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The Green’s functions relevant to the periodic Anderson Hamiltonian are calculated via perturbation
theory around the atomic limit. The approximation reproduces exact results in three different limits:
zero bandwidth, zero hybridization, and zero Coulomb correlation. The density of states, the magnetic
susceptibility, and the electronic specific heat are calculated and discussed in both the Kondo and
intermediate-valence regimes for different values of hybridization and Coulomb repulsion. The results
are in qualitative agreement with experiments and are related to other theoretical calculations.

I. INTRODUCTION

A large class of rare-earth and actinide compounds ex-
hibit anomalous properties that vary from intermediate
valence (IV) (such as SmS) to Kondo lattices and heavy-
fermion systems (such as CeCu,Si)).! In these com-
pounds the linear coefficient () of the electronic specific
heat increases from the usual value of 4-10 mJ/mol K?
for normal metals, reaching 10> mJ/mol K for IV com-
pounds and 10° mJ/mol K? for heavy-fermion systems.?
Although specific differences may be stated between IV
and Kondo systems, common characteristics can be
found, such as decreasing values for the static susceptibil-
ity at high temperatures, Pauli-like susceptibility at low
temperatures—in the nonmagnetic compounds—and
one or more peaks in the specific heat, indicating high
electronic effective masses.

A suitable description of rare-earth Kondo and IV sys-
tems should take into account the following characteris-
tics: (a) strongly correlated f electrons; (b) delocalized
(5d,6s) conduction electrons; (c) mixing between f and
conduction (c¢) electrons (hybridization). These are the
basic ingredients of the periodic Anderson Hamiltonian
(PAH), which extends the one-impurity Anderson model?
to the “one-impurity-per-site” description and is one of
the most studied models to describe this kind of system.
We write the Hamiltonian as

H=H,+H, , (1)

separating the atomic part

H, = zEn,{;+—2‘1 S nfinl+VS(chfi,+He), @
and the hopping term
H,= 3 tche, . 3)
i,j,o
In Egs. (2) and (3), c,~T (f ,-T) creates a conduction (f) elec-
tron at site i/, E is the energy of the f level, U is the

Coulomb repulsion between f electrons, V is the hybridi-
zation between f and c electrons (here considered as
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purely local), and ¢; is the hopping matrix, or Fourier
transform of the electronic kinetic energy of the conduc-
tion electrons, g,.

Different theoretical treatments of the PAH have been
explored: Green’s-function techniques, variational calcu-
lations, slave boson approach, etc. Comprehensive re-
views of methods and results can be found in the litera-
ture (see, for example, Ref. 4). In particular, it is il-
luminating to solve the atomic part, H,, of the Hamil-
tonian, Eq. (2), which can be exactly diagonalized.5
Several authors have calculated physical properties in the
atomic limit such as magnetic susceptibility and specific
heat,®"® and the results obtained reproduce important
features observed in real systems. This fact strongly sug-
gests an interesting approach to the problem: to start
with the atomic solution and introduce the hopping term
as a perturbation. The only drawback of this method re-
sides in the complex nature of the perturbative expansion
due to the presence of the interaction term in the unper-
turbed Hamiltonian, which prevents the applicability of
Wick’s theorem (see Sec. IT).

Within the perturbative scheme referred to above, a
simple approximation, which essentially imposes Wick’s
theorem, has been employed with reasonable results in
the calculation of the one-particle density of states.”>’ In
this paper, we use a similar approximation to calculate
the static magnetic susceptibility (Sec. III) and the
specific heat (Sec. IV) of the Anderson lattice in both
Kondo and IV limits. The results can be successfully
compared with experiments as well as other theoretical
approaches. For completeness, we include in Sec. II a
brief review of the method and calculation of the density
of states. A final critical discussion of our results is
presented in Sec. V.

II. PERTURBATION
AROUND THE ATOMIC LIMIT

As stated in Sec. I, the atomic part of the PAH, Eq. (2),
can be exactly diagonalized. The energy eigenvalues
(E,,) and eigenvectors (|¢,,)), with the corresponding

4520 ©1992 The American Physical Society



46 MAGNETIC SUSCEPTIBILITY AND SPECIFIC HEAT OF THE. ..

number of particles (N,,) and total spin (S7 ), are indicat-
ed in Table I.

