obtained from

71 by exchanging the occupation variables n(z) and n(x + 1), i.e.,

nx+1), ify==x,
Ty = n(@), ify=z+1, (2.3)
n(y),  otherwise,

(n

and for z € {1,n — 1} the configuration o*7 is obtained from 7 by flipping the occupation variable
n(x), ie,
1-nly), if y==x,
(") (y) = { n(y) (2.4)

n(y),  otherwise.

The dynamics of this model can be described in words in the following way. In the bulk, particles
move according to continuous time symmetric random walks under the exclusion rule: whenever
a particle tries to jump to an occupied site, such jump is suppressed. Additionally, at the left
boundary, particles can be created (resp. removed) at rate o/n? (resp. at rate (1 — a)/n?) and at
the right boundary, particles can be created (resp. removed) at rate 3/n? (resp. at rate (1—f)/n?),
see Figure 2.1 for an illustration. When o = 8 = p, for which there is no external current induced by

o/n’ 1 B/n’
" '
" @ e o on@ay )

R o
(1—a)m® 1 (1- B)/n?

FiGure 2.1. Illustration of jump rates. The leftmost and rightmost rates are the
entrance/exiting rates.

the reservoirs, the Bernoulli product measures given by v,{n : n(z) = 1} = p are invariant. However,
when « # 3, this is no longer true. Nevertheless, for oo £ (3, there is a unique stationary measure of
the system, that we denote by s, which is not a product measure. For further properties on this
measure we refer the reader to Derrida (2007), for instance. In Baldasso et al. (2017, Theorem 2.2),
it is shown that this measure is associated to a profile p(-) which is stationary with respect to the
corresponding hydrodynamic equation.

Fix, once and for all, a time horizon 7" > 0. We denote by {n; : t € [0,T]} the Markov process
with generator n?L,,, omitting the dependence on n to shorten notation. This family of Markov
processes {n; : t € [0,7]} indexed on n € N is what we will call the Exclusion Process with Slow
Boundary (EPSB).
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2.2. Empirical measure. The so-called empirical measure, which represents the spatial density of
particles in the system, is defined by

n—1

" (du) = 7" (n,du) = ZU (2.5)

where 0z is the Dirac-measure at x/n € [0,1] and n € €Q,. Note that the empirical measure is a
random positive measure on [0, 1] with total mass bounded by one. Let

M = {pis a positive measure on [0, 1] : u([0,1]) <1}, (2.6)

hence ™ € M. The integral of a function f :[0,1] — R with respect to the empirical measure
is denoted by (7 fo du) = 22_11 n(z) f(£), for which we will write (7", f). The
time evolution of the density of partlcles can be represented by the time evolution of the empirical

measure as
n—1

i (du) = 7" (n, du) = Zm

where {n; : t € [0,T]} is the EPSB. This is the object we are concerned with in this work.

2.3. Notations. In what follows we present notations to be used everywhere in this paper and we
also recall some classical spaces from Analysis.

° We will Write < ) to denote both an integral of a function f with respect to a measure ,u, that is,

fo ), and to denote the inner product on L2(0, 1) given by (f, g) fo u) du

and the correspondlng norm is denoted by ||-||z2. The double bracket (-, -)) denotes the inner product
in L*([0,T] x (0,1)) and the corresponding norm is denoted by | - || 12(0.7(0,1)-

e Recall Q, from the beginning of the Section 2. Let Dq, = D(]0,T],€,) be the space of
trajectories that are right continuous, with left limits and taking values in €2,,. Denote by P, the
probability measure on Dg, induced by {n; : t € [0,7]} and by the initial measure p,, and let E,,
be the expectation with respect to P,

Denote by Daq = D([0,T], M) the space of trajectories that are right continuous, with left limits
and taking values in M, which was defined in (2.6). Denote by Q,,, the probability on Dy induced
by {m}* : t € [0,T]} and by the initial measure p,, on €.

Denote by Dy, the subset of Dy consisting of trajectories taking values on measures which have
a density p with respect to the Lebesgue measure such that 0 < p < 1.

e We will denote by C% := C%I([0,T] x [0,1]) the set of functions with i derivatives in time, j
derivatives in space with all partial derivatives in C°([0,T] x [0,1]). By C7 := C7([0,1]) we denote
the set of functions which are C7 in space. When a subindex 0 appears, it will restrict the considered
sets to functions which vanish at the boundary of [0, 1]. When a subindex ¢ appears, it will restrict
the considered set to functions of support compact in (0,1). For example, by C’Cl 2 we mean the
subset of C? of functions with compact support in [0, 7] x (0,1) and by C’é 2 we mean the subset
of C1? composed by functions H such that H(¢,0) = H(t,1) = 0 for all ¢ > 0.

Define then
Ci? it 0 e (0,1)
Co =< 1) v 2.7
’ {01’2, if 6 € (1, +00). (27)
e Given a function g : [0,77] x [0, 1], we sometimes use g;(u) to denote g(¢,u). It should not be
confounded with the notation 0,g(t,u) for the time derivative.

e The notation g(n) = O(f(n)) means g(n) is bounded from above by C f(n), where the constant
C' > 0 does not depend on n. A presence of subinderes in the O(-) means that the constant
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may depend on those subindexes. Equivalently, f < g will stand for f = O(g). The notation
g(n) = o(f(n)) will stand for le g(n)/f(n) =0.

e The indicator function of a set A will be written as 14(u), which is one if v € A and zero
otherwise.

e The discrete derivatives and the discrete Laplacian are defined by

ViHu(2) = n[HEL) - HE)|,  ViHW(2) = n[H(E) - B, (2.8)

AnH,(2) = n?[H(Z2) + H(5L) - 2H (%) (2.9)
Definition 2.1 (Sobolev Space). Let H! be the set of all locally summable functions ¢ : (0,1) — R

such that there exists a function 9,¢ € L? satisfying (9,G,¢) = —(G,0,(), for all G € C°. For
¢ € H', we define the norm

1/2
¢l = (ICE2 + 0uCIEs)
Let L?(0,T;H!) be the space of all measurable functions ¢ : [0, 7] — H! such that

T
||£”%2(0,T;’H1) = /0 ||£t”3_[1 dt < 0.

Remark 2.2. An equivalent definition for the Sobolev space L2(0,T;H!) is the set of bounded
functions ¢ : [0, 7] x T — R such that there exists a function 3¢ € L?([0,T] x T) satisfying

(0uH, &) = —(H,)),

for all functions H € Cg 1

2.4. Hydrodynamic limit. Fix a measurable profile v : [0,1] — [0,1]. For each n € N, let u,
be a probability measure on 2,,. We say that the sequence {py}nen is associated to the profile
v :[0,1] = [0,1] if, for any § > 0 and any f € CY, the following limit holds:

nlggoun[n: (<7T6‘,f> — (v f)

From Baldasso et al. (2017) we have the following result:

>5] = 0. (2.10)

Theorem 2.3 (Hydrodynamic limit for the EPSB, c.f. Baldasso et al., 2017).  Suppose that the
sequence {in tnen 1S associated to a measurable profile v : [0,1] — [0,1] in the sense of (2.10).
Then, for each t € [0,T], for any 6 > 0 and any continuous function f :[0,1] — R,

lim P, [n: |(n, £) = (o £)| > 6] = 0,

n—-+00
where p(t,-) is:
o If 0 <6< 1, the unique weak solution of the heat equation with Dirichlet boundary conditions

Oip(t,u) = 02p(t,u), fort>0,ue(0,1),
p(t,0) =a, p(t,1)=p fort>0, (2.11)
p(O,u):*y(u), foru e [07 1]
o If 0> 1, the unique weak solution of the heat equation with Neumann boundary conditions
Oip(t,u) = 02p(t,u), fort>0,ue(0,1),
Oup(t,0) = Oup(t,1) =0, fort>0, (2.12)

p(0,u) = ~y(u), u € [0,1].
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In Baldasso et al. (2017) the authors prove that the sequence of probability measures {Q,,, }nen
converges weakly to Q as n — +o00o, where Q is the probability measure on D4 which gives mass
1 to the path 7 (¢t,du) = pi(u)du, pi(-) being the unique weak solution of (2.11). Observe that
Theorem 2.3 is a corollary of this result.

2.5. Large Deviations Principle. We start by recalling the notion of energy similarly to Bertini et al.
(2003); Farfan et al. (2011); Franco and Neumann (2017) and many other related papers.

Definition 2.4. For H € C*', define £y : Dy — R U {+o0} by
En(n) = { (OuH,p) —2(H,H)), if ™€ Dpr, and m(du) = pi(u) du,

o0, otherwise .
The energy functional € : Dag — R4 U {00} is then defined as

E(r) = sup Ep(m).
Heo%?

By the Riesz Representation Theorem, it is well-known that £(7) < oo implies m = p;(u)du with
p belonging to the Sobolev space L?(0,T;H'), see Franco and Neumann (2017, Proposition 3.10)
for instance.

Given a profile p € L?(0,T;H'), which is bounded away from 0 and 1, and a measurable profile
v :[0,1] — [0, 1], we define the linear functional ¢%,(p|y) acting on H € C? as

T T
i (ply) = (pT,HT>—<%Ho>—/O <ps,(6s+A)Hs>ds+/O (BauHs(l)—aauHs(o)> ds,

if 6 € (0,1), and

T

T
a(oh) = {pr Hr) = (o) = [ (pun(0+ M)HY s+ [ (pu(DOLHLAD) ~ 9 (0)0,H,(0))ds
0 0

T T
= <pT7 HT> - <'77 H0> - / <PS7 88H8> ds + / <8up87 aulT_Is> d37
0 0

if € (1,+00). Let ®5(p) be the non-negative convex functional acting on H € C*? as

T
1 0(p) = [ (x(p0). 01 ds (2.13)

where x(u) = u(1 — u) is the so-called static compressibility of the system. Given H € C*?, we
define the functional JY : Dyy — RU {+o0} by

I8 () = {f%(ph) —®y(p), ifre .?:9 and £(m) < oo with m = py(u)du, (2.14)
400, otherwise,
where
f@ — D, lf 0 € (07 1)7 (215)
{7r € Dy : (m, 1) = (m, 1), Vt € [O,T]}, if 0 € (1,+00).

We point out that, for 6 € (1, +00), F' % is the set of trajectories whose total mass is constant in time.
Note that the boundary integrals in E%(p[’y) are well-defined due to the assumption p € L?(0,T;H*)
and the notion of trace of a Sobolev space, see for instance Evans (1998).

We study in this paper the large deviations of the empirical measure starting the system from
a deterministic configuration 7™, such that the sequence {n"},en of deltas of Dirac is associated
to the profile 7, where v : [0,1] — [0, 1] is a measurable profile bounded away from 0 and 1. The
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probability and expectation of the process starting from a delta of Dirac measure at 1™ will be
denoted by Ps, ,, and E;, ., respectively. We define next the large deviations rate function.

