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Resumo

O atrito é um fenômeno extremamente onipresente, a ponto de que a maior parte do tempo

não percebemos como isso afeta nossas vidas, desde pequenos detalhes até aspectos fun-

damentais. Geralmente é considerado um problema relacionado com a perda de energia

e desgaste das peças das máquinas, mas sem sua existência não ouviríamos o violino, as

unhas seriam inúteis, e a vida não poderia ser possível, pois num regime sem desgaste, o

equilíbrio térmico seria inalcançável. As técnicas experimentais atuais capazes de estudar

a força de atrito, abriram um novo campo de pesquisa envolvendo escalas de comprimento

atômico, chamado de nano-tribologia. Apesar disso, a origem microscópica da força de

atrito permanece principalmente não resolvida até hoje. Nesta tese de doutorado, foi es-

tudada a base da origem da força de atrito, primeiro investigando sua dependência com

a velocidade através do conhecido modelo de Prandtl-Tomlinson para temperatura igual

a zero. A essência da troca de energia, que poderia explicar o surgimento do atrito foi

investigada pela dinâmica entre duas partículas. Uma ligada a uma mola e a outra lançada

em sua direção com certa velocidade, sendo a interação entre elas do tipo gaussiano (curto

alcance). Para simular um substrato mais realista, o sistema de partículas-mola foi esten-

dido para uma disposição periódica de partículas, independentes entre elas, e a partícula

que no primeiro modelo era lançada, foi substituída por uma ponta, geralmente usada para

escanear as superfícies no microscópio de força atômica. A principal técnica utilizada foi

dinâmica molecular, ferramenta ideal para abordar o estudo da dinâmica de sistemas clás-

sicos de muitas partículas.
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Abstract

Friction is an extremely ubiquitous phenomenon, to the point that most of the time we do

not realize how it affects our lives, from tiny details to fundamental aspects. It is usually

regarded as a nuisance related with the loss of energy and wear of machine parts, but

without it, we would not hear the violin, the nails would be useless, and life could not

be possible because in a wearless regime, the thermal equilibrium would be unattainable.

The current experimental techniques able to study friction forces, opened a new field of

research involving atomic length scales, called nano-tribology. Despite this, the micro-

scopic origin of friction force remains mostly unsolved until date. In this PhD thesis, was

studied the basis of the origin of the friction force, first investigating its dependence with

the velocity through the well-known Prandtl-Tomlinson model for zero temperature. The

essence of the energy exchange that could explain the emergence of friction was inves-

tigated by the dynamics between two particles. One attached to a spring and the other

sliding in its direction with a certain speed. The interaction between them represented

by Gaussian potential (short range). To simulate a more realistic substrate, the spring-

particle system was extended to a periodic arrangement of particles, independent between

them, and the particle that was thrown against it was replaced by a tip, generally used to

scan the surfaces on the atomic force microscope. The main used technique was molecu-

lar dynamics, an ideal tool to address the study the dynamics of many particles classical

systems.
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Structure of the thesis

This thesis is organized as follows: The first chapter is an introduction to the subjects

of friction, the origin of its concept, why is important, the macroscopic and microscopic

friction, and the first experiments. In the second part of this chapter I describe the mod-

ern experimental techniques used to the study of friction. The second chapter presents

the theoretical previous research, such as the Prandtl-Tomlinson model and its velocity-

friction relation, mostly used to develop the present work, as well as a brief presentation

of the Frenkel-Kontorova Model. The third chapter is dedicated to present the specific

models proposed in this thesis, and the main technique and algorithms used to solve the

differential equations. Chapter four is devoted to the results, and is comprised by three

sections: The first one presents our analysis of the dependence of friction with velocity

for the Prandtl-Tomlinson Model. The second one, the results of the first model, and the

third one, the results of the second model. The last chapter summarizes the results and

conclusions of the thesis.

1
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Chapter 1

Introduction

The study of sliding friction is one of the oldest problems in physics, and certainly a very

important one from a practical point of view, whose fundamental origin has been studied

for centuries and still remains controversial [1, 2, 3]. It was in March 9, 1966, that the

word and concept of tribology were first enunciated to an unsuspecting world in the Jost

report by the British Department (Ministry) of Education and Science [4]. In it, tribol-

ogy, derived from the Greek tribos rubbing, was defined as “The science and technology

of interacting surfaces in relative motion - and of associated subjects and practices”.

Largely because of its multidisciplinary nature, the concept of tribology had been univer-

sally neglected, or even overlooked. As a direct result of this neglect, the development of

mechanical engineering design had been retarded, and vast sums of money had been lost

through unnecessary wear and friction and their consequences.

Richard P. Feynmann wrote in 1963 "It is quite difficult to do accurate quantitative

experiments in friction, and the laws of friction are still not analyzed very well, in spite

of the enormous engineering value of an accurate analysis". Most recently estimates,

improved attention to friction and wear would save developed countries up to 1.6 % of

their gross national product, or over $100 billion annually in the US alone [2, 5]. On the

other hand, there are situations where it is desired to increase the friction (braking) rather

than decrease it. For this reason, having control on friction can come only through a deep

understanding of the microscopic bases of it [6] [1, 7, 8, 9]. Low friction surfaces have

increased demand for high-technology components such as computer storage systems,

small engines and aerospace devices. Without friction there would not be violin music

and it would be impossible to walk or drive a car. Nevertheless, many aspects of sliding

3
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friction are still not well understood with what is beginning to emerge an understanding

of friction at an atomic level.

But why is so little known on the topic? The answer lies primarily in the fact that fric-

tion and wear are surface and interfacial phenomena which occur at a myriad of buried

contacts which not only are extremely difficult to characterize, but are continuously evolv-

ing as the microscopic irregularities of the sliding surfaces touch and push into one an-

other [10].

Despite that, in the last decades much progress has been made in the fundamental

understanding of the origin of friction [11, 12].

Dry friction is perhaps the simplest but most fundamental type of friction in tribology.

Involves many interesting and complex physical phenomena,such as adhesion,wetting,atom

exchange,elastic and plastic deformation,and various energy damping progresses. The un-

derstanding of all these phenomena aims to increase the control over the mechanisms of

friction and thus reduce the loss of energy.

In the last years, theoretical models for atomic friction, mostly based on the early work

of Prandtl-Tomlinson [13, 14], and Frenkel-Kontorova [15, 16, 17] were proposed. The

advantage of such models resides in being simple and yet retaining enough complexity to

exhibit interesting features [12, 18, 19, 20, 21, 22, 23, 24]. Such models have allowed to

explain essential features of atomic-scale friction, where the dissipated energy and friction

force have been revealed indirectly from stick-slip motion.



1.1. OBJECTIVE 5

1.1 Objective

The objective of this doctoral thesis, foremost is to achieve a better understanding of the

nanoscopic origin of the frictional force. To achieve this, first, it was studied in depth,

the 1D Prandtl-Tomlinson model for T = 0 and the dependence of the friction force with

velocity. Then, two models were developed. The first consisting in two particles (one free

to move and the other attached to a spring) and the second in an arrangement of particles

simulating a tip-substrate system in an AFM microscope. These two models try to explain

the essence of the energy exchange that could originate the emergence of friction.

1.2 Friction: A very old problem

More than 400.000 years ago, our hominid ancestors in Algeria, China and Java were

making use of friction when they chipped stone tools [26]. By 200.000 B.C.E., Ne-

anderthals had achieved a clear mastery of friction, generating fire by the rubbing of

wood on wood and by the striking of flint stones. Significant developments also occurred

5.000 years ago : Egyptian tomb drawings suggest that wetting the sand with water may

influence the friction between a sled and the sand (Fig. 1.1), although the significance

of the person wetting the sand has been much disputed, it was show experimentally [27]

that the sliding friction on sand is greatly reduced by the addition of some —but not too

much— water. The formation of capillary water bridges increases the shear modulus of

the sand, which facilitates the sliding. Too much water, on the other hand, makes the

capillary Bridges coalesce, resulting in a decrease of the modulus; and that the friction

coefficient increases again. This show that the friction coefficient is directly related to

the shear modulus; having important repercussions for the transport of granular materi-

als [28]. This is an important issue, since the transport and handling of granular materials

is responsible for around 10 % of the world energy consumption [29].

Modern tribology began perhaps 500 years ago, when Leonardo da Vinci deduced

the laws governing the motion of a rectangular block sliding over a flat surface (Fig. 1.2.

(Da Vinci’s work had no historical influence, however, because his notebooks remained

unpublished for hundreds of years.)
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Figure 1.1: Wall painting from 1880B.C. on the tomb of Djehutihotep. The figure standing at the
front of the sled is pouring water onto the sand(from Ref. [27]).

Figure 1.2: Leonardo da Vinci’s studies of friction. Sketches from the Codex Atlanticus and the
Codex Arundel showing experiments to determine: (a) the force of friction between horizontal and
inclined planes; (b) the influence of the apparent contact area upon the force of friction; (c) the
force of friction on a horizontal plane by means of a pulley and (d) the friction torque on a roller
and half bearing (from Ref. [30])

1.3 The Standard Model of Dry Friction

From Da Vinci to Amontons-Coulomb Laws

In the 17th century the French physicist Guillaume Amontons rediscovered the da
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Vinci’s laws of friction after he studied dry sliding between two flat surfaces.

Amontons’s conclusions helped to constitute the classic laws of friction. First, the

frictional resistance is proportional to the load. Second, and perhaps counter-intuitively,

the amount of friction force does not depend on the apparent area of contact of the sliding

surfaces: a small block sliding on a surface experiences as much friction as does a large

block of the same weight (see Fig. 1.3,1.4).

Figure 1.3: EARLY STUDIES OF FRICTION, such as those done in the 18th century by the
French physicist Charles-Augustin de Coulomb, helped to define the classical laws of friction and
attempted to explain the force in terms of surface roughness, a feature that has now been ruled out
as a significant source (from Ref. [30]).

