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The derivation of explicit expressions for the effective dielectric tensor to be utilized in the
dispersion relation for weakly inhomogeneous plasmas is discussed. The general expressions
obtained are useful for situations with simultaneous existence of weak inhomogeneities in density
and magnetic field. The particular case of a Maxwellian distribution in velocity space for the
electron population is discussed, and relatively compact expressions for the dielectric tensor are
obtained, which depend on the inhomogeneous plasma dispersion function introduced by@Gaelzer
et al., Phys. Rev. E55, 5859~1997!# and ultimately on the well-known Fried–Conte function and
its derivatives. ©1999 American Institute of Physics.@S1070-664X~99!04512-7#

I. INTRODUCTION

The dielectric properties of weakly inhomogeneous plas-
mas may be well described by a dispersion relation that is
formally the same as that utilized for an homogeneous
plasma, with the dielectric tensor replaced by aneffective
dielectric tensor.1 The derivation of the effective dielectric
tensor is based on an iterative procedure, due to Beskin,
Gurevich, and Istomin, denoted in what follows as the ‘‘BGI
procedure,’’ which is aimed to assure that the absorption
coefficient obtained from the solution of the dispersion rela-
tion is effectively connected with energy exchange between
waves and particles.1

We have adopted the BGI procedure in our studies on
wave propagation and absorption. In some of these studies,
we considered the situation in which the magnetic field is
homogeneous and other plasma parameters can be
inhomogeneous,2–6 obtaining explicit expressions for the ef-
fective dielectric tensor components, which were shown to
satisfy the correct symmetry properties, as does the tensor for
an homogeneous plasma,2 for any direction of propagation
relative to the inhomogeneity. In another approach, we con-
sidered the situation in which the magnetic field is inhomo-
geneous and other plasma parameters are homogeneous, also
deriving explicit expressions for the components of the ef-
fective dielectric tensor, with the correct symmetry
properties.7–9 In several of these publications, as well as in a
recent commentary upon the symmetry featured by the effec-
tive dielectric tensor,10 we compared our formulation with
other approaches found in the literature, including ap-
proaches which do not preserve Onsager symmetry. The in-
terested reader is therefore directed to these previous publi-
cations for a list of references on the subject of wave
propagation and absorption in inhomogeneous plasmas.

In the present paper we present a generalization of the
formalism, taking into account the simultaneous presence of
inhomogeneities in the magnetic field and in other plasma
parameters. The motivation for this generalization is the fol-
lowing. As is known, the so-called lower-hybrid-drift insta-
bility ~LHDI ! has been considered as a possible trigger
mechanism for current disruptions in the Earth
magnetotail.11–16 Some early studies of this instability con-
sidered it as approximately electrostatic,11,12 but the electro-
magnetic character was soon recognized as important for the
analysis of the instability, which occurs due to electron in-
homogeneities. However, in the ensuing treatments of the
instability including fully electromagnetic features, a con-
ventional approach was utilized for the derivation of the di-
electric tensor, and Onsager symmetry was not preserved for
the elements of this tensor.15,16This feature was noticed later
on and anad hocsolution was proposed in order to restore
the desired symmetry.17 However, some important shortcom-
ings of thead hocsolution are noted in Ref. 17 itself, which
also recognizes the need for a satisfactory and consistent
approach to the problem.

This is the framework where we believe that the formal-
ism developed in the present paper can be useful. We arrive
at quite general expressions, based on the previous ap-
proaches, and particularize these general expressions in the
nonrelativistic limit for the case of a Maxwellian distribution
function of velocities, with a linear density profile. The final
expressions obtained incorporate the relevant effects of inho-
mogeneities, and are written in terms of the inhomogeneous
plasma dispersion function~PDF! and in terms of the Fried–
Conte function and its derivatives.9 As demonstrated previ-
ously, in the nonrelativistic limit the inhomogeneous PDF
may also be written as a function of the Fried–Conte func-
tion and its derivatives, which makes the final expressions
quite practical to be utilized. In Sec. II we describe these
more recent developments. Some final remarks and com-
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ments on the perspective for future work are added in Sec.
III.

II. OUTLINE OF THE DERIVATION OF THE
EFFECTIVE DIELECTRIC TENSOR FOR
INHOMOGENEOUS MEDIA

Let us consider a magnetized plasma, with magnetic
field pointing along thez direction, and featuring inhomoge-

neities in magnetic field and other plasma parameters along
thex direction. Some particular cases have already been con-
sidered in recent years, and the main results obtained will be
reproduced here.