Definition 2.5. Recall from (2.7) the definition of Cy. Let I5.(-|y) : Das — R4 U{+00} be defined
by
I7(xly) = sup Jg(xly). (2.16)
HeCy

The rate functional (2.16) is lower semi-continuous with compact level sets in both cases 6 € (0,1)
and 0 € (1,400). The proof of this fact can be readily adapted from Landim and Tsunoda (2018,
Theorem 4.7) taking into account that the set of trajectories with constant mass is a closed set in
D

We are now in position to state the main result of this paper. Let Qs , be the probability measure
induced by the empirical measure when we start the system from 7", where {n"},cn is a sequence of
deterministic configurations associated to the measurable profile v : [0, 1] — [0, 1], which is bounded
away from 0 and 1.

Theorem 2.6. The sequence of probability measures {Q(snn tn>1 satisfies the following large devia-
tions principle:

a) (Upper bound) For any closed subset C of Dy,

lm 7 logQs,,[C] < — inf T(xly).

n—o0

b) (Lower bound) For any open subset O of Dy,

: 1 : 0
lim 7 log @5, [O] > — inf T7(r ).

n—oo

3. Super-exponential Replacement Lemmas

We start this section by stating some important estimates on entropy bounds and Dirichlet forms.
For technical reasons, it will be important to fix a particular profile and we choose one which is
locally constant equal to « near zero, locally constant equal to 8 near one, and linearly interpolated
elsewhere. We denote once and for all this profile by gop : [0,1] — [0,1] and we illustrate it in
Figure 3.2.

ga:ﬂ
1 1

g

0 o 1-91

FIGURE 3.2. Profile g, 3. Note that it depends on ¢, which is fixed and whose
specific value does not play any role.
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Let 1/; 50) be the slow varying Bernoulli product measure on §2, with parameters given by the
profile ga,;g, that is,

v B(,){n €Q, :n(x)=1forallze D} = H Jap(%), VDCE,. (3.1)
zeD

3.1. Entropy bounds and estimates on Dirichlet forms. For a density function f : £, — [0, 00) with
respect to 1/; () We define

D.(\VF, Vgns() = (\/? )+Dnb(\/?v Vg s())

where
DuoWT 2 ) = 3 <17 (\/f 2ot 1) — \/F(n) ) > R (3.2)
€Y, gaﬁ
Das(VF ) = g 30 (rall = n(a)) + (= ran(a), (VTGP — V) ) 63
ze{l,n—1} qag

where 7, was defined in (2.2). Our first goal is to express a relationship between the Dirichlet form
defined by (L,\/f, \/7>l,;z o and D, (V/f, vy B(,)). We claim that
9o, o,

LT Py S DT, +z(ga,ﬁi —gas(®)

< —Du(\/F. >+1

The second inequality above is readily deduced from the definition of g, 3. To prove the first
inequality, we recall the following lemma from Bernardin et al. (2019); Gongalves (2019).

g B8O (3‘4)

Lemma 3.1. Let T : Q,, — Q, be a map and let ¢ : n — c(n) be a positive local function. Let f be
a density with respect to a probability measure u on ,. Then

(D VFT) - VE@) VI 5 ~ [ et ([VET@)] - [VFW)]) du

o [ s [t —ewan T ([ ) + (V7)) . (35)

As a consequence of the previous lemma, taking pu = V;‘ 5
a,

() we have that

< oV, \[> , —Dn,O(\/ﬁVgaﬁ(.))"‘?il (901,6(%)—901,6(%))2
YGe s o=1

(LaVFNVT) S =DasVF )+ g (308() = ) + (g2~ 5) '}

gag()

AN

for any density f with respect to Vgaﬁ () We leave of details of deriving the above inequalities to
the reader. We stress that the profile g, g(-) is assumed to satisfy the conditions described below
(3.1), hence the error coming from the bulk dynamics is of order O(%). In the case 6 € (1, +00) we
do not need to impose any extra condition on the profile g, g(-) in order to have the bound given
by (3.4) since the factor 9 is enough to control this term. On the other hand, in the case § € (0,1)
we choose the profile gawg( ) as being equal to « (resp. ) at 0 (resp. 1) and locally constant in a
neighborhood of the boundary so that we can control the error in the previous display.
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3.2. Replacement lemmas and energy estimates. In this section we prove the replacement lemmas
required to write down the Radon-Nikodym derivative as a function of the empirical measure, as
well as some energy estimates. Before proceeding, we introduce the notion of the empirical average
on a box around z. By abuse of notation, let en denotes |en|, the integer part of en.

Definition 3.2. For any = € ¥,, and £ > 0 that satisfy = + en € X, we denote by 7°"(x) the
centred average on a box of size en situated to the right or to the left of the site x € 3, that is,

1 xten

Zn(z), ifrxe{l,...,n—1—en},
z=x+1

z—1

Z n(z), ifze{n—1-en,...,n—1}. (3.6)

Z=IT—EN

En

" (x) =
1

Lemma 3.3. Let ¢ = Ypcpn @ Qy — R be a uniformly bounded function on n and € which is
invariant for the map n— n¥¥*t for anyy € {x+1,..., 2 +en}, that is, Y(n) = v(n¥Y+L) for any
y€{x+1,...,x+en}. Then, for any density f with respect to l/;aﬁ(.), for any n > 1, for any
e > 0 and for any positive constant A, it holds that ’

(W) [n(@) =17 (@)], f),n

10

S APV L))+ Aen e,

Proof: We present the proof only for the case x € {1,...,n — 1 — en} since the remaining case is
analogous. Note that

oten y—1
n(z) —n™" Z Z +1).

and
(W) (n(z + 1) = n(2)), f(??)>u§ o % W) (nz+1) =n(2)), f(n) — f(T]ZvZ+1)>V;L N
45 (WO + 1) =) )+ S,

By using the fact that for any a,b > 0, (a —b) = (v/a — Vb)(v/a + v/b), from Young’s inequality, for
any positive constant A, it holds that

\ (W) () 7" @), D,

9,8 ()

A5 (oo ) -0 (VI + VT

y z+1 z=x

+ gcin yzl< 1 (Vi) - \/f(n““))z>

y=z+1 z=x

n
Y9050

n
V00,50
y—1

D @) (0= +1) = n(2)), () + Fr =)

—1 9a,8()

Tten

=3

y=z+1

(3.7)

Note that the second term on the right-hand side of last display is bounded from above by
%Dn(\/f , 1/;‘ 5 (_)). Since there is at most one particle per site and since f is a density, the first term
at the right—ﬁand side of last display is bounded from above by Aen. Finally, to estimate the third
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term on the right-hand side of last display, we note that, since g, g(-) is Lipschitz and there is at
most a particle per site, it is not complicated to show that

y—1 y—1
D 1) (n(z +1) = n(2)), f(n) + 5 ol S > 1gap(EL) = gas(Z)] < %
z=1 @ z=1
from where the proof ends. O

In what follows ¢" is a sequence of functions in C%Y with uniformly bounded supremum norm.
Define, for all 8 > 0,

n—2

2
Ve ) = 23 enof PO e (3.5)

=1

where y is the static compressibility of the system defined below (2.13). Although this expression
does not depend on 6, we keep # in the notation to make short some statements in the sequel. For
x € {l,n— 1}, let

05 o — P50 [me(@) = ra] if 6 e (0,1),
Ve Clos9) {so?(i) [ns(z) —mE™(x)], if O € (1,+00), (3.9)

where 1 = «, r,—1 = 8 and 7°""(z) was defined in (3.6).

Proposition 3.4. For anyt € [0,T], any € > 0 and any x = 0,1,n — 1, we have that

1
lim lim — logP,~ U/ VO’“" (ns, 8)ds >5} = —00,
el0 n—oo N 9a,8(
for all 6 > 0.
Proof: Note that, for a,, — +o00 and by, ¢, > 0,
Jin @ log(bn + ¢x) = max { i @ log by, Hm % log cn} . (3.10)

Using this fact, in order to prove (3.14) it is enough to show that estimate without the absolute
value. By the exponential Chebychev’s inequality, this probability (without the absolute value) is
bounded from above by

¢
exp{— Cén}E [exp{Cn/ VO (s, 5) ds}] ,
g() 0 ’

for any C' > 0. From Feynman-Kac’s formula, last expectation is bounded from above by

t
exp { /0 sup {<Cn‘/ﬁ5f” (n,s), f>V:;cv,,3(') + n2<£n\/f7 \/})V;aﬁw } ds} ,

!
where the supremum is carried over all the densities f with respect to v”

9o,8
logIPn U/ Vo“” (Ms, s ds‘>6]

< C(5+/O SI}p{<CV£;fn(17,s),f)l, (Lo Fo A fom v 5()} s.  (3.11)

Due to (3.4), the last expression is bounded from above by a constant times

t
—05+/0 SI}p{<CVf,;f (0,5): Fvp = nDu(V/Frv, ﬁ())+1}d (3.12)

() Up to here we have

9,8
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The next step is to obtain a relationship between the two first parcels inside the supremum above,
which has been provided by Lemma 3.3. Last display can be bounded from above by

_Cd—i—tm}p{an(\/? o B())—FCAsn—i—Cs—nD (\/? )—i—l} (3.13)

Choosing A = g on the previous expression, we get —C6§ + t(cC? + eC + 1), so taking ¢ — 0, we
get —C0 +t. And then taking C' — +oo we conclude the proof, because ¢ € [0,7] and § > 0 are
fixed. O

In possession of the previous results, it is a standard procedure to derive the (super-exponential)
energy estimate as written below. One can follow the arguments of Franco and Neumann (2017),
for instance.

Proposition 3.5. For a function H € Xt and L e R fized, the following inequality holds:

lim lim 1logP,» ()|:(€H(7Tn*Lg) 24 < —/.
Ja,s

€l0 n—oo ™ -

Corollary 3.6. For k € N, for functions {H;}1<j<i in C}, and ¢ € R fived, we have

lgignlin;o logP, v )[lrgjaéckSH (7r *La) > 4 < /.

We can now move towards super-exponential replacement lemmas for the system starting from
the configuration n™ associated to the profile v. Since

dP ds, » nl (@) 1-1(x)
dpr, n(s = dynn = 177"(77) H <gaﬂ(%))n (1 - gaﬁ(%)) ! ’
Y90,80) 9o,5() a=1

we deduce that there exists a constant c, g > 0 such that

dPs .
— | < gl
dP,» -
9a,8()
From the inequality above, we have Ps .. [-] < exp{c,, 5n}IP’ n ()[-]. Then, from Proposition 3.4,

Proposition 3.5 and Corollary 3.6 we obtain the analogous results when the system starts from 7",
that is:

Proposition 3.7. For anyt € [0,T], any € > 0 and any x = 0,1,n — 1, we have that

lim lim —logIP’5 n U/ VQ:SO (ns, ds‘ >5] = —00, (3.14)

el0 n—oo N
for all 6 > 0.