To these rules is added a third law, attributed to the 18th century French physicist

Charles-Augustin de Coulomb (better known for his work in electrostatics): the friction

force is independent of velocity once motion starts. No matter how fast you push a block,
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Figure 1.4: Coulomb’s representation of rough surfaces, published in 1785 (from Ref. [30])

it will experience nearly the same amount of resistance. Amontons’s and Coulomb’s clas-

sical friction laws have far outlived a variety of attempts to explain them on a fundamental

basis in terms of, say, surface roughness or molecular adhesion (attraction between parti-

cles in the opposing surfaces).

Consider a solid block-slider lying on a solid flat track (Fig. 1.5); let F be the normal

loading force (F may be the weight Mg of the slider) and f the pulling force parallel to

the surface of contact of nominal area A0. Starting from rest, it takes a minimum force

Figure 1.5: Contact between two solid blocks pressed together with a net force F . The pulling
force f is parallel to the solid-solid interface. When focusing on the interface the effective contact
appears as made of localized patches whose total area is much smaller than the nominal area of
contact (from Ref. [33])

fs = µsF to move the slider: µs is the static friction coefficient (Fig. 1.6).

When a steady sliding motion with velocity v is reached, the friction force fd = µdF :

µd is the dynamic friction coefficient (Fig. 1.6). The classical Amontons-Coulomb’s laws

state that:
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Figure 1.6: Experimental determination of the friction coefficients for paper- paper. At t = 0 the
slider of mass M is put in contact with the track ; after a while, the pulling force f is increased from
zero at constant velocity; after a time t = τstick , f = fs = µsMg and the slider moves. Here, after
a transient, the slider achieves steady sliding; the friction force is then f = fd = µdMg < fs(from
Ref. [33])

• both µs and µd are independent of F and A0;

• µs and µd only depend on the two materials in contact and is usually in the range

0.1-1 ;

• usually µs > µd.

1.3.1 The microscopic approach of Bowden & Tabor

A further advance in our understanding of dry friction, in the middle of the twentieth cen-

tury is bound to two names: Bowden and Tabor [31]. They were the first to advise the

importance of the roughness of the surfaces of the bodies in contact [32]. In 1949, Bowden

and Tabor proposed a concept which suggested that although independent of friction with

the apparent macroscopic contact area A0, is in fact proportional to the true and effective

contact area Aeff which they called asperities or junctions. That is, the microscopic irreg-

ularities of the surfaces touch and push into one another and the area of these contacting

regions (Fig. 1.7) is directly proportional to the friction force. Also, they suggested that

the origin of sliding friction between clean, metallic surfaces is explained through the for-

mation and shearing of these junctions. According to this understanding, the coefficient
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of friction is approximately equal to the ratio of critical shear stress to hardness and must

be around 1/6 in isotropic, plastic materials. For many non-lubricated metallic pairings

(e.g. steel with steel, steel with bronze, steel with iron, etc.), the coefficient of friction

actually does have a value on the order of µ ∼ 0.16 . The works of Bowden and Tabor

triggered an entirely new line of theory of contact mechanics regarding rough surfaces.

As pioneering work in this subject we must mention the works of Archard (1957) [34],

who concluded that the contact area between rough elastic surfaces is approximately pro-

portional to the normal force. Further important contributions were made by Greenwood

and Williamson (1966) [35], Bush (1975), and Persson (2002) [36]. The main result of

these examinations is that the real contact areas of rough surfaces are approximately pro-

portional to the normal force, while the conditions in individual micro-contacts (pressure,

size of micro-contact) depend only weakly on the normal force.

Figure 1.7: Contact area asperity between two surfaces

1.4 Experimental Techniques

The current experimental techniques, capable of study the frictional force that results

when islands of atoms, or mono- or bi layers slide over a crystalline substrate, have been

opened a new research field involving atomic length scales, called nanotribology. The

most important result of the experiments is that the atomic scale friction turns out to

be viscous, i.e., the friction force is proportional to velocity [37] [20]. In this scale,

the vibrations of the layer (phonons) and the electronic substrate excitations (drag of the

charge density) are two potentials sources of energy dissipation [38, 39], which is translate

as frictional force. However, there is no direct experimental evidence in favor of one or
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other of these mechanisms. Electronic friction is, in general, always present, be an atom

that slides or a chain. It can be modeled as mγv (where m is the mass of the atoms,

γ the electronic friction coefficient and v the sliding velocity) for each of sliding atom,

regardless of their number. But if more than one atom is present, it is possible to redirect

the sliding energy (of the center of mass) into the system (internal vibrations), due to

the interaction (non-linear) with the substrate, which gives rise to the so called phononic

friction.

In the last few decades, however, the field of nanotribology was established by intro-

ducing new experimental tools, which made the nanometer and atomic scales accessible

to tribologists [40, 41, 42, 43]. One of the basic ideas of nanotribology is that for a bet-

ter understanding of friction in macroscopic systems, the frictional behavior of a single-

asperity contact should be investigated first. It is the hope that once the atomic scale

manifestations of friction at such a nanometer-sized single asperity have been clarified,

macroscopic friction could be explained with the help of statistics.

Table 1.1: Comparison of typical operating parameters in SFA, STM, and AFM/FFM used for
micro/nanotribology studies, from Ref. [40]

Operating parameter SFA STM AFM/FFM
Radius of mating sur-
face/tip

10mm 5-100 nm 5-100 nm

Radius of contact area 10-40µm N/A 0.05-0.5 nm
Normal load 10-100mN N/A < 0.1-500 nN
Sliding velocity 0.001-100µm/s 0.02-200µm/s (scan size

∼ 1 nm x 1 nm
to 125µm x 125µm; scan
rate < 1-122Hz )

0.02-200µm/s
(scan size ∼ 1 nm
x 1 nm to 125µm
x 125µm; scan
rate < 1-122Hz )

Sample limitations Typically atomically-
smooth, optically trans-
parent mica; opaque
ceramic, smooth surfaces
can also be used

Electrically-conducting
samples

None

The emergence and proliferation of proximate probes: as the surface force apparatus

(SFA), the scanning tunneling microscopes (STM), atomic force and friction force mi-

croscopes (AFM and FFM), and of computational techniques for simulating tip-surface

interactions and interfacial properties, have led to the appearance of the new field of nan-

otribology, which pertains to experimental and theoretical investigations of interfacial

processes on scales ranging from the atomic —and molecular— to the microscope, oc-
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curring during adhesion, friction, scratching, wear, indentation, and thin-film lubrication

at sliding surfaces [44, 45]. Typical operating parameters are compared in Table 1.1.

1.4.1 Surface Force Apparatus (SFA)

The SFA was developed in 1968 and is commonly employed to study both static and

dynamic properties of molecular thin films sandwiched between two molecular smooth

surfaces. Consists in a block which is pressed against a surface on which exists a lubricat-

ing film (Fig. 1.8). The material used for the block and the table is mica, it can be highly

polished. In this instrument, the regulation of normal force F controls the thickness of the

lubricant D allowing to achieve a very thin layer of lubricant. Many researches with the

ASF have shown that the type of structure formed between two surfaces determines the

friction behavior.

Figure 1.8: Illustration of the principle of the surface-force apparatus (SFA) for measuring the
normal forces, F, and friction of shear forces f , between two smooth surfaces of area A, separated
by a thin liquid film of thickness D. An optical interference technique allows the shapes of the sur-
faces and their separation, D, to be accurately monitored during force and friction measurements
(from Ref. [44]).
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1.4.2 Scanning Tunneling Microscopes (STM)

The Scanning tunneling microscope was invented by Gerd Binnig and Heinrich Rohrer of

IBM’s Zurich in 1981 and was the first instrument capable of generating actual images of

surfaces with atomic resolution. In 1986 its inventors won the Nobel Prize in Physics [46].

The microscope allows to get atomic resolution of electrically conductive surfaces and has

been used to clean surfaces pictures as well as of lubricant molecules [45]. According to

Fig. 1.9, the STM is composed of a thin needle coupled to a piezoelectric crystal. This

crystal has the ability to generate voltage in response to mechanical pressure. Thus, a

potential difference is applied between the needle and the material analyzed. When the

tip is placed very close to the sample surface in nanometer-scale approach, the sample

surface of the electrons begin to tunnel to the tip of the needle and vice-versa, depending

on the applied voltage polarity. When this happens, the tunneled electrons emit a small

electrical current (tunneling current). By measuring this electric current, we obtain a

topographic image of the surface with an atomic resolution.

Figure 1.9: Diagram of the Scanning Tunneling Microscope
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1.4.3 Atomic Force and Friction Force Microscopes (AFM/FFM)

From a modification of the scanning tunneling microscope (STM), combined with a Sty-

lus profilometer (instrument to measure the roughness on a microscopic scale) Binnig,

Quate, and Gerber [47], developed the AFM in 1986. The experimental set-up of an

AFM/FFM is shown in Fig. 1.10; it is based on the so-called laser beam deflection method.

Cantilever deflection (i.e. normal force) and torsion (friction) of the cantilever are mea-

sured simultaneously by detecting the lateral and vertical deflections of a laser beam while

the sample is scanned in the x–y-plane. The laser beam deflection is determined using a

four-quadrant photo diode: if A, B, C and D are proportional to the intensity of the inci-

dent light of the corresponding quadrant, the signal (A + B)-(C + D) is a measure for the

deflection and (A +C)-(B + D) a measure for the torsion of the cantilever. A schematic

of the feedback system is shown by solid lines. The actual deflection signal of the photo

diode is compared with the set point chosen by the experimentalist. The resulting error

signal is fed into the PID controller (’PID’ stands for a feedback electronics that uses

a proportional, an integral, and a differential control part), which moves the z-position

of the scanner in order to minimize the deflection signal. Thanks to the FFM measure-

Figure 1.10: Experimental set-up of an AFM/FFM based on the laser beam deflection method
(from Ref. [41]).

ment, it was revealed t,0hat the friction laws for a single asperity are different from the

macroscopic friction laws. The main result, confirmed by several experiments is that

the frictional force at the nanoscale shows a sawtooth behavior, often known as atomic

stick-slip [37]. This phenomenon can be reproduced by means of models of classical
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mechanics [13, 14, 48, 49, 50].