We are interested in the finite-temperature one-particle
Green’s functions'®

9% (1, —1)=—( T, (r))al (1,)) , ()

ijo

where the superscripts a and & represent either f- or c-
electron indices (e.g., a/=f,a t=¢ ) T, is the “time”
ordering operator, and the imaginary time 7 varies from
zero to B=1/kgT.
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From the knowledge of the eigenvalues and eigenvec-
tors of H,, the atomic Green’s functions can be calculat-
ed, using a spectral representation!! (in the grand-
canonical ensemble), yielding

g,-‘ff(wk)—— E (mlaZ|n){nlad|m)

—BE, __BEI
e mt+e "
X—, (5
Oy — 1Ok

TABLE I. Number of particles, eigenvectors, eigenvalues, and spin of H,,.

N [Ym ) E, sz,
0 1¢'1>=|0> E|=0 0
E 2 172
1 [¥,) =cosgf}10) —singct|0) Ey=iE—| |3 | +72 1
1 3} =cosgf]10) —singc| 0) E,=E, -1
2 172
1 |94) =sing ] [0) +cosge’ 0) E=iE+||2]+» 1
1 [¢5) =singf ] 10) +coséc 0) E;=E, -1
2 l¥s)=£lc}l0) E¢=E 1
2 '¢’7)=fICTIO) E,=E -1
2 |¢8>_ fm flehlo) Es=E 0
2 [¥e) =as(fic] —fle)+bofif] +escict o) E E+—(3£+21/:_Q-eos -3—'] 0
i Y v +
2 o) =ao(fle] —fleD)+bifif] +eneie]0) —-E+-3—+2 -0 0
6,127
2 [¥)= an(f1c1 f;CTH'bnfth +Cnct01|0> E=E+—+2V —Qco [ ! 3 0
+ E U 172
3 ,1/112)=sin0f 101+c089f c?cIIO) E,, 3E2 u ;‘ 2 %
3 [$3) =sin@f | flc! +costflclel10) E=E, ~1
172
- + E+U
3 [$1s) =—cosOf 1 f1ct +sindfelel]0) E, 3E2 v > +p? 1
3 2P =—cos€f1f‘c1+sm0f1c,cl|0) Es=E, -1
4 l4e) =r1flelello) E\=2E+U 0
|4
tang= = 7 72 tanf= iU L 77
=+ + 2 + +¥?
2 v 2 2
= b-=2—Va~c»=—2—Ka-
V2+4VE +(E,—2E —U)?] T E—2E-U" E "

0,=arccos

R
(_Q)S/Z
R=L[2AE*+E})—3(E*Ey+EE})+18VV2E —Ey))

Q=—312V?*+E*+E} —EEy)
Ey=2E+U

i=9,10,11
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where Z is the grand-canonical partition function,
©,,=E, —E, E, =E, —uN,, and o, =(7/B) 2k +1),
k integer.

In order to calculate the full Green’s function, the usu-
al S-matrix perturbation expansion'? is applied to the
hopping term, and the Green’s functions are written as

(Ta%(r)al(m)S(B)),
(5B ’

gaS( l

ijo 72)= -

where
J

(T.af(r)ad(r, Ja)(ry) - - a,?’T( T )ai"T(T’z )af*( 35))0=

An identical expansion, applied to the Hubbard model,
has been performed formally by Metzner in a recent pa-
per.!* We are not going to discuss the details of the per-
turbation expansion. Instead, we will introduce the sim-
plest approximation, which consists in decoupling the
remaining local averages of four or more fermion opera-
tors in products of pair averages. This is equivalent to
imposing Wick’s theorem, which is not valid due to the
presence of the Coulomb interaction term in H,. Within
this approximation, the total Green’s function satisfies
the Dyson-like equation

99k, w,)=g%(w,)+g%(0,)e(k) 9%k, w,) , (9)
where
g k o, )= f ir g ,J(, I(w"r—k~Rij) ’ (10)
_ ilw, 1)
g,,(a),,)—f0 drg,(T)e . (1

We want to point out that this approximation, besides
reproducing exactly the atomic limit, is also exact for
zero Coulomb repulsion when Wick’s theorem does apply
and/or zero hybridization when the bands decouple into
a purely local f “band” and an uncorrelated conduction
band. We also stress the fact that the important local
couplings U and V are not treated perturbatively.