Proposition 3.8. For a function H € Co and ¢ € R fized, the following inequality holds:

hﬁ)l lim llogIP’gn[gH(ﬂ *LE)>4 < —lHcop-

Corollary 3.9. For k € N, for functions {H;}1<j<k in C}, and ¢ € R fived, we have

lim lim 1 log]P’(;n[maX &, (77 *LE) > 4 < A +cap-
<5<

el n—oo
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4. Perturbed Process

In order to derive a large deviations principle, it is natural to start with a class of perturbations
of the original process, which leads the system to converge in the hydrodynamic limit to any given
profile; or at least to any profile in a dense set.

A priori, it is not clear what is the natural set of perturbations of the system that one has to
consider. For this reason, it makes sense to study at first a quite general set of perturbations.
We will decide a posteriori which one is the correct set of perturbations based on the following
criterion: the Radon-Nikodym derivative should be (close to) a function of the empirical measure
and the elliptic equation associated to the perturbed process must have a solution. This will be
made clear along the text. Of course, we could have started from the correct set of perturbations,
but we chose not doing so for the sake of clarity.

Fix two functions H and G. The general perturbed process we consider is the weakly asym-
metric exclusion process with slow boundary (WAEPSB), which we define through the generator

E L’n o+ n*9£§£ acting on functions f : Q, — R as:
n—2
x)—n\x t atly (£ xT,T
(L)) = 3 @D (IED-HGD) (pratt) — f(). (41)
=1
LHDm = > S D —n@) + e D —r)n@)]| (F07) - Fm).  (42)
ze{l,n—1}

where n®**+1 was defined in (2.3), 711 = «a, r,_1 = 3 and 1* was defined in (2.4). The role of the
functions H and G is to introduce weak asymmetries at the bulk and at the boundary, respectively.
We assume here that H € C12 and that G is C! in time.

) (1-5) —a.(=2)

(0% Gy
vl ( o Vi H(E)
Y Y Y

3=

. D) XY
(1;904)6@(;) o~ n Vi Hi(2) 5 Gi(1)

FIGURE 4.3. Hlustration of jump rates for the perturbed process.

The general formula for the Radon-Nikodym derivative between two time inhomogeneous Markov
processes P and P can be found in equation (A.6) of Bertini et al. (‘?( 2), and it is given by

i exp{ - (/Ot [As(X5) — X 210 N ) (())f( ?)f())))} (4.3)

dP
Fi
where A; and s are the waiting times and ps(-,-) and ﬁs(-, -) are the transition probabilities of P
and P, respectively. Above F; stands for the natural filtration. In what follows we compute the

dp
Radon-Nikodym derivative d]pf‘?G
571"
e The measure Ps , is induced by the Markov process with infinitesimal generator £, = L0 +

, Where:
t

n=9L,, see (2.1) and (2.2), starting from the configuration 7",
e The measure IP)T]HJG is induced by the Markov process with infinitesimal generator L, G

EnO +n0L8 sce (4.1) and (4.2), starting from the configuration n".

n,b?
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Having the expression (4.3) for the Radon-Nikodym derivative between two processes, we first
deal with the sum

ps(Xs-, Xo)
—;1 ) XX (4.4)

Evaluating the parameters A, As, ps, s for our model, (4.4) becomes equal to

> [Gs(rlz){l{ns—(1)=0ms(1)=1ms—(2)=77s(2)} - 1{n5—(1)=1ms(1)=0m5—(2)=ns(2)}}

s<t

+Gs (5 ){1{n (n—1)= Oms(nfl)=1ﬂ7$—(n*2)=ns(n*2)}_1{773—(n*1)=1ms(n*1)=0ms—(n*2)=ns(n*2)}}
+ Z wVa Hs(%>{1{ns_ (@)=L () =01, (1) =0, (w+1)=1}
=1

- 1{173_(x):O,ns(x)zl,ns_(a:+1)=1,775(m+1)=0}}:| ; (4.5)
where V! is the discrete derivative defined in (2.8). To shorten the expression above, we define now
some currents.

For z € {1,...,n — 2}, denote by J;', . (t), the current through the edge {z,x + 1}, that is, the
total number of particles that have jumped from x to x 4+ 1 minus the total number of particles that
have jumped from x 4+ 1 to x up to time ¢t. The quantity J&l(t) denotes the current at site 1, that
is, the total number of particles created at the site 1 minus the total number of particles destroyed
at the site 1 up to time ¢, while Jj_, , (t) denotes the current at site n — 1, that is, the total number

of particles destroyed at the site n — 1 minus the total number of particles created at the site n — 1
up to time ¢. These notions allow to rewrite the expression (4.5) simply as

t
/0 (610 () — (2510, +Z IV H(2)0: T (5) s, (46)

From an integration by parts in time, a summation by parts in space and the conservation law
ne(w) —no(x) = J 1 . (t) — J7 .11 (t), we infer that (4.6) is the same as

n{<7r;t,Ht> (e Hy) —/0 (", O, H) ds
+ (Ge(3) = Hi(%)) £ Jga () — /o (0sGs(%) — OsHs (1)) £ JG1(5) ds (4.7)

+ (Hi("1) = Gu(h)) 2 a0y () — /0<8H< ) — 0,G5(%=1)) L 31,n<s>ds}-

On the other hand, the integral term on the Radon-Nikodym derivative (4.3) is given by
t B t t
| ) = Rxalds = wd = [ Aty ds [ G (Vs
0 0 0
¢
4 [ [ntn = DV HEY — (T HLD)] ds + On(E)
0

+ ”/ ra(l - €% >><1—n5<x>>+<1—m><1—eGs@))ns(xﬂds}’

ze{l,n—1}
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where the discrete derivatives V;' H and V,, H and the discrete Laplacian A, H have been defined
n (2.8) and (2.9) and

Xo(du) = — Z (775 —ns(z + 1)) oz (du). (4.8)

Putting all together, the Radon-Nikodym derivative is given by

dPs, ..
dpf G

= €xXp { -n [<7Ttn7 Ht> - <7T6L7H0> - /0 (7‘(?, (as + An)Hs> ds

Fi

- /t<X?7 (V:Hs)2>d5 + /t [778(” - 1)V;HS(RT_1) - nS(l)vjz_Hs(%)} ds + OH(%)
0 0

-y / ~ (1 =) + (1= ) (e FE) — V()] ds (4.9)

ze{l,n—1}
t
+ (Gl = H3) 1) = [ 0uGulh) = 0 () s () s

At this point we impose that G = H, that is, we pick G as G(2) = H(+) and G(%=1) = H(%1).
The reason for such a choice is explained below.

For 6 € (0,1), as shown in Proposition 3.7 (see also (3.9) for § € (0,1)), the time integral of the
occupation variables ns(1) and ns(n — 1) can be replaced by « and 3, respectively. This situation
lies in the same scenario of Farfan et al. (2011) for § = 0 and no perturbation over the current is

required.
For 0 € (1,+00), we need a spoiler: Lemma 5.2 will assure that the normalized currents =

+ (H("7H) = Go("51) 5 dn-an(t) — /0(3H( H) = 0:Gs()) 5 na n(s) ds

| I— |

n 1,n
and %J&l are super-exponentially small. Hence, no perturbation at the boundary would contrlbute
in the limit, and the choice G = H takes place for sake of simplicity.

Finally, we justify why we did not start a priori with the choice G = H. First, for pedagogical
reasons: the most natural form of the Radon-Nikodym derivative is given by (4 ‘)) including the
current at the boundary. Second, but not less important, to be sure that only one perturbation is
enough.

Now, as usual, we replace the discrete Laplacian by the continuous Laplacian, the discrete deriv-
ative by the continuous derivative and the values of H at 1/n and (n — 1)/n by the values of H at
0 and 1, respectively. These changes can be done by paying a price of order o(1), because H € C''?
and we are working on a compact space. Because of the choice G = H, the Radon-Nikodym
derivative (4.9) can be rewritten as

dPs , t

dIP;(SHn F = exp{ -n <7T;L?Ht> - <7I'6L,H0> _/O <7T?) (as + A)Hs> ds

_/0 <X?7(auHs)2>d8+/0 [ns(n—l)ﬁuHs(l)—ns(l)auHS(O) ds +op(L) (4.10)

= 3 [ [l -1 nw) (1 e )~ )] ds] }
ze{l,n—1}

where u; = 0 and u,_1 = 1.
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Note that for 6 € (0, 1), the last sum in (4.10) above may explode, motivating us to additionally
assume Hy(0) = Hy(1) = 0 for all s € [0, T, also in agreement with Farfan ct al. (2011). In Section 5
this Radon-Nikodym derivative will be further studied.

4.1. Hydrodynamic limit for the perturbed process. Recall the definition of the empirical measure
from (2.5). Let p, be a measure in 2, associated to a measurable profile v(-). Denote by P{fn the

measure on D([0, T], M) induced by the Markov process with infinitesimal generator n2£E" and the
initial measure p, and denote by Qﬁ‘; the probability on D([0, 7], M) induced by {7n}; t € [0,T]}
and the initial measure u,,. Recall the definition (2.7) for Cy and keep in mind that we additionally
assume H,(0) = Hs(1) =0 for all s € [0,T], when 6 € (0,1).

Theorem 4.1. Suppose that the sequence {jin}nen is associated with a measurable profile v(-) in
the sense of (2.10). Then, for each t € [0,T), for any § > 0 and any function f € CY,

Jim P [ | f) =t | >8] = o,

where pf € L2(0,T;H') and
e If0 € (0,1), then p™ is the unique solution of the integral equation

t
Fouelt, £, 07) = (o', f1) — (v, fo) — /0 (o, (95 + A) f) ds

. . (4.11)
+ / [50,£.(1) — a8,£,(0)] ds —2 / () DuH L, Dt ds = 0,
0 0
for allt > 0 and for all f € Cy.
o If0 € (1,00), then p!! is the unique solution of the integral equation

t
Freu(t, fp") = <P{{7ft>_<%f0>_/0 (ol (05 + A) fs) ds

t

+ [ [t o0 = 00,5, 0)] ds =2 [ ot du0uf) ds = 0,

(4.12)
forallt >0 and f € Cy.
The classical counterpart of (4.11) is the partial differential equation
8t€) ): Ap—20, (Xgp)&]tH)
pe(0) = a, Vte(0,T
4.13
o) = 8. Vte (0.T] (4.13)
while the classical counterpart of (4.12) is
Orp = Ap —20u(x(p)0uH)
8upt(0) = 2X(,0t(0) 8th(0)? Vit e (OvT] (414)

Aupe(1) = 2x(pe(1)) OuHy(1), Vte€ (0,7
that is, p™ in each case is a weak solution of the respective PDE above.