1.4.4 Quartz Crystal Microbalance (QCM)

The Quartz Crystal Microbalance (QCM) (Fig. 1.11) is an instrument that operates on a

time scale short enough to detect phonons, whose lifetimes are typically no longer than

a few tens of nanoseconds [2]. It has been in use for microweighing purposes and other

applications, and modified to study sliding friction of adsorbed layers on metal surfaces in

the mid 1980’s by Widom and Krim [51]. It works by oscillating a single crystal of quartz,

since this material has very little internal dissipation (or friction). As a result it oscillates

at an extremely sharp resonance frequency. The oscillations are driven by applying a

voltage to thin metal electrodes that are deposited on the surface of the quartz in a manner

that produces a crystalline texture. Materials are chemisorbed onto metal electrodes that

are grown in ultrahigh vacuum (UHV) conditions onto microbalance. The extra mass of

the adsorbed layer lowers the resonance frequency of the microbalance, and the resonance

is broadened by any frictional energy dissipation due to relative motion of the adsorbed

layer and the microbalance. Changes in the vibrational properties of the quartz indicate

how much the deposited layer slips over the substrate. By simultaneously measuring the

shift in frequency and the broadening of the resonance, the sliding friction of the layer

with respect to the metal substrate can be deduced. The friction can be measured only if it

is sufficiently low so as to result in significant sliding. The QCM can, therefore, measure

friction between the electrode and a few layers of the chemisorbed material, and provide

slip times and interfacial friction coefficients [52].
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Figure 1.11: Front (a) and side (b) views of a QCM. The shaded regions represent metal electrodes
that are evaporated onto the major surfaces of the microbalance. Molecularly thin solid or liquid
films adsorbed onto the surface of these electrodes (which are parallel to the x–z plane) depicted
in (c) may exhibit measurable slippage at the electrode-film interface in response to the transverse
shear oscillatory motion of the microbalance. The experiment is not unlike pulling a tablecloth
out from under a table setting, whereby the degree of slippage is deter- mined by the friction at the
interface between the dishes (i.e. the adsorbed film material) and the tablecloth (i.e. the surface of
the electrode)(from Ref. [2]).
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Theoretical Foundations

A large variety of theoretical approaches have been adopted to study processes at surfaces

from a microscopic point of view [20]. The key goal of these approaches is to explain the

experimental findings and to predict new phenomena. In this regard, there are two ways

to approach the problem: trying to analyze atomic processes and structures in great detail

and keeping a close quantitative relation to real systems and experiments, or we can go for

“simple (minimalist) models”, based on simplified interatomic interactions and focus only

on the most relevant degrees of freedom of the system, trying to retain the most important

features. The advantage of the second approach is that they are computationally cheap

and simple enough to enable us to work out the general mechanisms of the problem, and

to provide a deeper physical understanding of the processes at play. These models can

explain phenomena of high complexity and allowed to make predictions which were later

verified experimentally.

2.1 Prandtl-Tomlinson Model

The development of experimental methods to investigate friction processes at the atomic

scale with numerical simulation methods announced a dramatic increase in the number of

studies in the area of friction between solids at the atomic scale.

One of the main results, confirmed by several experiments [53, 54], is that the friction

force on the nanometer scale exhibits a saw-tooth behavior, commonly known as “stick-

slip” motion. This observation can be theoretically reproduced within classical mechanics

using the Prandtl-Tomlinson model [14].

17
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Over many years, this model has been referred as the “Tomlinson model" even though

the paper by Tomlinson did not contain it. In fact, it was Ludwing Prandtl who suggested

in 1928 a simple model for describing plastic deformation in crystals [13]. His contribu-

tions were more associated with fluid mechanics [55], mechanics of plastic deformations,

friction, and fracture mechanics [56]. In order to correct this historical error, in 2003

Müser, Urbakh, and Robbins, published a fundamental paper [57] in which the mentioned

model was termed “Prandtl-Tomlinson Model" [58]. Indeed, the Prandtl-Tomlinson (PT)

model has received some renewed attention, as can be seen for example in modeling the

aging effect on friction at the atomistic scale [59]. On the other side, Makkonen [3],

using a phenomenological thermodynamic approach, connected microscopic quantities

obtained by means of AFM, like the adhesion surface energy, with the macroscopic dry

friction coefficient. Although the approach seems very promising in predicting real mate-

rials coefficients, it does not provide a microscopic explanation of friction.

The model can explain the occurrence of static and kinetic friction, the origin of the

stick-slip behavior observed in the experiments and the transition to sliding states. It has

been successfully used to describe the movement of the tip and to model the scanning

process in AFM [60, 61, 62]. Here, we illustrate the properties of this model and its

extraordinary versatility to capture the nonlinear nature of frictional dynamics. Consider

the Prandtl-Tomlinson model in one dimension and at temperature T = 0. A cantilever

tip of mass m interacts with the surface via a periodic potential VTS and is attached by a

spring of elastic constant K to a support (cantilever) moving at constant velocity vc along

the x direction (see the sketch in Fig. 2.1).

For the 1D case we choose VTS of the form:

VTS(x) = U0[1− cos(2πx/a)] (2.1)

where a is the lattice constant of the substrate. The elastic interaction between the tip

and the support is

Vel(x) =
1

2
k(x− xs)2 (2.2)

where the support position xs is

xs = vct (2.3)
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vc t

a

m,k

2U0

Figure 2.1: Sketch of the 1D Prandtl-Tomlinson model for atomistic friction. The cantilever tip of
mass m and constant k is moving at constant velocity vc. The surface is represented as a potential
with corrugation U0 and period a

It is assumed that the tip is a point-like object, representing the average over many atoms

of the real tip-surface contact. Energy dissipation in this model is introduced by adding

a damping term proportional to the tip velocity in the equation of motion. Thus, the

equation of motion in 1D becomes

mẍ+mηẋ = −2πU0

a
sin(

2πx

a
)− k(x− vct) (2.4)

The solution of Eq. 2.4 is periodic, with period na/vc [63]:

x(t+ na/vc) = x(t) + na, for integer n. (2.5)

Typically n = 1 for not too small η, while in the strongly underdamped regime the

periodicity of the solution can be an integer multiple of the lattice constant. All energy

dissipation during sliding —whether it is due to phonons or due to electronic excitations—

is considered by a simple damping term that is proportional to the sliding velocity. This

simplification of the atomic-scale energy dissipation process is justified by the assumption

that there is no energy dissipation if the tip sticks (ẋ ≈ 0), but energy dissipation will

occur as soon as the tip moves [64, 65]. The damping η is often an unknown parameter



20 CHAPTER 2. THEORETICAL FOUNDATIONS

in experiments and thus one has to adopt an ad hoc choice. Usually a critical damping,

η = 2
√
k/m [62] is assumed in order to reduce the oscillations of the tip and to avoid

multiple jumps. The underdamped regime is, however, characterized by a very complex

dynamical behavior [63]. The character of the motion in the Prandtl-Tomlinson model

crucially depends on the interplay between the tip-substrate potential (Eq. 2.1) and the

elastic potential (Eq. 2.2), or more specifically on the value of the cantilever stiffness k

and of the surface corrugationU0. The main mechanism of energy dissipation in the model

is determined by these elastic instabilities, and therefore we expect a more pronounced

contribution to kinetic friction in the stick-slip regime. The lateralforceFx to move the

tip in the x direction can be calculated from

Fx = k(vct− x) (2.6)

A typical behavior of the position, velocity and the lateral force of the tip, obtained

by solving Eq. 2.4 numerically is shown in Fig. 2.2, 2.3 and 2.4 for two values of U0,

one below and the other above the threshold U0 = 1, when, the behavior goes from being

sliding to stick − slip.

Figure 2.2: Time behavior of the tip coordinate (rescaled to the lattice parameter a), for two values
of the reduced corrugation: U0 = 0.5 (below the threshold) and U0 = 3 (above the threshold).
While the tip coordinate slides continuously and the lateral force is smooth for U0 = 0.5, stick-
slip occurs for U0 = 3, and the tip velocity has sharp peaks corresponding to the slip events. The
scanning velocity used in the simulations is vc = 0.08 and the damping is assumed to be critical
(η = 2). All quantities are in dimensionless units.
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Figure 2.3: Time behavior of the tip velocity for the same conditions as Fig. 2.2.

Figure 2.4: Time behavior of the lateral force for the same conditions as Fig. 2.2.
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As can be seen in Fig. 2.5 and 2.6, the dynamics of the Prandtl-Tomlinson model

is very sensitive to the choice of the damping: when η = 0 there are many oscillations

with different frequencies. Whereas in the damped case, the behavior is smoother. The

parameter U0 is which regulates the transition between the sliding motion and stick-slip

and thus between high and low friction.

Figure 2.5: Comparison of the tip coordinate (rescaled to the lattice parameter a) for the undamped
and the critically damped case, for U0 = 3. The cantilever scanning velocity is vc = 0.08. All
quantities are in dimensionless units.

Figure 2.6: Comparison of the lateral force (rescaled to the lattice parameter a) for the undamped
and the critically damped case, for U0 = 3. The cantilever scanning velocity is vc = 0.08. All
quantities are in dimensionless units.

A work carried out by Socoliuc [66] using this model (Fig. 2.7) shows the comparison
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between experimental results for different loads values compared to simulations of Eq. 2.6

for different values of U0 (effective corrugation). The qualitative behavior is the same,

and interestingly, the behavior of the stick-slip movement and its hysteresis becomes less

evident as the load U0 decreases. These results are very significant, because they suggest

a way to control the friction in nanoscale without the use of lubricants, emphasize the

strength of the Prandtl-Tomlinson model in the description of dynamic friction.