The density of states for electrons of type a and spin o
is given by the relation

1 aa .
pg(w)=—;ngrg ¥ (w+in), (12)
where 975(w+in) is obtained through the analytic con-

tinuation iw, —w+i7, as the retarded version of

gg?,(wﬂzgg&(wn):]—%zgaﬁ(k,wn>, (13)
k

which is the local Green’s function renormalized to in-
clude the effect of the band.

Equation (9) acquires a simple form in the case
a=8=c, when we have

1

gce —
sk = e

(14)

where
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sp=3 =

n=0

x [Pdr, -

fo”dr,,fr,H,,(T,) S Hy(r,) .

N
Due to the local character of the unperturbed Hamil-
tonian the averages of products of fermion operators can

be exactly decoupled for the different sites, e.g. (dropping
the spin index),

(Tafr)adr)al (tDaf () - A Taf(rafl(s))e . ®
[
_ _ 1
ga - go(wn )= >
g5 (@,)

which is actually spin independent.
Introducing the density of states for the uncorrelated
conduction band,

PAE)=— S 8(E—e(k)
N k

we can recast Eq. (9) in the form
o) = [apLE) 15
$¥w,)= [dE —E (15)

For simplicity, instead of calculating p%(E) for a given
lattice, with a specified set of t;;’s, we introduce a model
density of states

3 |,_E <
pUE)={4W 7z El=W (16)
El=w.

W being half the bandwidth. With this, the integral in
[Eg. (15)] leads to
S, )=

2EW+H(W2—£H)1 17

£+W
n W

3
Y4
and for the remaining Green’s functions, Eq. (9) yields

9w, ) =gV E (0,)9% 0, )= 9w, ) , (18)

9w, =g (w,)+gl(0,)
Xg (0, )0, (w,) . (19

We used Egs. (12), (13), (18), and (19) to obtain the f
and c densities of states. Figure 1 shows the results at
low temperatures (T /W =0.002), in the symmetric case,
2E 4+ U=0. The central pair of peaks corresponds to the
Kondo resonance, with a gap caused by the coherent hy-
bridization. For higher temperatures other states are ex-
cited, leading to a more complicated structure. Figure 2
shows the evolution of the density of states near the Fer-
mi level as a function of the temperature in the nonsym-
metric case E/W=—-2, U/W=6, V/W=0.1. As in
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FIG. 1. Density of states at low temperatures in the sym-
metric case. The continuous line represents f electrons, the
dashed line represents c electrons. The chemical potential u lies
at zero. The parameters are T/W=0.002, E/W=-2,
U/W=4,and V/W=0.3.

the symmetric case, at low temperatures, there is a gap
and two Kondo peaks near the Fermi level, but now the
Fermi level is not in the gap. The peaks that appear
when the temperature increases (on the left of the central
gap for T/W =0.01 and on both sides of it for T'>0.02)
arise from transitions between excited atomic states. The
area under the Kondo peaks decreases with increasing
temperature, but they do not disappear as in the impurity
case.'* This is also suggested in the calculation presented
by Brandow! and in the analysis of the optical
reflectivity by Marabelli, Wachter, and Walker. !¢

III. STATIC MAGNETIC SUSCEPTIBILITY

We are interested in the zero-field static susceptibility,

—_8!s d

—n;—ny) , (20)
2 dh Y Y e

where
np=nfk+ng . 21

In order to evaluate the magnetic susceptibility we calcu-
lated numerically Eq. (20) by adding a small external-field

T/W=0.04

T/W=0.01

T/W=0.004 -5 0%

FIG. 2. View of the density of states near the Fermi level for
different temperatures in the nonsymmetric case E/W=—2,
U/W=6, and V/W=0.3. The continuous (dotted) line
represents the f (conduction) electrons. The vertical line stands
for the chemical potential .
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term to the model Hamiltonian, !’