Remark 4.2. As the reader can observe, the PDE (4.13) has Dirichlet boundary conditions, while
the PDE (4.14) has Robin boundary conditions. At a first glance, the fact that the PDE (4.14) has
Robin boundary conditions may look as a contradiction, since the corresponding PDE (2.12) in the
symmetric case has boundary conditions. This apparent contradiction is due to the fact that such
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PDE is not the heat equation, but the heat equation with a non linear drift. By taking f = 1 in
(4.12) we can see that the total mass of the solution p of (4.14) is time-invariant, which characterizes
it as very close to the symmetric case with Neumann boundary conditions.

The outline of the proof of Theorem 4.1 goes as follows. As usual, the proof is split into tightness
of the sequence {Qﬁn }n>1 and the characterization of limit points of this sequence. Let us denote
such a limit point by QY. By Prohorov’s Theorem, the two last results imply the convergence of
{Qﬁn}nzl to Q" as n — oo.

In Subsection 4.2 we deal with the tightness, while in Subsection 4.4 we characterize the limit point
Q! being supported on trajectories of measures with a density pf?(-) which is a weak solution of the
corresponding hydrodynamic equation. By the uniqueness of weak solutions of the hydrodynamic
equations proved in Subsection 4.5, we conclude that {Q,, }»>1 has a unique limit point Q, which
yields the convergence of the whole sequence to Q.

4.2. Tightness. In this section we show that the sequence of probability measures
{@ﬁn}nzl is tight in the Skorohod space Dpq. By Kipnis and Landim (1999, Proposition 1.7,
Chapter 4) it is enough to show that for every test function f in a dense subset of CY with respect
to the uniform topology, the sequence of measures that corresponds to the real processes (7}", f) is
tight. The prove this last claim, we will use the Aldous’ Criterion, see Aldous (1978).

Lemma 4.3 (Aldous’ Criterion). Let (S,d) be a Polish metric space. A sequence {Pp}n>1 of
probability measures defined on a Skorohod space Dg is tight if the two conditions below hold:

(a) For everyt € [0,T] and every e > 0, there exists a compact set K C M such that

suan<§t ¢ Ké) < g.

n>1
(b) For everye > 0,

lim Tim sup P ( ) =

limg i sup P d(Cr0)aT> Cr) > € 0,
O<~

where Tr denotes the set of stopping times with respect to the canonical filtration, bounded by T,

and (; denotes the value of ¢ € Dg at time t.

The condition (a) above in our setting can be translated into

lim T P (|(nf ) > A) = 0
A~1>+oo n—1>+oo Hn |<ﬂ-t f>|

which follows from Chebychev’s inequality and the fact there is at most one particle per site. Now
we show condition (b), which in this context, asks that for all € > 0 and any function f in a dense
subset of C?, with respect to the uniform topology,

. T H . n n —
lélignh_)rrolo Te;gggéPun (77. C{m P f) = (72 )] > E) =0. (4.15)
The verification of condition (b) in our setting requires two different dense sets with respect to
CY. Namely, the space C2(0,1) for < 1 and the space C? for 6 € (1, +oc). These approximations
are in L! for §# < 1 and in the uniform topology for 6 € (1, +00).
Given f : Q, — R, we know by Dynkin’s formula (see Lemma A1.5.1 of Kipnis and Landim,
1999) that

t
MPH(F) = (xP f) — (il f) /0 n2 L (2 £ ds (4.16)
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is a martingale with respect to the natural filtration {F;}+>0 = {0(ns) : s < t}s>0. By a simple
computation, for € Q,, for z € ¥, and for s € [0,t], we have that £F*n,(z) = jffo(%) -

jg§+1(778)> where the instantaneous current jg;Jrl(ns) is given, for x € {1,...,n — 2}, by
jf;H(m) — e(ns(x)—ns(erl))%ViHs(%)(ns(x) —ns(z + 1)) (4.17)
and by
i) = 5 Da(l —ny(1)) — D1 = )y (1)) (4.18)
) = g (= M CTIBA = 1)) + T By(n— 1)) (4.19)

at the boundary. Moreover, the martingale M," H( f) can be rewritten as

tn—2
(wi f) = 0) = [ > VT () / (g (R8s 1) =g (5455 ()| ds . (4.20)

We start with the case § € (1,400) and prove (4.15) directly for functions f € C2?. By the
triangular inequality and an union bound, the probability in (4.15) is equal or less than

B (o [P () = M ()] > ) 4B (n ]/ WLl fds| > 5)

Applying Chebychev’s inequality in the term on the left-hand side of last display and Markov’s
inequality in the term on the right-hand side of last display, the proof ends as long as we show that

o T+7
lim lim  sup E { / nQETIf’S(W?,f)dsH =0 (4.21)
610 00 reTr p<§ Hn T
and ,
lim Trm B [(vf o) - i on) | = o 4.22
i m sup B ) = M () (4.22)

where ]Efn denotes the expectation with respect to Pg@ . Now we prove (4.21) and for that purpose
recall (4.16), which is equal to (4.20) as mentioned above. A computation, based on the Taylor
expansion of the exponential function and the fact that H € C%2, permits to rewrite

wa Va1 (1s) (4.23)

Vo f0)ns(1) = Vi, f(L)ns(n — 1) ZAnf

plus terms of order Oy(1). Since f € C? and due to the fact that the number of particles per site
is at most one, the last expression is also of order Of(1).

Now we analyze the boundary terms in (4 20). Since f € C?, these terms are of order O(n'~?).
Since 0 € (1, +00) we Conclude that n2LH ({7, f)) is bounded by a constant. Note that for § € (0,1),
since we consider f € C2, all the boundary terms that appear in the expression for nzﬁan< T, f)
vanish and the previous bound also shows (4.21) for the case 6 € (0,1), provided the test functions
are in C2.

Now we prove (4.22). The quadratic variation of the martingale M;" H is given by

t
A = [ [l £ - 24 font 0 £ ] ds
0
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Some computations show that the contribution from the bulk dynamics in the previous expression
writes as

+ n—1 N . .
[ X (@) (37 @)1 = o+ 1) AT+ 1)1 = (o)) s
r=1
(4.24)

while the contribution from the boundary dynamics writes as

/ S @) [ a1 @) + D (1 - ) ()| ds. (4.25)

ze{l,n—1}

Since H € C12, f € C? and due to the fact that there is at most one particle per site, we conclude
that the quadratic variation of the martingale M;" H () is of order Ot + nig), which vanishes as
n — 4o00. Since C? is a dense subset of C, with respect to the uniform topology, the proof of
tightness in the case 6 € (1,+00) ends. Now let us go back to the case § € (0,1). Recall that
we have already seen above that for test functions in C? the limit in (4.21) is true. It remains to
show (4.22). But as in the case 6 € (1,+00) we can conclude that the quadratic variation of the
corresponding martingale is of order O(%) and again it vanishes as n — +o00. This ends the proof
of tightness.

4.3. Replacement lemmas and energy estimates. In this section we state the replacement lemmas
that we need in order to recognize the density profile as a weak solution of the corresponding
hydrodynamic equation. At the end of this section we prove that the profile belongs to the Sobolev
space given in Definition 2.1. We start with a replacement lemma which suits all cases of 6. Recall
(3.8) and (3.9). In what follows ¢ € C%0.

Lemma 4.4. For anyt € [0,T], for any 6 and for x = 0,1,n — 1 we have that

T T E, )/vw nes)ds|] = 0,

el0 n—oo

From the super-exponential replacement lemma stated in Proposition 3.7 together with the fact
that the Radon-Nikodym derivative is bounded and an entropy estimate (needed in order to change
measures), we obtain all the replacement lemmas stated above. For this reason we omit their proofs
and leave the gaps to the reader. Finally, we note that the density pf’ (u) belongs to L?(0,T;H!),
see Definition 2.1. For that purpose, let us define the linear functional £, on oot by

T 1
Lu(f) = (@uf. ") = / / Oufo(w)mH (du)ds

Lemma 4.5. The following inequality holds:

EQH [ sup {EpH(f)—2Hf‘|%2(07T;(071))}] 5 1.

fecd?

From the last result it follows that ¢,x is QF almost surely continuous, so that this linear
functional can be extended to L%([0,T] x (0,1)). Then, by the Riesz’s Representation Theorem,
we can find ¢ € L*([0,7] x (0,1)) such that £,u(f) = —(f,¢)) for all f € C', which implies
pH e L2(0,T; HY).
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4.4. Characterization of limit points. Since we allow at most one particle per site, any limit point of
the sequence {Qﬁln}nZI is concentrated on trajectories of measures that are absolutely continuous

with respect to the Lebesgue measure. That is, any limit point QY of the sequence sequence
{QH1,>1 is concentrated on trajectories of measures m;(du) such that m;(du) = p(u)du, see Kipnis
and Landim (1999, Chapter 4).

Since the initial measure is associated to the profile v(-) we also know that all limit points Q
of the sequence {@fﬂ }n>1 are concentrated on the initial measure mo(du) = y(u)du. Now we prove
that all limit points are concentrated on trajectories of measures of the form p;(u)du, where p;(-) is
a weak solution of the corresponding hydrodynamic equation. For that purpose, let Q be a limit
point of the sequence {Qfﬂ }n>1 and assume, without loss of generality that {in }n>1 converges
weakly to Q¥ as n — +o0.

Proposition 4.6. If Qf is a limit point of {Qfﬂ}neN, then
QH(T( € Dy = m(du) = pe(u)du and Fy(t, f,p) =0,Vt € [0,T],Vf € C@) =1,
where Cy has been defined in (2.7), and

‘FDir(tv f7 p)a lfe € (07 1)7
Fol(t, f,p) = s
ot 1,8) {fNeuu, f.p), i 0 € (1,+00),
with Fpir and Freu defined in (4.11) and (4.12).

Proof: Let us start with the case 6 € (1,400). It is enough to check that, for any 6 > 0 and any
feCy= 01’2,

QA <7r €Dpm : sup | Freult, f,p)] > 5) =0. (4.26)
0<t<T
For w € [0,1] and € > 0, let tz(u) : [0,1] — R be an approximation of the identity defined as
11 if 1-
e(u)(v) = {5 wute) (v) pue 0,1=¢), (4.27)
e Liy—ey(v), ifue(l—egl].