Figure 2.7: Lateral force as a function of the tip position, as obtained by AFM experiments on
NaCl(a-c) and by simulations of the Prandtl-Tomlinson model (d-f). The normal applied loads in
the experiments are Fload = 4.7nN (a), Fload = 3.3 (b) and Fload = −0.47 (c), while the values
of U0 are U0 = 5 (d), U0 = 3 (e) and U0 = 1 (f). Notice the transition from stick-slip to sliding
by decreasing the load in the experiments and by decreasing the effective corrugation U0 in the
simulations [66].

2.1.1 Velocity Dependence of Friction

As it was already mentioned in the introduction, the empirical laws of macroscopic fric-

tion cannot always be applied at the atomic level. One of them is the dependence of

friction with velocity. In this respect, several models and a varied of conclusions have

emerged and still controversy continues.

In the original experiments of Mate et al. [53] the authors observed that the frictional

force on a tungsten tip sliding on the basal plane of graphite for small loads shows little

dependence on velocity for scanning velocities up to 400 nm/s. On Zworner (1998) [64]

paper, the authors show the results of the velocity dependence of the friction at the contact
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point between the tip and the substrate (Fig.2.8). The experimental results were obtained

using a frictional force microscope. It was found that the frictional forces are independent

of the sliding velocity, even in the nanometer scale for all sliding speeds performed, as

long as the sliding movement of the tip be faster than the sliding velocity.A similar behav-

ior has also been reported in the work of Zworner et al. [64] for velocities up to several

µm/s, where friction on different carbon structures has been studied. The authors of [64]

claim that a 1D Prandtl-Tomlinson model at T = 0 can reproduce a velocity independent

friction force for scanning velocities up to ∼ 1µm/s, while giving rise to linear increase

of friction for higher velocities. They conclude that Ffric is nearly constant in this range

of low velocities. With increasing sliding velocity, the frictional force is just proportional

to vc owing to the viscous damping Ffric ∼ γxvc which is indicated by the dashed line.

 1

 10

 100

 0.01  0.1  1  10  100  1000

F
fr

ic
 [

n
N

]

vc [µm/s]

Zworner et al.
2.25 + 0.06325vc
γx vc

Figure 2.8: Data extracted from Zworner et al. [64] showing the frictional force (Ffric) as a func-
tion of the sliding velocity (vc), along with the analytic expressions of the two limiting regimes.

Other works claim a logarithmic increase in the friction force with velocity, attributed

to thermal activation [67, 71, 37, 72, 73, 74, 75]. Fusco and Fasolino [20] have shown

that an appreciable velocity dependence of the friction force, for small scanning velocities

(from 1 nm/s to 1µm/s), is inherent to the Prandtl-Tomlinson model, having the form of

a power-law Ffric − F0 ∝ v
2/3
c . (Figure 2.9)

Depending on the investigated systems and/or models, on the simulation techniques

and/or conditions, different and somewhat contradictory results have been found on this

subject [20], even when using the same model.
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Figure 2.9: Data extracted from Fusco and Fasolino [20] showing the friction force (Ffric) as a
function of the sliding velocity (vc), plotted on a linear (top) and on a log-log scale(bottom), in the
same way it was presented in the original article.

2.2 The Frenkel-Kontorova Model

The Frenkel-Kontorova model is one of the most simplest and rich models in classical me-

chanics. Involves a system shown in Fig. 2.10 where a one-dimensional chain of atoms

connected by springs of average length a interact with a harmonic potential in period b

[15]. The model was introduced at first to study dislocation in crystals, but it soon proved

useful in studying the mechanism of friction such as the origin of static friction and ef-

fect of structural commensurability. The simplicity of the model, due to the assumptions

of the harmonic interatomic force and sinusoidal on-site (substrate) potential, as well as

its surprising capability to describe a broad spectrum of nonlinear, physically important

phenomena, such as propagation of charge – density waves, the dynamics of absorbed

layers of atoms on crystal surfaces, commensurable–incommensurable phase transitions,

domain walls in magnetically ordered structures, etc., have attracted a great deal of at-

tention from physicists working in solid state physics and nonlinear physics [76]. One of

the important features which can explain why the FK model has attracted much attention

in different branches of solid state physics is the fact that in the continuum-limit approx-

imation the model reduces to the exactly integrable sine-Gordon (SG) equation which

possesses nice properties and allows exact solutions describing different types of nonlin-

ear waves and their interaction. In particular, the SG equation gives us an example of a

fundamental nonlinear model for which we know almost everything about the dynamics

of nonlinear excitations. As is known, the SG system describes simultaneously three dif-

ferent types of elementary excitations, namely phonons, kinks (topological solitons), and
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breathers (dynamical solitons), whose dynamics determines the general behavior of the

system as a whole. And, although the FK model is inherently discrete and not exactly

integrable, one may get deep physical insights and significantly simplify the understand-

ing of its nonlinear dynamics using the language of the SG quasi-particles as weakly

interacting nonlinear excitations. Discreteness of the FK model manifests itself in such

a phenomenon as the effective periodic potential, known as the Peierls—Nabarro relief,

affecting the quasi-particle motion.

Figure 2.10: Schematic of the Frenkel-Kontorova model.

The dimensionless equation of motion for the atomic chain can be written as

ẍj + γẋj = (xj+1 − 2xj + xj−1)− λsin2πxj + F (2.7)

with j = 1, 2, ..., N and xj is the position of the jth atom, γ denotes the internal damp-

ing coefficient in the atomic chain, λ = V/k represents a normalized potential strength

equal to the magnitude of the sinusoidal potential divided by the spring stiffness k, and F

is an external driving force. The contour conditions are:

xj+N = xj + 2πM

where M is an integer number. This conditions imply that the mean of the particles density

1/c is constant:

c = 2π
M

N
(2.8)

because of the symmetry, c is restricted to [0, π]. Several studies were carried out

using the above equation and friction as the focus, among them: in the super-damped
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regime for large N [77, 78, 79], at the limit with damping and external force equal to zero

[80]; in the sub-damping regime for small N [81, 82]; in the generalized under-damped

regime with large N and c near 0 and π [83]. But the most relevant fundamental work is

that of Strunz and Elmer [84]. This work differs only in the fact that c is not restricted

to any value in relation to the values studied in [83]. They find that Eq. 2.7 has stable

and unstable solutions, describing respectively two types of regular slip states: uniform

slip states and non-uniform slip states. Fig. 2.11 shows these states. The force versus

velocity characteristic curve shows stable and unstable solutions. Macroscopically, this

curve would have linear character of type F = γv. However, resonance of the chain of ad-

atoms for certain speeds of sliding results in the formation of phonons and consequently

peaks in the characteristic curve

Figure 2.11: Velocity-force characteristic. Solid (dotted) lines indicate stable (unstable) solutions.
The smaller graph represents analytic solutions found. Arrows indicate resonant peaks, from
Ref. [84].

The model was widely used to answer issues like how the energy dissipates on the

substrate, which is the main dissipation channel (electronic or phononic), and how the

phononic sliding friction coefficient depends on the corrugation amplitude [85, 86, 87].

In the work of [25], the authors used the FK model of an adsorbate-substrate interface to
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calculate the phononic friction coefficient. They investigated the system, for different sub-

strate/adsorbate commensuration ratios in order to address how the phononic friction (and

therefore the sliding friction) depends on the commensuration ratio between substrate and

adsorbate. And demonstrate that the phononic friction coefficient depends quadratically

Figure 2.12: Total friction coefficient from different commensuration ratios (from Ref. [25])

on the substrate corrugation amplitude, but is a nontrivial function of the commensuration

ratio between substrate and adsorbate (Fig. 2.12).

In reference to this last subject, and from a experimental point of view, a recent work

was published [88] where the authors investigate the isotopic role on the dissipative

forces acting at the nanoscale in order to overcome the problem of the surface coverage

ratio effect on the friction phenomenon.

They discuss the issue of friction between a diamond spherical dome sliding on amor-
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phous carbon thin films containing different amounts of deuterium and/or hydrogen that

modifies the phonon-only distribution. Being more specific, the experimental results take

into account the physical contact under pressure arising between two sliding surfaces in

relative motion. They show that the friction coefficient decreases by substituting hydro-

gen by deuterium atoms. This result is consistent with an energy dissipation vibration

local mechanism from a disordered distribution of bond terminators.
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Chapter 3

Models and Methods

In this work, in addition to explore the Prandtl-Tomlinson Model to analyze the depen-

dence of the friction with velocity, two one-dimensional models were proposed to rep-

resent the interaction between a substrate and a AFM microscope tip. In both cases, the

substrate is represented by independent harmonic oscillators. In the first model only two

particles are considered and in the second the substrate is represented by a chain of par-

ticles. The interaction between the tip and the substrate is a short-range Gaussian type

potential. In no case is any type of "ad-hoc" dissipation considered.

3.1 First Model: Energy exchange in a two particles system

The first model consists of two particles: a mass that is thrown to move past another one,

which is attached to a spring (Fig. 3.1). The interaction between the particles is nonlinear

and short-ranged. For simplicity, the motion is considered in one dimension, but the free

particle can overcome the bound one because the interaction potential between them has

a finite maximum. This seemingly unreal situation is a simplified model of a particle

sliding on top of another, where the transverse movement is not taken into account. The

asperity is represented by a single free particle and the substrate by a harmonic oscillator.

As shown in Fig. 3.1 the free particle is impelled from a region where it is not affected by

the presence of the oscillator, until eventually it interacts with it. This local interaction is

repulsive, short ranged, and with a finite maximum; for simplicity a Gaussian is used for

the interaction potential.

31
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Figure 3.1: Schematic representation of the two particle model.