For instance, in the case of homogeneous magnetic field
and other plasma parameters inhomogeneous, the compo-
nents of the effective dielectric tensor may be written as
follows:2
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where f a8[] f a /]x, ba5k'u'c/Va , u5p/(mac), Va

5qaB0 /(mac), andc denotes the angle between the vector
k' and the direction of the inhomogeneity. We have also
used the following definitions:
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It is important to remark that in Eq.~1! we have considered
the particular case ofDna(0). The quantity eB which ap-
pears inDna(eB) will be defined below, when considering
inhomogeneous magnetic field.

Definitions of Ri j , Si j , and other basic quantities ap-
pearing in Eq.~1! can be found in Ref. 2 and will not be
repeated here for the sake of space economy. Equation~1! is
exactly the same as Eq.~9! of Ref. 2, although it is written in
a slightly modified form in order to be more adequate for our
present purposes. The original form can be easily recovered,
however, by some simple procedures, as explained in the
following. First of all, the integral in the variablet can be
easily performed,

1

Dna
52 i E

0

`

dt eiD nat.

In addition to this, the resonant contribution can be separated
from the principal part,

1

Dna
5P

1

Dna
2 ipd~Dna!,

whereP means the principal part of an integral. After these
simple steps, it is very easy to convert the operatorsL andL,
as well as the quantityDna , to the definitions utilized in Ref.
2.

Equation~1! can be cast in an even more suitable and
compact form by the definitions of the following auxiliary
quantitities:
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As a result of using these definitions, we may write
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where@ . . . #H means the Hermitian part of the dyadic, and
êx , êy , andêz are the unit vectors.

For inhomogeneous plasmas where the magnetic field
itself is not uniform, a fundamental difference exists relative
to the case of the homogeneous field. The unperturbed orbits
of the plasma particles are not affected by inhomogeneities
in plasma parameters like density and temperature, but they
are affected by the magnetic field inhomogeneity. As a con-
sequence, the resonance condition in momentum space is
affected by the inhomogeneity, and it is necessary to add an
infinite number of corrections in order to build up the effec-
tive dielectric tensor.1 The procedure has been carried out
previously, by considering inhomogeneous magnetic field

and other plasma parameters as being homogeneous, assum-
ing that the magnetic field is pointing along thez axis and is
inhomogeneous along thex direction, B0(x)5B0(1
1eBx)êz . The waves were assumed to be propagating in
arbitrary direction, making an angleu with the magnetic
field, with the perpendicular component of the wave vector,
k' , making an anglec with the inhomogeneity. Details of
the derivation may be found in Ref. 9. For our present pur-
poses, it is sufficient to reproduce here the components of the
effective dielectric tensor, as they appear in Eq.~3! of Ref. 9,
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Sn5sign(n), andDna(eB) is as defined along with Eq.~1!.
For the more general case with the simultaneous pres-

ence of weak inhomogeneities both in the magnetic field and
in other plasma parameters which appear in the distribution
function, the same general approach applied to these previ-
ous cases may be followed. Since the inhomogeneity is
weak, gradient effects are kept only up to first order, except
those necessary to avoid secular terms in the unperturbed
orbits.8 The outcome is such that we may collect together
Eqs.~1! and~5!, and write the effective dielectric tensoreJ as
follows:
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Let us now assume a model distribution function which
is Maxwellian in velocity space and features a linear spatial
profile, which is a suitable approximation for the case of
weak density inhomogeneity. For simplicity, we consider
uniform and isotropic temperature,

f a~u'
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wherema5mac2/Ta .
Using this distribution function, after some calculations,

Eqs.~7! and ~8! can be written as
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The last term in Eq.~11! is indeed null with the sym-
metrical distributionga defined in Eq.~9!, but appears here
only for completicity. From Eq.~10!, it is seen that tensor
QJ B , which incorporates the magnetic field inhomogeneities,
may be separated into two parts, one of order (ea

0), and
another of order (ea

1). In order to avoid quadratic terms with

simultaneous effects of magnetic field and density inhomo-
geneity, we makeeB→0 in the term of order (ea

1). What
remains is the following:
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We can at this point rewrite the dielectric tensor, adding
together all the terms containingea into a quantity which
will be denoted byxJP , while the term which contains the
magnetic field inhomogeneity will be calledxJB ,

eJ51J1xJB1xJP , ~13!
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A. Evaluation of the velocity and time integrals
appearing in the xIB tensor