H'=H,+gugh 3 S, , (22)
i

where g is the Landé factor, up is the Bohr magneton,
and the spin operator .S;, is related to the site occupation
by

S =4n=ny,) 23)

The number of electrons is obtained from the Green’s
functions through
(n2)=T lim 3 9%aw,)e " . (24)

7—0 a0,

Notice that now the Green’s function does depend on
spin. From Egs. (20) and (24) we have

iw, T

x=-T tm |- 3 (9~ glf+9%—gsje

(25)

The derivative with respect to the applied field in this last
equation has been performed numerically.

Figure 3 shows results in the nonsymmetric Kondo
case (E/W=—2, U/W=6) for different hybridization
values. A Curie-Weiss susceptibility is obtained for high
temperatures and a Pauli-like one for low temperatures
(in the symmetric case the Fermi level lies in the gap and
x¥—0 for T—0). The itinerant nature of the low-
temperature susceptibility is confirmed by the vanishing
of the local contribution (short-dashed line in Fig. 3) due
to the complete suppression of the local magnetic mo-
ment (Kondo-compensated state). This is in qualitative
agreement with experimental observations for certain Ce
compounds such as CeAl;, CeCug, and CeCu,Si,. '3?

In the IV limit the susceptibility (Fig. 4) decreases
slowly with T for a large temperature range. The peak is
lower than in the Kondo case and decreases for increas-
ing hybridization (we use E=—0.1 and U=2.0 in Fig.

— V/W=0.1

V/W=0.1(atomic)
V/W=0.2
V/W=0.3

N LCt~e —  V/W=05
-_ ’ ~
3 / 3
~
I N
~ / /"\\\
X 7 \\\
, N
A ’ / \\\\\
1 :I . ,/ .- ’ A/ = \?
T s / N
S TT T /
,I R —
104 10-3 102 101 1
/W

FIG. 3. Logarithm of the static susceptibility vs temperature
for different values of the hybridizations V/W=0.1,
V/W=0.2, V/W=0.3, and ¥V/W=0.5 in the Kondo limit.
The other parameters are E /W= —2 and U/W =6.
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FIG. 4. Static susceptibility vs temperature in the IV case for
different hybridizations V/W=0.1, V/W=0.2, V/W=0.3,
and V/W=0.5. The short-dashed line is representative of the
atomic case for V/W=0.1, the remaining plots include hop-
ping. The other parameters are E/W = —0.1and U/W=2.

4). There are no qualitative changes for higher U values.
This temperature behavior (up to T/W ~0.01) can be
qualitatively compared with experimental results for Sm
compounds such as SmS, SmSe, and SmTe.!* We do not
expect to observe the high-temperature peak that appears
in Fig. 4 in real systems; if it does appear, it should be
much broader so that the susceptibility would decrease
less in the region between the peaks. In fact, in our cal-
culation, this (high-temperature) peak arises from the ex-
ponential suppression of the spin J of the one- and three-
particle states which is overestimated by the local ap-
proach.

IV. SPECIFIC HEAT

The electronic specific heat of the system is obtained as
the derivative of the average energy with respect to tem-
perature, i.e., C=d (H ) /dT or, using Egs. (1)-(3),

c~——{E<n nY+victf i+ fle +elf +11e))
+U(n{n ) +(H)}, (26)
with
(H.)=3 e(k){ciocys) - 27)
k,o

The temperature derivative with respect to the terms
on V, E, and U in Eq. (26) has been evaluated numerical-
ly. The averages involving two operators have been ob-
tained from the related Green’s functions:

TS 9%w,)e '

Op

(alfac 2)= lim
T—0"

(28)

Similarly, the fourth term of expression (26) can also be
written as

TS ek)§<(k,0,)e "
ko,

(H,)= lim

7—0"

In order to avoid a naive decoupling of the Coulomb
term, we introduce another Green’s function
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A (1) =( T a2 (rag (1)af (r)a}(0)) ,  (29)
and write
(n%llaf )= lim |T3 A% (w,)e "
T—»O )

n

Following a procedure analogous to the one employed
for the one-particle Green’s function, we find

Ag’;}'/(k'wn )=A?(g7z’70'( @y )+A?013)fro'(wn )80’(k)ggr(kvmn ),

(30)

where A% (w,) is the local contribution to the Green’s
function described by Eq. (30), which can be exactly cal-
culated by means of the eigenstates of H,,.