Therefore the proposed model is represented by the Hamiltonian

H =
p2f

2mf

+
p2a

2ma

+
1

2
maω

2x2a + U(xf , xa) (3.1)

where pf , xf , pa, xa are the momentum and position of the free particle and the oscillator

respectively. The masses of the two are unequal and represented by mf and ma respec-

tively. The oscillator frequency is ω =
√
k/ma, where k is the spring constant. As it was

said, the interaction potential U(|xf − xa|) is assumed to be a Gaussian with a maximum

value U0, the height of the potential, and a width σ, which characterizes the typical range

or length of the interaction. From the Hamiltonian in Eq. (3.1), the following equations

of motion are derived:

ẍf =

(
2U0

mfσ2

)
(xf − xa)e−

(xf−xa)
2

σ2 (3.2)

ẍa = −ω2xa −
(

2U0

maσ2

)
(xf − xa)e−

(xf−xa)
2

σ2 , (3.3)

which have five parameters. By defining dimensionless variables q = x/σ and τ =√
U0

mfσ2 t, and writing the equations of motion in terms of them,
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q̈f = 2(qf − qa)e−(qf−qa)
2

(3.4)

q̈a = −Γ2

µ
qa − 2

(qf − qa)
µ

e−(qf−qa)
2

, (3.5)

the number of free parameters can be reduced to two: the ratio of the masses of the two

objects (µ = ma
mf

), and a dimensionless oscillator frequency (Γ =
√

kσ2

U0
). It is therefore

important to understand the dynamics of the system in terms of the relative masses and

the frequency of the oscillator, which is addressed in the next section.

Working with Eqs. (3.2) and (3.3), the behavior of the system in terms of those two

parameters is characterized. It is worth to notice that the Gaussian potential was chosen

for no particular reason except for being simple an short ranged, capturing the essential

features of the interaction among the “substrate” and “adsorbate”. On the other side, it

makes the problem nonlinear with no close analytic solution.

3.2 Second Model: Prandtl-Tomlinson model improved with no ad-

hoc dissipation

The second model proposed and studied is an extension of the last model (Fig. 3.2), where

ms, ks are the masses of the substrate particles and their spring constants; mt, kt are the

tip mass and spring constant respectively. U0 is the height of the interaction potential and

ax is the lattice constant. The tip is driven by a support that moves at constant velocity vc .

The substrate is represented by a series of spring-masses, independent between them, but

interacting with the tip via a short range Gaussian type potential. To avoid edge effects

we modeled the chain as being sufficiently long.

The system is described by the Hamiltonian

H =
P 2

2mt

+
N∑
i=1

p2i
2ms

+
N∑
i=1

U(X, xi) + U(X) +
N∑
i=1

U(xsi) (3.6)

where X,P and x, p are the tip and substrate coordinates respectively; U(X, xi) =

U0e
− (X−xi)

2

σ2 is the interaction between the tip and each of the particles of the substrate

and N is the number of particles. We choose the value of σ such that the potentials do not
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vc

a

mt,kt

ms,ks

U0

Figure 3.2: Extension of the two particles interaction model to a N -particle model: ms and ks
are the mass and spring constant of the substrate; mt , kt are the tip mass and spring constant
respectively. U0 is the height of the interaction potential and a is the lattice constant. The tip is
driven by a support that moves at constant velocity vc

overlap each other and the tip can interact with each of them separately: σ = ax/n, where

ax is the separation between the particles of the substrate and n a constant. U(X) =

kt
2

(X − xc)
2 is the elastic interaction between the tip and the cantilever. The support

position xc is xc = vct.And U(xi) = ks
2

(xi − x0i)2 is the elastic potential of each particle

(independent between them). The energy dissipation can be added introducing a damping

term proportional to the tip velocity.

This results in the following equation of motion:

mtẌ = −kt(X − vct) +
2U0

σ2

N∑
i=1

(X − xi)e−
(X−xi)

2

σ2 (3.7)

ms

N∑
i=1

ẍi = −ks
N∑
i=1

(xi − x0i)−
2U0

σ2

N∑
i=1

(X − xi)e−
(X−xi)

2

σ2 (3.8)

Introducing the dimensionless units Q = X
σ
, q = x

σ
, τ =

√
kt
mt
t, Ũ0 = 2U0

ktσ2 , ṽc =

vc
σ

√
mt
kt

, the equations 3.7 and 3.8 can be reduced to:
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Q̈ = −q + ṽcτ + Ũ0

N∑
i=1

(Q− qi)e−(qt−qsi )
2

(3.9)

N∑
i=1

q̈i =
ε1
ε2

N∑
i=1

(qi − q0i)− ε1Ũ0

N∑
i=1

(Q− qi)e−(Q−qi)
2

(3.10)

where ε1 = mt/ms is the ratio of the mass of the tip and the substrate particles (assuming

all have the same masses) and ε2 = kt/ks is the ratio of the stiffness of the tip and the

substrate.

3.3 Molecular Dynamics

Computer simulations have played an important role in advancing our understanding of

tribological processes [90, 40]. They allow controlled numerical experiments where the

geometry, sliding conditions, and interactions between atoms can be varied at will to

explore their effects on friction, lubrication, and wear. Unlike laboratory experiments,

computer simulations enable scientists to follow and analyze the full dynamics of all

atoms. Moreover, theorists have no other general approach to analyze processes like fric-

tion and wear, because there is no known principle like minimization of free energy that

determines the steady state of nonequilibrium systems. Even if there were, simulations

would be needed to address the complex systems of interest, just as in many equilibrium

problems.

As the equations of motion of an adsorbate on a substrate, can not, in general, be

solved analytically, it is necessary to appeal to numerical simulations. The main tech-

nical work for this research is the Molecular Dynamics (MD), in which the dynamics

is calculated by solving classically the equations of motion of the system [89]; also is

an excellent tool to approach the study of the microscopic friction.The technique is de-

scribed extensively in a number of review articles and books, including Allen [91] and

Frenkel and Smit [92]. The basic outline of the method is straightforward. One begins

by defining the interaction potentials. These produce forces on the individual particles

whose dynamics will be followed, typically atoms or molecules. Next the geometry and
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boundary conditions are specified, and initial coordinates and velocities are given to each

particle. Then the equations of motion for the particles are integrated numerically, step-

ping forward in time by discrete steps of size ∆t. Quantities such as forces, velocities,

work, heat flow, and correlation functions are calculated as functions of time to determine

their steady-state values and dynamic fluctuations. The relation between changes in these

quantities and the motion of individual molecules is also explored.

In this way, the temporal and spatial evolution of the adsorbate are calculated when

interact with the surface atoms. In MD, the form of potential energy is given explicitly as

a function of the position of atoms. Although the MD simulations can give very precise

results and are able to follow the dynamic details of the system, in most cases are limited

to short time scales (in the order of 100 ns) since the typical time interval is very tiny.

Several studies using this technique have been made in recent years [18] [24] [21] [25].

There are several ways to solve the equations numerically. Basically, we have to include

the stochastic forces on the algorithm used to solve deterministic equations, such as the

Verlet and Velocity Verlet algorithm, used in this work.

3.3.1 Verlet Algorithm

The numerical integration of the equations of motion is performed by algorithms based

on the finite difference method, in which the integration is divided into small time steps

(integration step) [93], ∆t, such as Velocity Verlet or Runge-Kutta [91, 92, 94, 95]. One

of the most used methods in molecular dynamics to integrate the equations of motion is

the Verlet algorithm, which uses the positions and accelerations of atoms at time t and the

previous step positions, r(t−∆t) to determine the new position at time t+ ∆t as we can

see from Eq. 3.11

r(t+ ∆t) = 2r(t)− r(t−∆t) +
f(t)

m
∆t2 (3.11)

This algorithm can be obtained through expanding in Taylor series, initially forward

(Eq. 3.12), and then backwards (Eq. 3.13). Adding the two equations and isolating r(t +

∆t), we get the Eq. 3.11 (9)

r(t+ ∆t) = r(t) + v(t)∆t+
1

2

f(t)

m
∆t2 + ... (3.12)
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r(t−∆t) = r(t)− v(t)∆t+
1

2

f(t)

m
∆t2 − ... (3.13)

The velocity is given by

v(t) =
r(t+ ∆t)− r(t−∆t)

2∆t
(3.14)

3.3.2 Velocity Verlet Algorithm

In our simulations we have employed the velocity Verlet algorithm, which, at variance

with the Runge-Kutta, is a symplectic algorithm (i.e. it retains many dynamical properties

of the phase space that the exact trajectories are known to exhibit), and thus it is more

robust and stable. The velocity Verlet algorithm computes the particle velocity v(t+ ∆t)

and the position r(t+ ∆t) at time t+ ∆tas follows:

r(t+ ∆t) = r(t) + v(t)∆(t) +
F (t)∆t2

2m
(3.15)

v(t+ ∆t) = v(t) +
(F (t) + F (t+ ∆t))∆t

2m
(3.16)

In the equations above, F (t) is the force at time t acting on the particle, which depends

only on the position x(t). The algorithm is self starting.
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Chapter 4

Results and Discussions

This chapter is divided into three sections: the first one corresponds to the velocity-friction

dependence in the Prandtl-Tomlinson model [68]. The second section is dedicated to the

results of the first [69] model and the third to the results of the second model [70].

4.1 Prandtl-Tomlinson model revisited

Considering the variety of seemingly conflicted results, in this chapter we address this

apparent paradox in the Prandtl-Tomlinson model at zero temperature, studying the force-

velocity relation for a wide range of velocities not previously presented. Including much

more data density for the non trivial regions, we are able to shed light on this problem and

at the same time, provide new insight in the use of the paradigmatic Prandtl-Tomlinson

model for the secular problem of friction laws.

In this way we can show that depending on how the results are presented, it is possi-

ble to arrive to apparently different conclusions. However, taking the whole picture, the

results of the different contributions can be reconciled.

In Fig. 4.1 is shown the lateral force Fx; and tip velocity vt in Fig. 4.2 for different

sliding velocities using the model of Prandtl-Tomlinson. The values of the constants for

the model are: k = 10 N/m, m = 10−10 kg (which gives a natural frequency for the tip,√
k/m ' 316 kHz), and a = 0.3 nm, typical values of AFM experiments [71, 62, 64, 20].