The evaluation of the velocity integrals which appear in
thexJB tensor, Eq.~15!, can be analytically performed both in
the weakly relativistic and in the nonrelativistic limit. After
these integrals, the components ofxJB can be written in terms
of the so-called inhomogeneous plasma dispersion function
PDF, as demonstrated elsewhere.7,9 This inhomogeneous
PDF can be related to other well-known plasma dispersion
functions appearing in the case of homogeneous plasmas,
like Fried–Conte or Shkarofskii functions.7,9 For the present
application, we will consider the nonrelativistic limit. For an
isotropic distribution such as Eq.~9!, the nonrelativistic in-
homogeneous PDF may be written as follows:
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of the first kind. The relationship between the inhomoge-
neous PDF and well-known functions from the literature is
particularly useful for computational reasons, since the ana-
lytic properties of these functions are well studied, and many
useful mathematical relationships can be found in the litera-
ture. These features can be illustrated here by the consider-
ation of an example. For instance, let us consider the case of
c5p/2, and harmonicn50. In that case the inhomogeneous
PDF becomes
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where we have introduced the auxiliary functionHn ,

Hn~x![e2xI n~x!. ~18!

For the particular case ofp51, we may use Eq.~69! of
Ref. 18, obtaining
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terms of the derivative of orderr of the Fried–Conte func-
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For other values ofp similar but more complicated expres-
sions may be found.

Complete expressions for the components ofxJB in terms
of the inhomogeneous PDF, for any value ofc, can be found
in Ref. 9. As an example, for completeness, we reproduce
here the expression for the componentsxy and yx of that
tensor:
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B. Evaluation of the velocity integrals appearing in the xIP tensor

In the nonrelativistic limit, the components ofxJP may be written as

xJP5 i(
a

eaXav (
n→2`

1` E
0

`

dt ei (v2nVa(0))tF S c

v

ck'

Va
sinc22maxD IJ (1)22ma

c

Va
~ IJ (2)1 IJ (3)!G , ~23!
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where

IJ (1)5E d3u e2 ickiuitu'
2 gapna* pna ,

IJ (2)5E d3u e2 ickiuitu'
3 gaFJn

2
êypnaGH

,

and

IJ (3)5E d3u e2 ickiuitu'
3 ga@Fna* pna#H.

The evaluation of these integrals requires a large amount
of algebra, and will not be shown here. The final outcome of
the velocity integrals is presented in what follows.

For the IJ (1) components,

I xx
(1)5

1

ma
H F n2

na
2
Hn~na

2 !22na
2H n8~na

2 !G ~12cos2 c!

1cos2 c
n2

na
2
Hn~na

2 !J e2c2k~2/i !t2/(2ma), ~24a!

I Sxy
yxD

~1!
5

1

ma
@2na

2 sinc cosc6 in#H n8~na
2 !e2c2k~2/i !t2/(2ma),

~24b!

I Sxz
zxD

~1!
52 i

ckit

ma
S nVa

ck'

coscHn~na
2 !

6 i sinc
ck'

maVa
H n8~na

2 ! De2c2k~2/i !t2/(2ma), ~24c!

I yy
(1)5

1

ma
H F n2

na
2
Hn~na

2 !22na
2H n8~na

2 !G ~12sin2 c!

1sin2 c
n2

na
2
Hn~na

2 !J e2c2k~2/i !t2/(2ma), ~24d!

I S yz
zyD

~1!
52 i

ckit

ma
S nVa

ck'

sincHn~na
2 !

7 i cosc
ck'

maVa
H n8~na

2 ! De2c2k~2/i !t2/(2ma), ~24e!

I zz
(1)5

1

ma
S 12

c2ki
2t2

ma
DHn~na

2 !e2c2k~2/i !t2/(2ma). ~24f!

In Eqs.~24b!, ~24c!, and~24e!, the upper~lower! component
of tensor IJ (1), is related to the upper~lower! sign of the
imaginary number.

For the IJ (2) components,

I xx
(2)5I xz

(2)5I zx
(2)5I zz

(2)50, ~25a!

I Sxy
yxD

~2!
5

1

2ma
H nVa

ck'

cosc@Hn~na
2 !1na

2H n8~na
2 !#

6 i sinc
ck'

maVa
F ~122na

2 !H n8~na
2 !

1S n2

na
2

21DHn~na
2 !G J e2c2k~2/i !t2/(2ma), ~25b!

I yy
(2)5

nVa

ck'

sinc
1

ma
@Hn~na

2 !

1na
2H n8~na

2 !#e2c2k~2/i !t2/(2ma), ~25c!

I yz
(2)5I zy

(2)52 i
1

2ma

ckit

ma
@Hn~na

2 !

1na
2H n8~na

2 !#e2c2k~2/i !t2/(2ma). ~25d!