Note that 7" (z) = 7 * t(5) and

1 (ute H ; _
rek () = 42 f% pd (v)dv, ifuel0,1—c¢), (4.28)
Uf (e, fue (1—21]

e Ju

since Q is concentrated on trajectories of measures that are absolutely continuous with respect to
the Lebesgue measure, that is, m;(du) = py(u)du. By adding and subtracting ms*¢.(0) and mg*1o(1)
to ps(0) and to ps(1), respectively, by adding and subtracting x(ms*t.(u)) to x(ps(u)), and applying
the triangular inequality, we can now bound the probability in (4.26) by the sum of the following
probabilities:

0 (mlda) = pea)du = sup [(on = by fo) = [ (o @t D)1} s (429

0<t<T

_/Ot2<x(7rs*Le)ﬁuHs,aufs>ds+/Ot [ws*%u)aufsu)_WS*LE(O)aufS(O)} ds] > g)

QH <7Tt(du) = pr(u)du;: ‘ /0t2<(x(ps) — X(7s % te)) OuHg, Oy fs) ds’ > g) , (4.30)

QH<7rt(du)—pt(u)du: sup / [(psu)_ws*bsu))aufsu)—(ps(())—ws*66(0))aufs(0)]ds(>5).

0<t<T JO 3
(4.31)
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Now to control (4.30), observe that, by the triangular inequality and the fact that ps(-) <1 for all
s € ]0,T], we have that

Xps(w) = x(m #12)(w)| < Clpu(u) =7 1e(w)] (4:82)

and from Lebesgue’s differentiation theorem last expression vanishes as ¢ — 0, for a.e. u € [0, 1].
In a similar way, in order to control (4.31), we just need to use the fact that p € L?(0,T;H"), to
show that, for j € {0,1}

ps(J) — (WS*LE)U)‘ = 0. (4.33)

lim
e—0

Since Qf is the weak limit of {@ﬁ; tnen, we would like to apply Portmanteau’s Theorem to
deal with (4.29). However, the function ¢, is not continuous, so this is, in principle, not possible.
However, as in Franco et al. (2013, Proposition A.3), by approximating ¢ by a continuous function,
in such a way that the error vanishes as e — 0, we can bound (4.29) from above by

lim QY (mdu):pt(u)du o [t £ = ) = [ o @k D) s

n—-+o00 0<t<T

t
—/ 2(x(ms * te) OuHs, Oy fs) dsds—|—/
0 0

t (o (D0 fo(1) = 7 5 1(0)0 £5(0)] ds| > §> ’
(4.34)

plus a term that vanishes as ¢ — 0. Now we make use of the martingale (4.16). Recal that @ﬁ{@ is
induced by IP’ﬁIn and the empirical measure 7, that is, Qﬁ; = ]P’fn o7~ !. By adding and subtracting

IN n2LE (77 f.)ds to the term inside last probability, we can bound (4.34) from above by the sum
of

lim PY ( sup ’MZ’H(f)) > g) , (4.35)

n—00 0<t<T

and

lim IP’H< sup ’/ 2£Hs s,fs>d3—/ (ps, Afs)ds

n—00 0<t<T
t

- [ottm s ot ousids + [ - 00,0 - 0. 0)] ds] > §)
" ’ (4.36)

By using Doob’s inequality together with (41.24) and (4.25), it is easy to show that (4.35) vanishes
as n — oo. Now, (4.36) can be rewritten as

t
lim P (SUP ’/ QEHS s7fs>d8_/< o Afs)ds

n—00 0<t<T
t

- [ 2t a0 s+ [ - 00,0 — 000 ds] > )

6
(4.37)

From the computations right below (4.16), we have that

n2 Lo (xl ) = —nfo(L)ish + nfi(22)l 1H+Zv+fs )ials 1 (ns). (4.38)
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Recall (4.17). By doing a Taylor expansion on the exponential in jg; 41, the term on the right-hand
side of last expression is equal to

n—2 n—2
SO VA () mul + 1) S0 V() () — (e + 1PV H(E)
=1 =1

plus a term of order O H(%) A summation by parts shows that the term on the right-hand side of
last expression can be written as

Vi £ (0me(1) = F f (5 ma(n — 1) + zAnfs (a).

Then, we can bound from above the probability in (4.36) by the sum of the following terms

( sup ‘/ ZAnfs )ns(z) — <7rg‘,Afs>) ds’ > ;4) ) (4.39)

0<t<T

o | [ va (5(2) i+ D)V H(2) = 20 12) D, D0 fo) )| > 7).

0<t<T
(4.40)

(021%‘/ (Vi £ (1) = 15" (1) f:(0) ) ds’>254>, (4.41)

plus terms which are very similar to the previous one but related to the action of the right boundary
dynamics, plus other terms that vanish as n — +oo due to the fact that f € C%2. Now, the proof
ends by doing the following arguments. From a Taylor expansion on fs we easily treat the probability
n (4.39). From a Taylor expansion on both fs and Hj, together with Markov’s inequality and
Lemma 4.4 for the case x = 0, for " = 9, fs0,Hs and u, = x/n we are able to treat the probability
n (4.40). Finally, to treat the probability in (4.41), we just need to apply Taylor expansion to fs,
together with Markov’s inequality and Lemma 4.4 for the case 6 € (1,400), z = 1, for " = 9y fs
and u, = 0. We leave the details to the reader.

Now we do the sketch of the characterization of limit points in the case # € (0,1). In this case
fe 001’2 and Fp;, was defined in (4.11). Since Fpi and Fney have a very similar expression, the
only difference in the proof now is that the boundary term in (4.31) is replaced by

t 1)

@H< sup / [(ﬁ gk e (1)ufs(1) — (o — s Lg<0))aufs<0)} ds’ > 3). (4.42)
0<t<T Jo

All the other terms can be treated exactly as we did in the case 6 € (1,400). Now, in order to

control the last probability we just need to apply Markov’s inequality and Lemma 4.4 for the case

0 € (0,1), z =1, for ¢" = 9, fs and u, = 0. We leave the details to the reader. O

4.5. Uniqueness of weak solutions. In this subsection we prove uniqueness of weak solutions of
equations (4.11) and (4.12). These proofs are based on the fact that the eigenfunctions of the
Laplacian with Neumann (and with Dirichlet) boundary conditions form an orthonormal basis.
Recall that if {¥;}, is an orthonormal basis of L?(0,1), then for all f € L?,

/deu = <f, )2, (4.43)

k>0



Large Deviations for the SSEP with slow boundary 381

4.5.1. The Neumann case: 6 € (1,+00). Let p' and p? be weak solutions of (4.12) such that
ps =7 = pt. Denote p = p! — p? and consider the set {1k} k>0 of eigenfunctions of Laplacian with
Neumann boundary conditions, i.e., ¥ (u) = v2cos(kru) for k > 1 and +g(u) = 1, which is, in
fact, an orthonormal basis of L?(0,1). Now, define

L 2
R(t) - Z E <pt7 ¢k> )
k>0
where ¢, = (k7)? + 1. Our goal here is to show that
R(t) < R(t). (4.44)

~

In fact from last inequality together with Gronwall’s inequality we conclude that R'(¢) < 0, which
in turn implies that p! = p? a.e. Since p is bounded and (p;, ) is differentiable in time (by the
definition of weak solution), we may compute the derivative of R, which is given by

RI(E) = 3 o (pio) 5y (7 ) (4.45)

>0 ©
Using the integral equation (4.12), the expression %(ﬁt, Yy) in the last display above is equal to
(Prs AYr) + 2(X OuHy, Outly)
where X = x(p}) — x(p?). Note that (p,, Avy) = —(km)%(p;, ¥r). Plugging this into (4.45), we get

R0 = -3 " o+ 3 2 v ot o). (4.46)

k>0 k>0 ©
Now, Young’s inequality allows to bound the previous expression by
A Z pt’q/)k +AZ 8thvauwk>2 ) (447)
k>0 © k>0 ©

where the specific value A > 0 will be chosen later. Now, observe that 0,9, (u) = —k7 @i (u) with
or(u) = v2sin(kmu) for k > 1 and pg(u) = 1. Therefore we can bound the second sum in the
display by

T 2
S ot o0 < S 0uHL )2

Ck

k>0 k>0
because ¢, = (km)%? + 1. Since {®g}x>0 is an orthonormal basis of L?(0,1), it is possible to use
(4.43) to write the last sum as fol (Xath)z du. Using the definition of ¥ and the fact that x is a
Lipschitz function, we have fol (Y 8th)2 du < Cgy fol (ﬁt)2 du. Then using again (1.43) to rewrite

_\2 _
[ (p,)"du as > k0P V)2, we get that
km)? 1
R/(t) < ( ) 1 A) D Uk)?
() < > (=07 + g0+ CnA) i)
k>0

Now choosing A = é we finally get (4.44).
4.5.2. The Dirichlet case: 6 € (0,1). This proof in this case is similar to the one above, consider-

ing the set {1 }r>0 of eigenfunctions of the Laplacian with Dirichlet boundary conditions, where
Yr(u) = v/2sin(kru). Details are omitted here.
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5. Large deviations upper bound

In this section we establish the large deviations uper bound, first for compact sets, then to closed
sets. To do so, the following notion is relevant. We say a family of sets {I'y}\ is super-exponentially
small whenever

—1
li>r\n X logP[F,\] = —00

where the limsup in A (or more parameters) depends on the context.
Let us describe the line of ideas for the proof of the upper bound. From the perturbed model
presented in Section 4, we have that, for any measurable set C of trajectories,

dPs, . }
)

Ps, [{7" € C}NG] = Ef, |1iznecyng - dPH
where the Radon-Nikodym derivative above has been computed in (4.10) and the good set G, to be
defined in (5.10), is a set such that its complement is super-exponentially small. In Subsection 5.2
we consider this Radon-Nikodym derivative restricted to the good set G, obtaining the expression
of the large deviations rate functional. Finally, in Subsection 5.3 we prove the upper bound for
compact sets, and in Subsection 5.4 we extend it to closed sets by a standard argument based on
exponential tightness.

5.1. Super-exponentially small sets. Define the set
Bf{;e = {7] € Dq,, : ‘/ VH9 ns,s)ds} <, m:O,l,n—l}, (5.1)

where Vsﬁ’e (ns,8), as defined in (3.8) and (3.9), is taken under the particular choice
@4 (ug) = 0, Hs(%). By Proposition 3.7, we know that

— C

lglﬁ]lnh_,nolo%bgp‘sn” [(Bfée) } = —00 (5.2)
for all 9,0 > 0 and H € Cy. Before introducing the next super-exponential small set, which is
somewhat technical, let us discuss its rather simple motivation. Keep in mind that our objective is
to asymptotically deal with the Radon-Nikodym derivative, which will lead us to the large deviations
rate functional.