In general, the amplitude used for the corrugation U0 goes from 0.2 to 2 eV [72], and in the

present case we use U0 = 1 eV. We chose γ = 2
√
k/m in order to have critical damping,

39
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and the time step used for the numerical integration was ∆t ' 1 ns 1. These particular

set of parameters were chosen in order to compare our results with those obtained by

Zworner et al. [64] and Fusco and Fasolino [20].
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Figure 4.1: Lateral force Fx for different sliding velocities vc = 0.001µm/s to 10µm/s

If to each sliding velocity, we compute the average of the frictional force Ffric over

many stick-slip periods, we obtain the Friction force in function of the sliding velocity of

the cantilever.

With the help of the software Engauge Digitizer [96] we recover the data points from

the graphics of the mentioned references; in this way we can reproduce the plots of their

simulations in the most similar way to the original articles as it was shown on Fig. 2.9

This also allowed us to make graphics along with the results from our own simulations

(as shown in Fig. 4.3), so we can compare the three set of data in the different regions.

Our numerical results are extended down to 0.1 nm/s, in order to show that, in prin-

ciple, all data seems to be consistent. It can be appreciated from the plot in linear scale

(Fig. 4.3 left), that this consistency is hard to appreciate, particularly under 1µm/s where

many order of magnitude are condensed. For this reason, the same data has to be pre-

sented in a more convenient scale, which is the case of a semi-log scale (Fig. 4.3 right).
1The period of oscillation of the cantilever is 20µs and the maximum simulated speed is 1mm/s, so that time step

is more that 1000 times smaller that the period and at the maximum speed it moves only 1/300 of the potential length
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Figure 4.2: Tip velocity dx/dt for different sliding velocities vc = 0.001µm/s to 10µm/s
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Figure 4.3: Comparison between data from Zworner et al. [64], Fusco and Fasolino [20] and from
present contribution in semi-log scale.

Zworner et al. [64] use a wide range of velocities (from 10−2 µm/s to 103 µm/s) so it

is interesting to analyze in detail the results on different regions.

In their work, the authors concluded that the model exhibits two limiting behaviors

for the resulting frictional force (Fig. 2.8): a velocity independent regime at low veloci-

ties, below 1µm/s and a viscous linear regime for velocities ≥ 100µm/s. We can see in

Fig. 4.4 that these two limiting cases —and particularly the combination of both— can

give an approximated description of the Prandtl-Tomlinson model results in the wide re-

gion of velocities displayed. However, one has to be aware that the log-log scale used to

present the data might hide possible departures from such behavior, providing an over-
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Figure 4.4: Ffric as a function of vc in semi-log scale; comparison between Zworner et al. [64]
simulations and present numerical results with the athermal Prandtl-Tomlinson model.

simplification of the otherwise rich features of the Prandtl-Tomlinson model that we will

show in subsection 4.1.2

According with Zworner et al. interpretation there is no change in the frictional force

when the velocity goes from 10 nm/s to 1µm/s. After this, Ffric is proportional to γvc in

a viscous damping regime. Our results were done in a wide interval of velocities, covering

both previous papers ranges and more, plus a small velocity increment. Displaying the

data in a linear scale (Fig. 4.5, left), and with a higher density of points, we can see that

the dependence is far from being constant. Moreover, on Fig. 4.5 right, we show how the

choice of the scale can influence on the data interpretation, hiding relevant aspects of the

behavior of the system.

4.1.1 Small Velocities representation

For small velocities (up to 1µm/s) we also make connections with the results of Fusco

and Fasolino [20] by comparing the results of our own simulations with the digitized data

from them in Fig. 4.6.

In their article, the authors develop an approximation to the dependence of the fric-

tional force with the velocity, showing that Ffric follows a power law of the form:

Ffric = F0 + cv2/3c (4.1)
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Figure 4.5: Comparison between data from Zworner et al. [64] and from present contribution in
linear and semi-log scale.

where c is a constant that depends on the parameter of the model and on the space dimen-

sion. This approximation is very accurate for this range of velocities. Highlighting again

that the friction is not independent of the velocity. This proves that depending on the scale

chosen to represent the data, important information can be overlooked. The same Figure

also shows that this power-law dependency continues to be valid for higher velocities of

up to 20µm/s.
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Figure 4.6: Increase of the frictional force with velocity between 10−3 µm/s to 20µm/s. The line
is a power-law fit to the data of the form Ffric − F0 ∝ v2/3c , from Ref. [20].
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4.1.2 Transitional and Large Velocities representation

An important fact that stands out is the distinctive behavior in the region between 10µm/s

and 35µm/s (Fig. 4.9), where Ffric oscillates with vc around a fixed value of force. In-

deed, for the velocities vc in this region,the tip sees a force from the surface that varies

with the a frequency close to its own natural frequency [19, 97], i.e.:

vresc =
a

2π

√
k

m
' 15µm/s (4.2)

In order to better understand what could be the origin of the reported behavior we

present below the tip position and velocity as a function of the cantilever position (Fig. 4.7

and Fig. 4.8). We present that data for different values of the sliding cantilever velocity.

For velocities well below the region where friction oscillates, we have the typical stick-

slip behavior where energy dissipates mainly after the slip movement. For large velocities

the viscous regime is recovered. However in the region of interest we observe that the tip

slips over a distance of two cell parameters, from one potential barrier to the second other

one. This happens only for a damping coefficient near critical. Then, instead of being

a resonance phenomenon, it is a critical damping effect where the dissipation remains at

its minimum compatible with the sliding speed (Fig. 4.8). The presence of double jumps

for that range of velocities, makes us to wonder if multiple (more than two) slide jumps

would be possible. That can happen, depending on the key parameters of the model, i.e.,

U0, k, and a [98], and it deserves a future and thorough analysis.

Such behavior comes to light in reason of the remarkable increase in the density of

simulated points and it has not been reported before. In this segment the value of Ffric os-

cillates around an average value of 3.35 nN. This behavior goes totally unnoticed in a log-

arithmic representation of the data. Some recent experiments [104, 99] have been carried

out evaluating the friction dependence on speed near this region, but without covering the

entire range and without sufficient detail and precision. In the work of Gangloff [105],the

authors also find a similar behavior that they call a friction plateau between between

10−3 and 10−2 m/s and four regimes of friction for an ion-crystal system. The difference

with our numerical results is mostly due to the choice of parameters in this contribution.

After the transition region, we observe that friction growths again. We fit the data with
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Figure 4.7: Tip position as a function of cantilever position for different sliding velocities, before,
at, and after the region where friction oscillates.
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Figure 4.8: Tip velocity as a function of cantilever position for different sliding velocities, before,
at, and after the region where friction oscillates.

a quadratic power-law:

Ffric − F ∝ v2c (4.3)

where F is the value of the friction at the lower velocity of the adjustment (Fig. 4.10). The

quadratic growth fits very well with the simulation data up to 0.1 mm/s behaving like a

drag force until finally, for large sliding velocities, the mechanism of energy dissipation
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Figure 4.9: Detail of the behavior of the friction force with velocity between 15 to 35µm/s. We
can say that friction is stationary in this range of velocities.

through the “stick-slip” effect breaks down, and Ffric is proportional to γvc, where critical

damping is assumed, giving γ = 2
√
km.
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Figure 4.10: The friction force as a function of velocity in the transition region between the low
velocities v2/3c regime to the high velocities, viscous linear regime. For that intermediate regime
of velocities the force goes through two other transitional regimes of almost constant force to
quadratic velocity regime before entering the linear regime. Increase of the frictional force with
velocity between 35 to 100µm/s. The line is a power-law fit to the data of the form Ffric − F ∝
v2c . For high velocities the frictional force is proportional to the velocity in the regime of viscous
damping
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4.2 Two particles interaction

4.2.1 Non Oscillator

First, a non-oscillator or a free particle is consider. By setting k = 0 and defining x =

xf − xa and X =
mfxf+maxa
mf+ma

as the internal and center of mass coordinate respectively in

Eqs. (3.2) and (3.3), the following equations are obtained:

ẍ =

(
2U0

σ2

)(
1

mf

+
1

ma

)
xe−x

2/σ2

(4.4)

Ẍ = 0 . (4.5)

Eqs. (4.4) and (4.5) can also be written in terms of conserved quantities as

ẋ2

2
+ U0

(
1

mf

+
1

ma

)
e−x

2/σ2

=
v20
2

(4.6)

Ẋ(t) = Ẋ(0) = − v0mf

mf +ma

, (4.7)

where it is assumed that the two particles are initially well apart from each other, that

the free particle starts with velocity −v0 (v0 > 0) moving to the bound mass, which is

initially in equilibrium at rest. With these initial conditions it is straightforward to derive

the asymptotic relation between the velocities, when one of the particles has gone far away

from the interaction region, i.e., the potential term goes to zero, so from Eq. (4.6-4.7) the

next relations are obtained:

vf (∞)− va(∞) = ±v0 (4.8)

vf (∞) +
ma

mf

va(∞) = −v0 . (4.9)

Combining Eq. (4.8-4.9), the minus sign solution gives va(∞) = 0 and vf (∞) = −v0 =

vf (0), so the incoming particle passes through the fixed one, moving away with the same

asymptotic velocity it had initially, while the bound one stays at rest after the interaction.

Such asymptotic situation, in which the incoming particle does not loose energy after the

interaction, happens whenever the initial kinetic energy of the incoming particle is larger
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than the maximum of the interaction potential energy, i.e:

|vf (0)| > vcr =

√
2U0

(
1

mf

+
1

ma

)
. (4.10)

The plus sign in Eq. (4.8) gives va(∞) =
(

2mf
mf+ma

)
vf (0) and vf (∞) =

(
mf−ma
mf+ma

)
vf (0)

as solutions. Therefore, vf (∞) can be positive, zero, or negative depending on the relation

of the two masses. However, in any case the velocity of ma is always bigger than the

velocity of mf , meaning that the free particle can not overcome the other when |vf (0)| <

vcr. This is the well-known case of elastic collision which, in the center of mass reference

system, has a unified description for the three cases, and as such has no relation with the

friction related problem we address here. Figure 4.11 shows the final velocity of the free

particle as a function of its initial velocity for the case ma/mf = 2.
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Figure 4.11: Final velocity of the incoming particle, vf (∞)/vcr, as a function of its initial velocity,
vf (0)/vcr (both in terms of the critical velocity) for the k = 0 case. The dashed lines shows
the analytic expression and the solid lines are obtained from numerical simulations. The other
parameters of the system are U0 = 1 and σ = 1, ma is initially at rest (va(0) = 0) and far from
the incoming mf particle (vf (0) = −v0 < 0).