For the IJ (3) components,

I xx
~3!5sinc

n

ma

Va

ck'
H cos2 c@22Hn~na

2 !12na
2H n8~na

2 !#

1
n2

na
2
Hn~na

2 !2~112na
2 !H n8~na

2 !J
3e2c2k~2/i !t2/(2ma), ~26a!

I Sxy
yxD

~3!
5

1

2

Va

ck'

1

ma
H n cosc~4 cos2 c23!@Hn~na

2 !

2na
2H n8~na

2 !#6 i sincF S 22
n2

na
2

2n2

1na
2 DHn~na

2 !1~2n21na
2

12na
4 !H n8~na

2 !G J e2c2k~2/i !t2/(2ma), ~26b!

I Sxz
zxD

~3!
52 i

1

2ma

ckit

ma
H 2F S n2

na
2

21DHn~na
2 !

2H n8~na
2 !Gsinc cosc6 inF2cos2cS 1

na
2
Hn~na

2 !

2H n8~na
2 !D 2

1

na
2
Hn~na

2 !12H n8~na
2 !G J

3e2c2k~2/i !t2/(2ma), ~26c!
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I yy
(3)5sinc

n

ma

Va

ck'
H cos2 c@2Hn~na

2 !22na
2H n8~na

2 !#

1S n2

na
2

21DHn~na
2 !

2~na
211!H n8~na

2 !J e2c2k~2/i !t2/(2ma), ~26d!

I S yz
zyD

~3!
5 i

1

2ma

ckit

ma
H F S 22

n2

na
2

11DHn~na
2 !1~na

2

11!H n8~na
2 !12 cos2 cS F n2

na
2

21GHn~na
2 !

2H n8~na
2 !D G7 i F n

na
2
Hn~na

2 !

2nH n8~na
2 !G2 sinc coscJ e2c2k~2/i !t2/(2ma),

~26e!

I zz
(3)5n

Va

ck'

1

ma
sincF12

c2ki
2t2

ma
GHn~na

2 !e2c2k~2/i !t2/(2ma).

~26f!

C. Final form for the xIP tensor and for the effective
dielectric tensor

One must now apply the time integrals that appear in
~23! to the results presented in Eqs.~24!, ~25!, and ~26!. In
doing so, the integrations are again identified with the Fried–
Conte function~20!, and we arrive at the final and compact
expressions for the components of the tensorxJP. Since the
calculations are also lengthy and tedious, but otherwise
straightforward, details are again omitted, and we show in
what follows the final expressions, evaluated at positionx
50:

~xP!xx5sinc
1

ki

ck'

v (
a

S 1

2ma
D 1/2

ea

Xa

Ya
(

n→2`

1`

3F n2

na
2
Hn~na

2 !22na
2H n8~na

2 !sin2 c

2
1

Ya

n

na
2 H 2 sin2 c@Hn~na

2 !2na
2H n8~na

2 !#

1
n2

na
2
Hn~na

2 !2H n8~na
2 !22Hn~na

2 !J GZ~zn!,

~27a!

~xP! Sxy
yxD5

1

ki

ck'

v (
a

S 1

2ma
D 1/2

ea

Xa

Ya
(

n→2`

1`

3F sinc@2na
2 sinc cosc1 in#H n8~na

2 !

2
1

Ya

1

na
2 H n cosc@Hn~na

2 !22 sin2 c@Hn~na
2 !

2na
2H n8~na

2 !##6 i sincF2
n2

na
2
Hn~na

2 !1~n2

1na
2 !H n8~na

2 !G J GZ~zn!, ~27b!

~xP! Sxz
zxD5

1

2

1

ki
(
a

ea

Xa

Ya
(

n→2`

1` H sincYa

3@2ncoscHn~na
2 !7 ina

2 sincH n8~na
2 !#

6 inF cos2 cS 1

na
2

Hn~na
2 !2H n8~na

2 !D
2

1

2na
2
Hn~na

2 !1H n8~na
2 !G1F S n2

na
2

21D
3Hn~na

2 !2H n8~na
2 !Gsinc coscJ Z(1)~zn!,

~27c!

~xP!yy5sinc
1

ki

ck'

v (
a

S 1

2ma
D 1/2

ea

Xa

Ya
(

n→2`

1`

3F n2

na
2
Hn~na

2 !22na
2H n8~na

2 !cos2 c

2
1

Ya

n

na
2 H 2 cos2 c@Hn~na

2 !2na
2H n8~na

2 !#

1
n2

na
2
Hn~na

2 !2H n8~na
2 !J GZ~zn!, ~27d!