The relevant A Green’s functions satisfy the relations

A% 0, )= AL (,)+ AL (w0, VH(E) , (31)
AY(0,)= A (,)+ AT (w0, H(E) , (32)

Aw,)= A% (0,)+AEE 0, gL E(w, H(E) ,

(33)
A (0,)= A (0,)+ AL (0, gL E(w, ) H(E) ,
(34)
with
_ k)  _ coce .
H(&)= zg "N =£9%w,)—1 . (35)

Figure 5 shows the results in the symmetric Kondo
case with hybridizations ¥'=0.1 and 0.05. As usual, we
plot the linear coefficient of the electronic specific heat,
y=C/T. In the long-dashed-line plot (¥=0.1, includ-
ing hopping) two peaks are observed: The higher-
temperature one is also obtained in the local (no hopping)
limit (short-dashed line in Fig. 5), and can be associated
with the formation of the Kondo singlet; the lower-
temperature one is due to the high density of states in the
vicinity of the Fermi level. The same structure can be ob-
served for ¥=0.05 (continuous line in the same figure),

- V/W=0
--~ V/W=0.1(atomic)

/ -- vw=01 -,
c/T V/W=005 | ",
100 '
10
N
, \ \
1 i 1 \
106 10-5 104 103 102 101 1

FIG. 5. Ratio of specific heat and temperature vs temperature
in the Kondo limit for V/W=0.05 and V/W=0.1. The
short-dashed line is representative of the atomic case for
V /W =0.1, the remaining plots include hopping. The parame-
tersare E/W=—2and U/W=4.
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FIG. 6. Ratio of specific heat and temperature vs temperature
in the IV limit for V/W=0.2, V/W=0.3, and V/W=0.5.
The parameters are E/W=—0.1and U/W=2.

the effective mass for this hybridization is m*=~75. The
ratio between the amplitudes of these peaks depends on
the hybridization and varies from ~2 to ~10 for V rang-
ing from 0.2 to 0.05 (with E = —2). This kind of struc-
ture has recently been observed in CeCuyAl and
CeCu,Ga,” although the high-temperature peak has
been interpreted as a crystal-field effect. A similar profile,
with less pronounced peaks, is also visibleina C/T vs T
plot? for UBe;;. We should mention the variational treat-
ment made by Brandow,?! in which these two peaks are
also found and attributed to the same origin.

Contrary to the Kondo limit, in the IV case (Fig. 6) a
single peak is observed in the plot C/T vs T for a
relevant temperature range (i.e., T =0.1). This peak is a
consequence of the high density of states near the Fermi
level which also occurs in the IV case. Despite being
lower than in the Kondo case, it explains the ratio C/T
observed in IV Yb compounds in which it reaches the
value of 260 mJ/mol K?.?

V. CONCLUSIONS

We have presented a perturbative method for ap-
proaching the Anderson lattice in which the hybridiza-
tion and the Coulomb repulsion are calculated exactly in
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a local Hamiltonian H, and the hopping term is taken as
a perturbation. Despite the simple approximation
scheme utilized, we have found results for the density of
states, for the magnetic susceptibility, and for the ratio
C /T in relatively good agreement with experiment. To
compare with other author’s results, we mention the
work by Varma and Yafet.?? Using a Hubbard decou-
pling and a nonlocal hybridization, they find a spin sus-
ceptibility for the IV case qualitatively similar to our
Kondo-limit results. Czycholl and Leder? treat the IV
case using the alloy analog approximation and find a Cu-
rie behavior for high temperatures, a maximum at some
temperatures, and a finite value of the susceptibility for
T—0. For the specific heat they find a large ratio C/T
at low temperatures, results quite similar to ours, al-
though they calculate for an average of three particles
per site. Brandow?! presents similar results for both the
specific heat and the susceptibility. We also mention the
results in the atomic limit presented by Alascio, Allub,
and Aligia® and by Noce and Romano,’ to which ours
reduce in the case of zero bandwidth. We should add
that in our calculation of the susceptibility we considered
the contribution of both f and c electrons, so that our
zero-temperature atomic susceptibility, contrary to the
above cited works, % goes to zero for T—0 in the case of
two particles per site. We want to stress that this ap-
proach can be applied to either the IV case or the Kondo
case and, furthermore, it is worth noting that many of the
characteristic features of these results are essentially due
to the prominent role played by local interactions in our
approach.
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