4.2.2 Oscillator

The relationship between the initial and final velocities, described before for the case

k = 0, can become quite complex for k > 0, when the second particle is bound to the
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equilibrium position of the harmonic potential. In Fig. 4.12 it is shown the dependence of

the final velocity of the free particle (mf ) after interacting with the bound particle for three

different mass ratios: ma
mf

= 2, 1, and 0.5. Different behaviors are observed depending

also on the spring constant k being soft, or intermediate.
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Figure 4.12: Final velocity of the incoming particle, vf (∞)/vcr, as a function of its initial velocity,
vf (0)/vcr (both in terms of the critical velocity) for the (k 6= 0) case. The other parameters of the
system are U0 = 1 and σ = 1, ma is initially at rest (va(0) = 0) and far from the incoming mf

particle (vf (0) = −v0 < 0). Solid (blue) lines show correspond to (k = 0) cases non and have
been drawn for reference.
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Generally, for large velocities, the free particle overcomes the bound particle with

almost no loss of energy, and for low velocities it bounces back, losing some energy which

depends on the mass ratio, the value of k, and the initial velocity. Both these situations

are not of much interest because they have no implications on the friction problem. Rich

and non trivial behavior is observed in the intermediate velocity range, between the k = 0

critical velocity and the k > 0 critical velocity (which also depends on the mass ratio).

Looking at the upper and central panels of Fig. 4.12, it can be seen that the behavior

in the intermediate range of velocities is qualitative similar for different mass ratios, the

critical velocity shifts to lower values of |v| as k increases and the energy loss increases

with k too. The shift of the critical velocity to lower values when k increases is expected

because in the limit of k →∞ it is recovered the trivial case of fixed potential, with a crit-

ical velocity determined by the height of the potential. Let us mention that such extreme

case, is of no interest too, because there is no emerging “friction” due to conservation of

energy of the mf particle. Therefore, the exchange of energy between the free and the

bound particle is expected to show a maximum at some intermediate k value, as can be

seen in Fig. 4.13, which depends on the mass ratio.
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Figure 4.13: Energy ratio vs k for three different mass ratios. The initial velocity of the free
particle is |vf (0)| = 2.

Another general behavior observed in Fig. 4.12 is that as the free mass (mf ) increases,

relative to the bound mass, the change in the critical velocity becomes more sensitive to

the stiffness of the bound particle, k. More precisely, the shift as a function of k is more
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dramatic for larger value of the mass mf . A peculiar situation is observed when the free

particle is more massive than the bound one (Fig. 4.12 lower panel), where a complex

behavior, with more that one critical velocity, is observed for intermediate values of k.

Such a case is discussed in the next section.

4.2.3 Soft k (slow oscillations)

We focus here on the case of soft k which results in slow oscillations of the bound particle.

The lower panel of Fig. 4.12 (ma/mf = 0.5) displays a small window in the initial

velocity in which the free particle gets transmitted with a significant loss of energy to

the oscillator. Beyond this window the free particle is reflected back. As can be seen in

Fig. 4.14 the transition between transmission and reflection exhibits sensitive dependence

on the initial conditions. That is, for initial velocities which differ in less than 1 in 104,

the free particle changes from reflection to transmission. Moreover, the free particle is

seen to reflect back with almost the same incoming energy (blue curves in Fig. 4.14). For

a slightly larger initial velocity, the free particle is transmitted with less energy than it

had initially (red curves in Fig. 4.14). Therefore, in the latter case, much of the energy is

transferred into the oscillatory mode of the bound particle. In both situations, however,

the two particles interact twice. Such behavior is observed over a range of parameter

values.

Since the two collisions are well separated in time, the analysis of the previous section

for k = 0 can be extended to the two collision observed here for k ≈ 0. The approxima-

tion considers that the two particles move independently (mf moves at constant velocity

and ma is subject to the harmonic potential) except at the collisions, when the results of

the previous section for free particles are applied.

Since the initial velocity of the free particle is less than the critical velocity (vcr)

defined in Eq. (4.10), immediately after the first collision (t > t1) the velocities are:

vf (t
+
1 ) =

mf −ma

mf +ma

vf (0) (4.11)

va(t
+
1 ) =

2mf

mf +ma

vf (0) , (4.12)

where, t∓i denote the time immediately before and after the collision. Assuming that after
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Figure 4.14: Position of the free particle (dashed lines) and the oscillator (solid lines) with reflec-
tion (blue lines) or transmission (red lines) of the free particle after interaction with the oscillator.
For the reflected case the initial velocity of the free particle is |vf (0)| = 1.4444 and for the trans-
mitted one, it is |vf (0)| = 1.4445. The value of k is taken to be 0.005 and ma/mf = 0.5. All
other parameters are the same as in Fig. 4.12.

this collision, the particles move independently, their position are given by:

xf (t > t1) = vf (t
+
1 )t (4.13)

xa(t > t1) = sinc(ωt)va(t
+
1 ) . (4.14)

So, at the next collision (t = t2), that happens when xf (t2) = xa(t2), from Eqs. (4.11)-

(4.14) the following relation for t2 holds:

sinc(ωt2) =
mf −ma

2mf

. (4.15)

Transfer of energy between the two is only possible if the velocity of the internal coordi-

nate at this time is less than the critical velocity (vcr). Using Eqs. (4.6), (4.11) and (4.14),

the condition on initial velocity for which the behavior of the free particle changes from
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transmission to reflection is

vf (0) =
vcr(mf +ma)

mf (1− 2 cos(ωt2))−ma

. (4.16)

The instantaneous velocity after the second collision can be obtained from conservation

of energy and momentum and is given by

vf (t
+
2 ) =

2ma

ma +mf

va(t
−
2 ) +

mf −ma

ma +mf

vf (t
−
2 ) (4.17)

va(t
+
2 ) =

ma −mf

ma +mf

va(t
−
2 ) +

2mf

ma +mf

vf (t
−
2 ) . (4.18)

Figure 4.15 shows a comparison between the approximate two collision theory and nu-

merical results forma/mf = 0.5 and k = 0.005. For these parameter values, the different

behaviors in the final velocity are distinctly observed and the two collision approximation

is able to provide an excellent fit to the numerical results. There is another critical veloc-

ity (the intermediate step in Fig. 4.15, or second discontinuity); when the free particle’s

velocity is larger than this critical velocity, the two particles move with almost the same

velocity for a while as if they are stuck together until the elastic force is enough to pull

back the bound one and the free particle goes away from it.

Finally, for velocities larger than the critical velocity defined in Eq. 4.10, the free

particle goes beyond the oscillator with the same velocity that it came with. In fact, this

happens for the three masses relations, showed in Figs. 4.12.

It was shown, in the Non Oscillator section, that for equal masses the relation vf (t+2 ) =

−vf (0) is hold, as it is verified also in the numerical simulations of Fig. 4.12 (middle).

Therefore, at the first collision, the free particle transfers its entire energy to the oscil-

lator, which is transferred back to the free particle in the second collision, as showed

in Fig. 4.14. Such behavior persist even for relative large values of the oscillator fre-

quency. Even for a heavier free particle, the two collision model shows good qualitative

agreement (see Fig. 4.15). The two collision model is not expected to work at higher

frequencies since the energy exchange between the two particles cannot be treated as well

separated events. However, the approach still provides important insight into the energy

exchange between the two particles.
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Figure 4.15: Comparison of the results obtained from numerical simulations (solid line) with the
approximate two collision analysis (dashed line) for slow oscillations. The value of k = 0.005
and ma/mf = 0.5.

4.2.4 Energy loss calculation

In the previous section, it was shown that the exchange of energy between the two particles

depends on the spring constant k and the relative value of their masses. In order to gain

some insight into the role of the mass ratio a perturbative approach is presented. Setting

the position of the oscillating particle as the perturbation parameter, the Gaussian potential

in the equations of motion 3.2 and 3.3 can be expanded up to the first order in xa. This

gives

(xf − xa)e−
(xf−xa)

2

σ2 = xfe
−xf 2/σ2 − xa(1−

2x2f
σ2

)e−x
2
f/σ

2

. (4.19)

Then, the following expressions are obtained

ẍf = 2cfxfe
−x2f/σ

2 − 2cfxa(1− 2x2f/σ
2)e−x

2
f/σ

2

(4.20)

ẍa = − k

ma

xa − 2caxfe
−x2f/σ

2

, (4.21)

where cf = U0

mfσ2 and ca = U0

maσ2 . The free particle moves under the influence of a static

potential and the interaction appears as a linear perturbation in the oscillator coordinate
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(xa). Computing the work done by the free particle:

dE

dt
= Fẋf = mf ẍf ẋf , (4.22)

the following expression is obtained:

dE

dt
= −2cfmf ẋfxa(1− 2x2f/σ

2)e−x
2
f/σ

2

+ 2cfmfxf ẋfe
−x2f/σ

2

. (4.23)

The second term in the right hand of Eq. (4.23) changes sign through the collision as xf

goes from +∞ to −∞, so it will be dismissed against the first one. The force due to the

static potential is F (xf (t)) = cfmfxfe
−x2f/σ

2

whose derivative with respect to time is
dF
dt

= cfmf ẋf (1 − 2x2f/σ
2)e−x

2
f/σ

2

. So the rate of energy loss can be expressed in term

of dF
dt

dE

dt
= −2xa

dF

dt
(4.24)

and the total energy loss, assuming that the free particle is completely transmitted with no

rebound, is

∆E =

∫ ∞
0

dt
dE

dt
= −2

∫ t

0

dtxa
dF

dt
= 2

∫ ∞
0

dtF (xf (t))
dxa
dt

. (4.25)

Assuming that xaF (t) → 0 at infinite, which is true for a pulse. Then, using the formal

solution for xa(t) from Eq. (4.21)

dxa
dt

= − 2

ma

∫ t

0

dsF (xf (s)) cos(ω(t− s)) (4.26)

into Eq.4.25, the energy lost by the free particle is

∆E = − 4

ma

∫∞
0
dtF (xf (t))

∫ t
0
dsF (xf (s))cos(ω(t− s)) . (4.27)

Fig. 4.16 shows the comparison between the exact solution (continuous line) and the

energy ratio obtained by numerically solving Eq. (4.27). F (x) is calculated by taking x

solution from Eq. (4.20). The initial velocity of the free particle is kept sufficiently large

(vf (0) = 4) to ensure that the free particle is always transmitted. As observed in Fig. 4.16,

for small values of σ, the perturbative approach is unable to provide a quantitative estimate
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of the velocity and location of the minima, however, for higher σ values the agreement

improves and the perturbative approach is able to predict accurately the location of the

minima. Independent of the value of σ the approach provides a reaonable qualitative

agreement.