~xP! S yz
zyD5

1

2

1

ki
(
a

ea

Xa

Ya
(

n→2`

1` FYa sinc

3@2n sincHn~na
2 !6 ina

2 coscH n8~na
2 !#

1
n2

na
2
Hn~na

2 !2
1

2
H n8~na

2 !2cos2 cF S n2

na
2

21DHn~na
2 !2H n8~na

2 !G6 i F 1

na
2
Hn~na

2 !

2H n8~na
2 !Gn sinc coscGZ(1)~zn!, ~27e!
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~xP!zz5sinc
1

ki

ck'

v (
a

S 1

2ma
D 1/2

ea

Xa

Ya
(

n→2`

1` F1

2
1

Ya

n

na
2GHn~na

2 !FZ~zn!1
1

2
Z(2)~zn!G , ~27f!

where the argument of the Fried–Conte function is

zn5S ma

2 D 1/2~v2nVa~0!!

cki
.

These expressions, together with the components ofxJB

as given by Eq.~22!, must be introduced in Eq.~13! in order
to have the complete expressions for the components of the
effective dielectric tensor. They may appear to be very im-
pressive. However, as we have already demonstrated, for
practical use it is quite straightforward to proceed with the
approximations that are convenient in each case, like select-
ing the most important harmonics, or using the small Larmor
radius approximation. These expressions incorporate inho-
mogeneity effects and preserve the correct symmetry ex-
pected from the dielectric tensor, and the fact that they are
ultimately written in terms of a well-known plasma disper-
sion function adds to their simplicity and utility for use in the
study of plasma waves in situations where inhomogeneity
effects are expected to be important.

In order to demonstrate the use of approximations of
these complete expressions in practical use, we consider in
what follows the case of propagation in they–z plane, which
meansc5p/2, using as an example the component (xP)xx

for the electron population. For waves with frequency in the
vicinity of the lower hybrid frequency, we can keep only
harmonicsn50,61, and neglect the effect of higher har-
monics. From Eq.~27!, we obtain

~xP!xx
e 5

1

ki

ck'

v S 1

2me
D 1/2

ee

Xe

Ye
H 22ne

2H 08~ne
2!Z~z0!

1 (
n561

F 1

ne
2
Hn~ne

2!22ne
2H n8~ne

2!

2
n

Ye

1

ne
2 H 1

ne
2
Hn~ne

2!

2@112ne
2#H n8~ne

2!J GZ~zn!J .

The absolute values of the arguments of the Fried–Conte
functions are

uz6u5Uv6Ve

kive
U.U Ve

kive
U5 l i

r Le
,

where r Le is the electron Larmor radius, andve

5(2Te /me)
1/2. For l i@r Le , it is possible to further neglect

the contribution from then561 terms compared to then
50 contribution, and what remains is simply the following:

~xP!xx
e 52

1

ki

ck'

v S 1

2me
D 1/2

ee

Xe

Ye
2ne

2H 08~ne
2!Z~z0!

52ee

A2

ki
Xene

3H 08~ne
2!Z~z0!, ~28!

where z05(ma/2)1/2v/(cki)5v/(kive). It is important to
remember thatne and Ye are negative quantities, according
to the definitions presented along with Eq.~16!.

III. CONCLUSIONS AND FUTURE DEVELOPMENTS

In the present study we have presented an effective di-
electric tensor to be utilized in the dispersion relation for
electromagnetic waves in weakly inhomogeneous plasmas
with inhomogeneities both in the magnetic field and in other
plasma parameters. This new development follows and uni-
fies previous approaches developed for the case of magnetic
field inhomogeneity with uniform density and plasma
temperature,7–9 and for the case in which the magnetic field
is homogeneous and other plasma parameters can be
inhomogeneous.2–6 The development of this unified ap-
proach, incorporating both gradients of the magnetic field
and of other plasma parameters, will make possible a con-
siderable increase in the range of phenomena to be investi-
gated.

We are presently working on the use of the formulation
reported in the present paper in the investigation of phenom-
ena that occur in regions where the field gradient is predomi-
nantly perpendicular, like the magnetic equator of planetary
magnetospheres or the central region of coronal loops in the
solar corona and chromosphere. Particularly, we are inter-
ested in the cross-field drift instabilities, which are due to
plasma inhomogeneities and are assumed to be important in
the energization phase of magnetotail substorms.17,19,20The
lack of Onsager symmetry of the conventional approach has
already been recognized and corrected in anad hoc
manner,17 and it may be expected that the new expressions
developed here may bring some interesting contribution to
the understanding of the physical picture of the situation. We
intend to report our findings in a forthcoming publication.
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