Recall that 75" (x) = ¢ *1c(), where the approximation of the identity ¢.(u)(v) has been defined
n (4.27). Although important, the extra regularity given by this convolution is not enough to handle
limits at the boundaries, since, in general, 7 * ¢ is not a continuous function. To overcome this, we
shall (super-exponentially) replace 7 * 1o by (7 % 12) * 1., where (£ is a smooth approximation of
the identity that is defined as follows.

Fix f:[0,1] — R4 a continuous function with support contained in [,2], 0 < f < 4, f(0) >
[ fd\ =1 and symmetric around 1/2, that is, satisfying f(u) = f(1 — u) for all u € [0, 1]. Deﬁne
the continuous approximation of the identity 5 by i (u) = % f(%). As in Lemmas 5.1, 5.2 and
5.3 of Franco and Neumann (2017), changing 7™  ¢. by (7™ % 1) % (5 inside the expression of the
Radon-Nikodym derivative has a cost of order Og(e) + Og(%).

Recall the notions of £ and £ in Definition 2.4. Since the rate functional is equal to infinity on
trajectories ™ € Dy such that £(m) = oo, another important remark about the double convolution
is that E((m* () % 1.) < oo for all ™ € Dyy.

The next set what we introduce is the set that handles with trajectories with finite energy, that is,
the set {m € Dy ; E(7) < oo}. Since this set is not closed with respect to the Skorohod topology
of Dpy, this is an obstacle to apply the Minimax Lemma (see Kipnis and Landim, 1999, page
364, Lemma 3.3), which is an important device in the proof of the large deviations’ upper bound.
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To overcome this difficulty, we introduce the following sets. Let Aj; and AilT be the subsets of
trajectories given by
= N . <
Ary = {m €Dy jnax. Ep,(m) <1}, 53
Ai”; = {meDp:(mxil)*xu € Ay},

where {H;}jen is a dense set of continuous functions in the supremum norm. It is worth to emphasize
that ¢¢ is the approximation of the identity defined in (4.27), where the letter € has been replaced
by (¢ for aesthetic reasons. For fixed (, 7, k,[, the set AilT is closed because the function 7 —
Emn((m*15)*1¢) is continuous in the Skorohod topology. Indeed, it follows from the definition of &g,
in (2.4) using the facts that H is fixed and (7 * ) * ¢ has a density with respect to the Lebesgue
measure. We claim that, for fixed k and [,

ToT T 1 n ¢, [:j| < _
léﬁ)l Eﬁ)l nh_{r;o = log Ps, |:7T €4 < L (5.4)
This is a consequence of Corollary 3.9 and the fact that (7" xi2) * o0 — 7" * 1 = O(F), see

Proposition 5.9 in Franco and Neumann (2017) for details.

Another technical problem that arises in this setting is the fact that the empirical measure does
not have a density with respect to the Lebesgue measure. An extra family of sets is then defined to
circumvent this issue. Fix a sequence {F;};>1 of smooth non-negative functions dense, with respect
to the uniform topology, in the subset of non-negative continuous functions. For m > 1 and j > 1,
define the set

1
B = {weDM;O§<7rt,E)§/ Filwydut Yl 0<t<T, i=1..m}. (55
0

m

It is a simple task to check that D, = MNj>1 N1 EJ,. Given m > 1 and j > 1, the following
limsup holds:

lim LlogP;,, [7" € (BL)] = —o0. (5.6)

n—oo

This result is very similar to the one in Farfan et al. (2011, Subsection 6.3) and Franco and Neumann
(2017), thus its proofs is omitted. For the case 6 € (1, +00), we also need to assure that trajectories
that do not conserve mass are negligible. We thus introduce one more set. For A\ > 0, let

P {meDp:[(m,1) = (mo, )] <A\, 0<t < T}, if6e(l,+00), (57)
D, if 0 € (0,1).
This is a closed set and below we prove that it is super-exponentially small.
Lemma 5.1. For all 0 € (1,400) and all A > 0, it holds
Tim LiogP;,, [7" € (F)F] = —o0. (5.8)

Proof: Let us appeal to the Harris graphical construction of the process. Let Nf’l and N[’1 be
the Poisson processes associated to the site z = 1, whose parameters are an’?? and (1 — a)n?7?,
respectively. At an arrival of the Poisson process N;r’l, if there is no particle at the site 1, a new
particle is dropped there. And at an arrival of the Poisson process Nt_’l, if there is a particle at the
site 1, it leaves the system. Analogously, let NtJr "1 and Nt_’"_1 be the Poisson processes associated
to the right site = n— 1, whose parameters are An?>~? and (1 — 8)n>~?, respectively, with the same
action of creation and destruction of particles at the site z = n — 1. Since each particle contributes
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with a mass 1/n to the empirical measure, we get that

[w”e(fgﬂ cuU U {ate[o,T];N;JzAn}
ie{+,—}je{l,n—-1}
c U U [Mzwm]
ie{+—} je{ln—1}

By (3.10), in order to prove (5.8), it is enough to prove that
nh_ingo 1 log Ps, [N%J > An} = —©

forie{+,—}and j € {1,n—1}.

Let us prove that lim,, o %logP[X > )\n} = —oo for any A > 0, where X ~ Poisson(cN%7?)
with 6 > 1 and ¢ > 0, which will finish the proof. By applying the exponential Tchebyshev
inequality, we have that, for any ¢ > 0,

E[etX]

1

] = N9 —1) —tA.

Taking the limsup in N and recalling that ¢ > 0 is arbitrary, the proof ends.

g
Lemma 5.2. For all § € (1,400) and all A > 0, it holds
Tim LlogP,,, [%Jgfl(t) > A} = Tm LlogP,, [% ) > A} - 0. (5.9)

Proof: The current J&l(t) of particles through the left boundary is stochastically dominated by a

Poisson random variable N%j of parameter ¢n?~? for some ¢ > 0. Then
1 1 i
~10g Py, [L51(1) 2 A] < ~logPs,. [N} > ]

leading to (5.9) because of the argument in the proof of the previous lemma. The reasoning for
", (t) is the same. O

n—1n
To conclude this subsection, define the set

0? 7k7l? 9. j Py— ’T j 6 H
Gyl = {x" € AYT MBS, NFYNBEL C Da, (5.10)

where the sets AST

vl EY,, F{ and B were defined in (5.3), (5.5), (5.7) and (5.1), respectively. Since

g@,n,k,l,m,j B
H7<7T7A7575

< max { n@(} Llog Ps, [77" € (Ai?)c} , R@O 1 log Ps, [77” € (E,Jn)c} ,

T 1
nh_)nolo 5 logPs o,

n@o % IOg Pénn |:7I_TL € (J—..g)[:_ ) lim %IOgP(snn [(B({IE)C] }

n—oo

and due to (5.2), (5.4), (5.6) and (5.8), we deduce that

G
T 1 111 07 7k7l7 P
o Ty T o, | (635250052 ] <l .11
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5.2. Radon-Nikodym derivative (continuation). In order to write the Radon-Nikodym derivative in
a proper way we start by introducing some notations. Having in mind that £((m * ) * ¢.) < oo for
all m € Dy, we define the functional

ot oy (e wiely) = @n((mei)we), if we ALT N R0 T, (5.12)
H ¢ e\ T = +00, otherwise. '

The next result establishes the connection between Jle_i%l;";’i (m|y) and the functional J% (|7y) defined

in (2.14).
Proposition 5.3. For all m € Dy,

T T T N T T T T 0.klm.1 0
lim 1 lim limlimlim 1 1 J b > J .
i o Jimn T T T i Tn T3¢ 3a() 2 Tl

Proof: The proof of this proposition is very similar to the proof of Proposition 5.12 of Franco and
Neumann (2017), except by the presence of an extra limsup as A | 0. For m € Dy, if 7 ¢ Dy, then
there exist m and j such that 7 ¢ Ej,. Therefore,

e,k,l,m,j( ) = { 5%,((7r k1) * Lgh) — <I>H((7r * 13) * [,5), if me AilT N D, ﬂ]:f,

lim lim J T
j—»00 M—+00 H(1Ae +00, otherwise.

Recall in (5.7) the definition of F¢ and recall in (2.15) the definition of F¥. Taking the limsup as
A} 0 we obtain that

O (% i5) % iely) — @ ((m*iS) * ), if WEA,E:ZTODMOO}“Q,

A0 j—ro0 m—ro0 400, otherwise.

T T, e |
Recall (5.3). Taking the limsup as 7 | 0 and then as ¢ | 0,

E%(W * LEW) — <I>H(7T * Lg), if m€ Ap42 N Dy nFo,
400, otherwise,

R T T T T 0.k.l.m.j
limlimlim lim lim Jp 2" >
i T T /3 ) >

see Franco and Neumann (2017) for details on this step. Since {7 : E(7) <[+ 2} C Dyy,, taking

now the limsup as k — oo we obtain that

O (mxtely) —@p(m* i), if TeF? and E(m) < 1+2,

400, otherwise.

l 1 1 1 l 1 J 50,11, >
Jim T limlim Tim T Ty ez xe(rly) 2 {

Taking now the limsup as | — oo, we get

Tim Tm Gmmbm Lm Tm Je’k’l’m’j(rrh) > f%(?‘(*bsh)—@]{(ﬂ*bs), if me F? and E(m) < oo,
100 k—00 CL0 710 AL0 j—roo m—soo” HCTAE ~ | 00, otherwise.

For m such that £(7) < oo it holds that m(du) = pi(u)du, where p has well-defined limits at the
boundary. Thus, taking the limsup as € | 0, we obtain

lim lim lim limlimlim lim lim J%Rhm > JY

iy Fim T T g T T B 750730 () > ()
concluding the proof. O

One ingredient in the proof of large deviations is to restrict the Radon-Nikodym derivative given in
(4.10) to the set g%fgfjﬁ’j;g defined in (5.10), which encodes all the sets introduced in Subsection 5.1
and then to show that this “restricted Radon-Nikodym derivative” is close to an exponential of
minus n times a functional of the empirical measure, that is, we must assure that

dPs, .

J sKyt,my g
57771

Lomkims = ]_ge,vz,k,l,m,j . exp{ — n[ H,C,r,)\,s(ﬂ'nh) + err%m(n,T,s, 5)} } , (5.13)

Fr
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with

limlim lim Lim |err? n,7,6,0)| = 0, 5.14

510 £l0 710 naoo‘ (1, 7,€,0) | (5.14)
for all & > 0, H € Cy, where the dependence on T has been omitted. Here we do not present
the derivation of (5.13) because it is very similar to what is done in Franco and Neumann (2017,
Subsection 5.1). We only advertise that the order of the limits above can not be exchanged. For
example, one term of err?q’ﬂY (n,7,€,6) is of order Z. The expression (5.13) is the appropriate form
for the Radon-Nikodym derivative to be used in the next subsection. Although the relationship

between J%]zljrn}\’i(wh) and J? (m|y) was presented in Proposition 5.3, we will use J%]Z’ljf}\’i(wh)

instead of J%(7|v) to allow the application of the Minimax Lemma.

5.3. Upper bound for compact sets. To reach the upper bound for compact sets we have to recall
the Minimax Lemma, see Kipnis and Landim (1999, page 373, Lemma 3.3). We start with the
upper bound for open sets. Let O C Dj,q be an open set and fix a function H € Cy. By a similar
computation presented at the beginning of Section 5, we have, for all >0, H € Cy , A > 0,6 > 0,
k,l,m,j €N, (,7,¢ >0, that

Tin 1 — Tin 1
Jim 7 log @5, [0] = lim S log s, [7" € O]

. ~C
3 07 7k7l7 . 3 07 »k»l7 ’
< max { nhm %logpgnn [{7‘(‘” cO0}n QHZT’/\’&EZ_ nhm %log Ps, [(QHZT,;’Z,Q ] } ,  (5.15)

where

_ y
TRl Dt B Bl raeuliD o.nklmg\"| _
T T T T s s, (GH244032) | = . (5.16)

due to (5.11). Now, we use the expression (5.13) of the Radon-Nikodym derivative to estimate the
first probability in (5.15), that is:

. dPs
n Onklmyg| H nm" )
]P)5nn |:{7T S O} N gH7C7T7)\75’€:| = E(snn dIFDH 1g?_iré’lj_'l>’\’rg’g . ]_{ﬂ-ne(')}
| Fy 1676,
— H 97k7l7m7j n 6
= Ej . 19}0172}2&”;; . exp{ - n[JH7<’T7/\78(7r V) + erry o (n, 7, €, 5)]} . l{ﬂneo}] :

Therefore,
97 7k7l7 9' 93k7l7 I ]
Llog Ps, [{77" € O}n QHZ,TM\?EQ < sgg{ - JH,C,TTY)L\,‘;(TH’Y) - err%ﬁ(n,T, g, 5)} .
i
Optimizing over all the parameters 7,¢e,(, 6, A\, k,l,m, j, H, it yields

n@o +1logQs,,[O] < inf  sup max{ — JZ’ZZTT'}\]&(WW) — err%ﬁ(n, 7,€,0), R%,k/{lgn’j ¢, E)} .

T,e.C0,N, A
komog 1 TEO

(5.17)

To interchange the supremum and the infimum above, we start by observing that for fixed parameters
7,6,(,0,\, k,l,m,j, H, the functional

97k:7l’ " €7k7l7 7‘
T max{ - JH,C,TTY)L\,‘l(ﬂ|’Y) - err%ﬁ(n,ﬂs, 5), RHM\;”((,T, 5)}

is upper semi-continuous in Dyy. The proof of this result is similar to the proof of Proposition 5.11
in Franco and Neumann (2017). Thus, we can apply the Minimax Lemma, see Kipnis and Landim
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(1999, page 373, Lemma 3.3), hence interchanging the supremum with the infimum in (5.17), and
passing the bound to compacts sets. Then, for all X C Dy compact,

I . H,k,l, 3 j 67k7lv ) j

lim %log(@(gnn[lﬂ <sup inf max{[— JH’QTKZ_(WW) - err%ﬁ(n,ﬂs,é)] , RH)\’(;”J(C,T, 6)}

n—o00 7,6,(,0,A
T ’C 1€:6,0,7,
SR

Putting together Proposition 5.3, (5.16) and (5.14), we deduce:
Proposition 5.4 (Upper bound for compact sets). For every K compact subset of Dy,

T 1 : 0
Jim 5 log Qs [K] < — inf Tp(m]y).

5.4. Upper bound for closed sets. In Subsection 5.3, we already have the large deviations upper
bound for closed sets. The extension to closed sets is a standard routine based on exponential
tightness. The exponential tightness is defined as the existence of compact sets Ky C Das such that

limsup Llog Qs [KF] < —¢, V/eN. (5.18)
n—oo
Let C C Daq be a closed set. Assuming exponential tightness, we have that

lim sup % log Qs, [C] < max {lim sup % log Qs, [C N Kd , lim sup % log Qs, » [KE] }
n—oo

N—oo n—00

< max{limsup}llog(@gnn [CﬁKz] , —4} .

n—oo

Hence, since the set C N K, is compact and ¢ is arbitrary, the upper bound for closed sets will follow
from the upper bound for compact sets.

The proof of the exponential tightness (5.18) is somewhat technical and follows the same steps
of Franco and Neumann (2017, Section 5.3)'. For this reason, we discuss only what needs to be
checked for our model. With respect to Franco and Neumann (2017, Section 5.3), the only and
somewhat crucial point to be adapted is to find a positive mean one martingale with respect to the
natural filtration,

MO~ exp {an[(wf,H)—(wg,H>—/0t U,‘j(H,s,ns)ds”,

where |UY(H,s,ns)| is uniformly bounded in n € N. This claim is a consequence of the general
fact that the Radon-Nikodym derivative between two Markov processes is a positive mean one
martingale with respect to the natural filtration, together with formula (4.10) choosing aH in lieu
of H. In resume, we have therefore achieved:

Proposition 5.5 (Upper bound for closed sets). For every C closed subset of Dy,
: 1 : 0
lim sup ;- log Qs [C] < — Inf Tp(x]).

n—oo

6. Large deviations lower bound

The proof of the lower bound in the case 6 € (0,1) is quite similar to Bertini et al. (2009) or
Farfan et al. (2011) (in dimension d = 1), which correspond to § = 0 in our setting. We henceforth
study in detail the case 6 € (1,400) following the more recent approach of Landim and Tsunoda
(2018). Due to the presence of large deviations from the initial measure we are not allowed to
apply Jona-Lasinio et al. (1993, Theorem 2.4) and an I%—density argument is required here as in
the framework of Landim and Tsunoda (2018).

n its hand, Franco and Neumann (2017, Section 5.3) is essentially a detailed version of Kipnis and Landim (1999,
pp. 271-273).
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6.1. Lower bound for smooth profiles. The next two propositions are immediate consequences of the
definition of J& and show that solutions of the perturbed partial differential equations (4.13) or
(4.14) depending on whether 6 € (0,1) or 6 € (1,400) lead to a simpler representation of the rate
function.

Proposition 6.1. Consider § € (0,1) or 8 € (1,400) and recall the definition of Cgy. Given
H ¢ Cy, let p™ be the unique weak solution of (4.13) if @ € (0,1) or the unique weak solution
of (4.14) if 0 € (1,400). Then

sup J(p/11y) = sup {&(p"]) — @c(p™)}
GeCy GeCy

t T
~ sup {2 /O OW(p!) B H,, B,Ga) ds — /O <x<p5>,<auHs>2>ds}

GeCy

T
= /0 <X(pf)7 (auHs)2> ds.

Proposition 6.1 motivates the next definition.

Definition 6.2. Denote by II the subspace of Dy, consisting of all paths m(du) = p¢(u) du for
which there exists some H € Cy such that p = p! is the unique weak solution of (4.13) if 6§ € (0,1)
or the unique weak solution of (4.14) if 6 € (1, +00).

The next two propositions provide conditions to assure that a profile p is a solution of the corre-
sponding hydrodynamic equation (according to each regime of ) for some H. That is, conditions
to assure that p € II. Proposition 6.3 is well known in the literature and it is included here for sake
of completeness.

Proposition 6.3. Let 6 € (0,1). Let p € CY2 such that 0 < e < p <1 —¢ for some ¢ > 0. Then,
there exists an unique (strong) solution H of the elliptic equation

A (x(pr(w))) _ Ap(u) = Fpe(u)

2Hi(u (u) = , Vu , .
P G M T TGy 7O (o1
H,(0)=0 (6.2)
Hy(1)=0 (6.3)
Proof: Fix t € [0,T]. Since (6.1) is a linear ODE of second order on H, we solve it, getting
Hilu) = H(0)+ (21 (O0)0uH:(0) = 2upn(0) [ 5o

(6.4)
dv.

“ 8uﬂt(”) - 8t fov Pt(w) dw
" /0 X (pi(v))

Taking v = 1 and then applying the boundary conditions (6.2) and (6.3) in the equality (6.4) above,
we get

0, H,(0) = M{aupm—ﬂjj}, (6.5)
where
My [P - pw)de
_/0 2X(Pt(’0))d ¢ '_/0 2x(pt(v)) dv. (6.6)

In other words, (6.5) is the right guess for 9, H;(0) in order to achieve the solution of the elliptic
PDE in the statement of the proposition. Coming back to (6.4), we then apply (6.2) and (6.5),
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which leads us to

u —i—@u -0 w) dw
Hiu) = / pr(v : Jo pe(w o
0 2 (Pt

(v))
I [ 1 Oy -0,
It Jo 2x(pe(v)) 0 2X(Pt( ))
and it is straightforward to check that this is the required solution of the elliptic PDE. ]
Proposition 6.4. Let 0 € (1,+00). Consider p € CY? such that 0 < e < p < 1—¢ for somee >0

and Oy fo pi(z)dz = 0. Then, up to an additive constant, there exists an unique (strong) solution H
of the elliptic equatwn

Ou u u ot (U
02 H, (u) + W@uﬂt(u) = Aol =dol) vy ¢ (0,1) (6.7)
9y H(0) = maupt(o) (6.8)
O Hy(1) = maupt(n (6.9)

Proof: Fix t € [0,T]. Solving the linear ODE of second order (6. 7) we get
* 2x(pe(0))0uH1(0) — Dupe(0) + Dupi(v) — 0y Jy pe(w) dw

Hi(u) := H¢ (0 —|—/ dv .
= 1O ), 2 (pi(0)
The boundary condition (6.8) then leads us to
8u,0t 8tf Pt
Hi(u) = Hy(0 —l—/ 0 dv.
o) O, 2X(Pt( )

Keeping in mind that 0 fol pe(z)dz = 0 it is straightforward to check that the expression on the
right-hand side of the above expressmn satisfies (6.9) regardless of the chosen value for Hy(0). O

Proposition 6.5. Let O be an open set of Dag. Then

1
lim — 1 0] > — inf 1§ :
Jim - log Qs (0] = —_inf Tr(x]y)

The proof of the inequality above relies on the hydrodynamic limit for the perturbed process and
Proposition 6.1. It follows the same lines of Kipnis and Landim (1999, Chapter 10) or Franco and
Neumann (2017). Let

Py
|

dP;s ,,
log aF,. = —Egn[log i } (6.10)

H —

be the so-called relative entropy of Pg . with respect to Ps ,,.
Lemma 6.6. Let H € Cy. Then

1 _ 10 H
Jim —H (P5, [Ps,) = Tr(p™|),

where pf! is the unique weak solution of (1.13) if 6 € (0,1), or the unique weak solution of (4.14)
if 0 € (1,400).

Proof: Recall the definition of BEH(ga in (5.1), which is super-exponentially small, see (5.2). On the
darH
Bgée, the Radon-Nikodym derivative dpj;’j) is equal to
2

exp {n[Jz ((wn 5 % ng) + Oprer(L) +0(8) + Onle) + oH(g)} } . (6.11)
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The proof of the above assertion is technical and follows the same steps of Franco and Neumann
(2017). In view of (6.10) for the relative entropy,

T Pl Pl
SH(PE|Ps,) = Eﬁnn[l 5 P Bfg] + Eénn[log a5, 1(3559),; , (6.12)
(- :

where the BHQ has been defined in (5.10). By (5.11), the complement of this set is super-
exponentlally small with respect to IF’ . We claim now that the complement is super-exponentially

small also with respect to P‘Sn”' Indeed, by (4.10) there exists a constant C(H,T) > 0 such that

d H
BHAC] _ dyn C(H,T)n H,0\C
P [BE] = B [ i Lgupy] < CHDRR [(BIOY]
s
and by (5.2) we get
lim lim 1logP% {(BH’Q)C} = —00
€l0 n—oo ™ onn €0

H

dP;
concluding the proof of the claim. By the previous limit and since + -~ log - an g bounded, the
’Y( )

right-hand side of (6.12) can be written as

H

Pl
[log 3., 13559} +on(1). (6.13)

1

By Theorem 4.1, under IP’gf] ., the probability concentrates on pH . Since the functional JIQ_I((TI'H *L5) *
Le]y) is continuous in the Skohorod topology, recalling (6.11) the proof ends. O

6.2. The I%—density. In the previous subsection we have achieved the lower bound for smooth pro-
files. Our task now consists on extending it to any profile. We start with the definition of I%—density.

Definition 6.7. Let A be a subset of Daq. The set A is said to be I%.(|y)-dense if for any 7 € Dy
such that I%.(7|y) < oo there exists a sequence {m, : n > 1} in A such that

T — ™ in Dy and 1 (mn)y) = I9(x|y) .
Recall Definition 6.2. The main result to be proved now is:
Theorem 6.8. The set 11 is I%—dense.

The statement above does not involve probability: it is a purely analytical result. Thus, since
the I%. functional for 6 € (0,1) coincides with the rate functional of Bertini et al. (2009) under the
assumption that the external field there considered is null, we thus may apply Bertini et al. (2009,
Theorem 5.1) in this case.

From this point on we will deal only with the case 6 € (1, +00), where the proof of Theorem 6.8
is split into intermediate lemmas. We start with a key technical result, in whose proof is developed
by mixing ideas from Farfan et al. (2011) and Landim and Tsunoda (2018).

Proposition 6.9. Let 0 € (1,+00). There exists a constant Co > 0 such that, for any p € Dy, it
holds

T 1 w))? .
/0 /0 (i‘(’)t())dudt < Co(T5(ply) +1). (6.14)

pe(u))
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Proof: In what follows, assume 7 € Dy to be such that I%.(w|y) < oo, otherwise (6.14) is trivial.
Since I4(7|y) < oo, then 7(t,du) = p(t,u)du with p € L?(0,T;H') and from an integration by
parts we have that
W(xly) = sup Jh(phy) = suwp {Lu(pl) + Bu(p)}.
HeCy HeCy

where

T
Ly (plv) <pT,HT>—<%Ho>—/ (ps; OsHs)ds and
0

T T
2
BH(/)) = / <aup378uHs>d5 - / <X(108)7 (8uHs) >d3
0 0
For a € (0,1), let hy : [0,1] — R be the function defined by
ho(z) = (x+a)log(z+a)+ (1 —x+a)log(l —z+a)
whose first and second derivatives are, respectively,
T+a 14 2a
h! =1 —_— d hl = .
() Og(l—x+a) o (@) (x4+a)(l—z+a)
It is elementary to check that —log2 < hy(z) <log4 for all x € (0,1). Let
= hg(p).-
Since the space integrals above are with respect to the Lebesgue measure, we can see the integrated
functions as functions defined on the continuous torus T = [0, 1) rather than on the interval [0, 1].
Moreover, we extend (on the time parameter) the functions above from [0, 7] to some open interval
(¢, d) containing [0, 7] by imposing that the extension is constant on (c, 0] and [T, d), that is, given
file,d] x T — R, its extension f: [¢,d] x T — R will be defined by
F(tou), i (tu) € [0,T] x T,
ftu) = f(0,u), if (t,u) € (¢,0) x T,
f(Tou), it (tu) € (T,d) x
Abusing of notation, let ¢5 and ¢ be smooth approximations of the identity on T and (¢, d), re-

spectively. Let H s 1= h! (p=9), where p9 is a convolution in space and in time (on the parameters
e and 4, respectively) of the function p, that is,

PO (u,t) = (p* e L5) / / $,0)te(u —v)is(t — s)dvds .
(c,d)
Note now that

Sup {LH(p) + BH(p)}

v

L . 5(plv) + Bu . 5(p)

= Lit (1) + { L (pl0) = Lo (010 } + Bir s ().

At this point we must handle each one of the parcels above. By the chain rule and Fubini’s Theorem,

LH’]E’J (1) = /T<8 o H / /85/75 ’6(u))dud5
- [ o >>)dsdu - /T{ha(p%%u»—hawm»}du

and from —log2 < h,(-) < log4 we infer that
Ly ;(p™°1) = —(log2+log4) = —3log2. (6.15)
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By the same arguments of Landim and Tsunoda (2018, Lemma 4.4), for any fixed ¢ > 0,

3 _ 575 —
lim {LHpa,a(ph) Lu . ;(p \v)} = 0. (6.16)

Finally, B Hos (p) converges, as € and ¢ decrease to zero, to

By, (p) :/0 (Oup, Oully(p ds—/ (x(p), (Buhiy( ) Yds
g (14 2a)dup (M1 (14 20)%(0up)?
> [ i ) GG

Taking the liminf as a N\, 0, applying Fatou’s Lemma and recalling (6.15) and (6.16), we are lead
to

(rly) > —3log2+ > // “ptz gt

finishing the proof. O

Lemma 6.10. The density p of a trajectory m € Dy, is the weak solution of hydrodynamic equation
(2.12) with initial condition v if, and only if, TY (7r|7) = 0. Moreover, in such case we have that

/ / “pt d dt < oo. (6.17)

Proof: Suppose that the density p of a trajectory m € D, is the weak solution of hydrodynamic
equation (2.12) with initial condition «. Then, for H € C12,

T
(o) = — /0 (x(pe)s (B H)?) ds < 0.

Moreover, since p is the weak solution of (2.12), it is easy to check that the total mass of m(du) =
pi(u)du is conserved in time, that is, 7 € F9, see (2.15). This implies that I%(7|y) = 0.

Suppose now that I%(w|y) = 0. Therefore J.z(p) < 0 for any H € C1? | which in its turn implies
that the derivative of J.g(p) < 0 with respect to € is zero at € = 0. This permits to conclude that
the density p is the weak solution of hydrodynamic equation (2.12) with initial condition ~.

Finally, if I%.(7|y) < oo, then (6.17) holds by Proposition 6.9. O

Let II; be the set of all paths m(du) = pt(u)du in Dpy, whose density p is a weak solution of the
Cauchy problem (2.2) on some time interval [0, d], with § > 0.
Lemma 6.11. The set II; is I(’T—dense.

Proof: The proof here follows the same steps of Landim and Tsunoda (2018, Lemma 5.3). Fix
7 = p(t, u)du € Dy, such that I5.(7]y) < co. Let A be the solution of the hydrodynamic equation
(2.12). For 6 > 0, let 7 (du) = p(u)du where p° evolves as A on the time interval [0, 6], then evolves
as A reversed in time on [0, 260] and then evolves as p in the remaining time interval, that is,

A(t, u) if t € 10,4],
Ptu) = SAN20—t,u) iftels 28], (6.18)
p(t —26,u) ifte26,T].
Since m° converges to m in Dy as 6 | 0 and n® € Iy, it only remains to show that 1‘9( Sy

)
converges to I9 (7T|’)/) as 6 | 0. By the lower semi-continuity of the rate function, we have I%(|y) <
lim infs_,o I%(7°|y) hence it is missing to assure that

I7(nly) > hrglsélpl%(w%). (6.19)
%
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To do so, note that
En(m®) < 26g(\) + En(m) < o0,

where the last inequality above is due to the assumption I%(7|y) < oo and Lemma 6.10. Using this
and the fact the profile p° conserves the total mass we can infer that I%.(7°|y) < oo for any §.

By linearity of integrals, we will analyze separately the contributions on I4(7°|) from the three
time intervals of (6.18). The contribution of [0, d] is zero by Lemma 6.10.

Since the Neumann boundary conditions are invariant by a time inversion, the profile p° is a weak
solution on the time interval [d, 24] of

p(t,u) = — Zp(tv u)
Oup(t,0) = up(t,1) =0

which allows to conclude that the second contribution is given by

é
sup { [ (20010~ (6O, @t )t | (6.20)
HeCl2 0

Multiplying and diving the leftmost term inside parenthesis of last expression by +/x(A;) and ap-
plying Young’s inequality ab < a?/2 + b?/2, we can bound the previous expression from above

by
8)\t
/ / d dt

which goes to zero as § \, 0 by Lemma 6.10 and Domlnated Convergence Theorem.

Finally, the third contribution is bounded above by I?p(ﬂh) since 7 on this interval is a time
translation of 7. Putting all these things together, we are lead to (6.19) and hence we finish the
proof.

O

Next, we present the sets I, II3 and II4. Let Il be the set of all paths m(du) = pi(u)du in
IT; with the property that for every § > 0 there exists € > 0 such that ¢ < pi(u) < 1 — ¢ for all
(t,u) € [6,T] x [0,1]. Let II3 be the set of all paths m(du) = pt(u)du in IIy whose density p(t,u) du
belongs to the space C*°[0,1] for any ¢ € [0,T]. Let II4 be the set of all paths m¢(du) = pi(u)du in
IT3 whose density p:(u) du belongs to the space C°*>°([0,T] x [0, 1]).

Lemma 6.12. The sets Iy, II3 and Il are IHT-dense.

The proof of the Lemma 6.12 can be promptly adapted from Landim and Tsunoda (2018, Lemmas
5.4, 5.5 and 5.6), and for this reason it is omitted. We thus conclude the proof of the 19 -density,
that is, the proof of Theorem 6.8.
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