As can be seen in Fig. 4.16, the energy ratio has a minimum at a relative low value of

the mass ratio (mf >> ma) meaning the free particle is transmitted losing great part of

its energy. It has to be a minimum because in the limit of ma → 0 there is no particle for

the free particle to interact to.
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Figure 4.16: Comparison of energy ratio (Ef/Ei) obtained from exact calculation and approxi-
mate solution (Eq. 4.27). In both cases the initial velocity of the free particle is |vf (0)| = 4. Top
panel if for σ = 1 and bottom panel for σ = 2 . All other parameters are equal to 1.
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4.3 From one to N particles

The problem was solved numerically by using classical molecular-dynamics methods [100,

92] using a set of realistic parameters [64, 20, 39], mt = ms = 10−10 kg, kt = ks = 10 N/m,

ax = 3 , U0 = 0.085 eV, vc = 1µm/s which are typical of an AFM experiments [71, 62].

Te simulations were made for 500 particles and at temperature T = 0. The most evident

consequence of not having dissipation is that the particles that are perturbed by the tip

do not return to their initial state, remaining oscillating infinitely, as it is presented on

Fig. 4.17 for the first five particles in dashed lines.
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Figure 4.17: Position of the first five particles (dotted lines) after the tip passed through (red line),
the black solid line shows the position of the cantilever.

.

For the frictional force calculation we compare three different methods.

It is known that F is defined as the mean value of the lateral force [62, 64, 20, 63].

Since the problem is in one dimension, from here, we will refer to the lateral force as

friction force F .

F = kt(X − x) = kt(X − vct) (4.28)

The second way to obtain F is through the energy accumulated by the substrate. The

power is the instantaneous product of force times velocity and the time derivative of en-
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ergy.

F vc =
dE

dt
(4.29)

From this relation, it is possible to obtain the frictional force as the slope of the total

substrate energy by linear regression. Another method to calculate the friction force in

these mechanical problem is calculating the average of the force between the tip and the

substrate generated by the Gaussian interaction force. These three methods are compared

in Fig. 4.18 with their respective error bars.

−1

−0.5

 0

 0.5

 1

 0  500  1000  1500  2000  2500  3000

F
 (

n
N

)

Simulation time τ

< Fx >, Err ~ 0.7
< Fts > Err ~ 0.4

< Fse > , Err ~ 0.0001

Figure 4.18: Comparison of the friction force values for the three methods of calculation, and their
respective error bars.

.

The total simulation time τ was divided into ten equal regions. For each of these

intervals, the mean of the force was calculated in order to compare their values. 〈Fx〉

represents the value obtained from Eq. 3.8, 〈Fts〉 from the Gaussian potential between the

tip and the substrate; and 〈Fse〉 is the slope of the accumulated energy of the substrate.

In Fig. 4.19 it is shown the accumulation of energy by the substrate and the values of

the frictional force obtained by the three methods. In this case, τ was divided into three

regions.

The comparison of the three methods shows that the smallest error in the measure-

ments corresponds to the force obtained through the energy accumulated by the substrate.
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Figure 4.19: Comparison of the lateral force values for the three methods in different times
.

For this reason, we have chosen it to perform the rest of the simulations where all the

parameters of the model will be analyzed.

4.3.1 Time step comparison

Molecular dynamics simulation is a technique by which, step by step, the equations of

motion that describe the Newton’s classical mechanics are solved [100, 101, 92]. In the

process of integrating the equations, the common important parameter is the time step

∆t. If a big time step is chosen, the MD simulation becomes unstable due to the very

big error in the integration process, not showing behaviors existing in the mechanical

problem. If the time step is very small, the simulation will not be efficient due to a very

long calculation time.

Earlier works [103, 102] have been demonstrated that stable dynamics will be exe-

cuted only with the use of the smaller time step compared to the period of the highest

vibrational frequency. Determining the biggest time step for a stable dynamics, will max-

imize the efficiency of the molecular dynamics simulation.

For these reason and since every mechanical problem is different from each other we

decide to solve the equations for several time steps in order to choose the indicated such

that not take long simulation time but at the same time we can extract reliable results

referring to the lateral force.
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Fig. 4.20 shows the energy of the substrate (kinetic energy plus elastic potential en-

ergy) for different ∆t :from 0.001 to 10 [ns]. As we are interested in getting the value

of Fx from the slope of the curve, it can be observed that the choose of higher or lower

time steps doesn’t affect significantly the final result. The difference can be visualized

in graphs such as position,velocity or Fx itself, where for small values of ∆t, oscilla-

tions of the tip are missing. In conclusion, for the numerical simulations we choose

∆t = 0.1ns,since the computational time required is not very high and this value does

not allow any behavior of the tip to go unnoticed.
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Figure 4.20: Substrate energy for different different time-steps.
.

Once the method and the time step have been chosen, we calculate F varying each

of the parameters of the model. The variation of F with the velocity of the driven sup-

port it is shown in Fig. 4.21. For small velocities vc < 1µm, F remains constant and

for higher values, it drops to zero. This is expected since the model does not have a

velocity-dependent damping term. The total energy of the substrate decreases as the sup-

port velocity increases because the tip does not interact enough time with the substrate

particles. As a consequence, the amplitude of oscillation around the equilibrium position

is not significant.

When the variable parameter is the elasticity ks of the substrate particles (Fig. 4.22),

we can identify a behavior of the shape F = 1/kns in three different regions. For the first

interval, ks <1 N/m, the adjustment parameter is n = 1. This means that as ks increases,
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Figure 4.21: Lateral Friction Force in function of the velocity of the cantilever. The other param-
eters were mt = ms = 10−10 kg, kt = ks = 10N/m, ax = 3 , U0 = 0.085 eV

.

F decreases. The softer the material, the higher the energy lost. When 1 N/m < ks <

130 N/m there is an unpredictable region with maximums and minimums. Although there

is an oscillation in the values of the friction, we assume that the average value remains

constant. For that reason, the parameter n ≈ 0.26. The third region, shows a more

expected result. Due to the hardness of the substrate, the particles do not deviate from

their equilibrium position, so the elastic potential is almost null as well as the kinetic

energy. In these region, the parameter n = 4.

The variation of the friction with corrugation U0, reproduced in Fig. 4.23, follows the

shape F = mU0, where again m varies for three different regions. Performing linear

regression we could find the values of m for each of these. In this case, since the data is

better visualized and interpreted in linear scale, we did not see the need to represent the

results in logarithmic scale. It can be observed that F increase with the high of potential

energy following the shape when U0 is up to 0.5 eV, m ≈ 1.81. The friction almost dou-

bles its value for each increment in U0. For the second region, the growth rate decreases

to a quarter of the presented in the first interval, here m ≈ 0.46. And for the third range,

the growth is already very small, taking into account that it represents the eighth part of

the first region growth. This is because the tip remains in between two particles for more

time (while the support advances), as the amplitude increases.
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Figure 4.22: Lateral Friction Force with substrate spring stiffness. The rest of the parameters were
mt = ms = 10−10 kg, kt = 10N/m, ax = 3 , U0 = 0.085 eV, vc = 1µm/s, the dotted vertical lines
indicate the three behavior regimes.
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.

The last Figure correspond to the friction force behavior with the mass ratio between

the particles of the substrate and the tipms/mt (Fig. 4.24). We can see that whenms < mt

the frictional force maintains its constant value, then begins to decrease until reaching a
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minimum, corresponding to ms = 2mt. After this point increases again and for a small

gap of values between ms = 5mt and ms = 10mt again F shows independent on the

masses ratio. Finally, fall to zero for very large substrate masses. When the masses are

too big, the potential energy of the substrate is very small since the mass of the tip does

not manage to move them.
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Figure 4.24: Lateral Friction Force in function of the masses ratio. The other parameters were: kt
= ks = 10N/m, ax = 3 , U0 = 0.085 eV, vc = 1µm/s.
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4.4 Single interaction and periodic lattice equivalence

The remarkable thing of the results presented in section 4.2, for the first simple model of

Fig. 3.1 is that an effective dissipation emerges from the point of view of the incoming

particle which we postulate as a possible mechanism involved in the macroscopic friction.

In order to link such interpretation with the second model proposed in Fig. 3.2 we

calculate the friction using the same parameters of the two particle system.

The friction force Fx was obtained through the Eq. (the energy accumulated by the

substrate)

 0
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Figure 4.25: Absolute energy loss |Ef − E0| as function of initial and final velocity for the two
particles interaction (dashed and solid line) and friction force Fx as function of the cantilever ve-
locity vc for the tip-substrate interaction. The effect of three well different stiffness kt is evaluated,
while the rest of the parameters are equal to 1.

Fig. 4.25 show the results of the numerical simulations for the tip-substrate interaction

(dotted lines) and for two particles interaction (dashed and solid line). The results show

that the stiffer the kt, the particle behaves as a free particle sliding over the substrate

without any constraint. Fx in the limit case (when kt = 100), presents the same behavior

as the energy loss by the free particle in the case of the simplified system. It can be noticed

that the curve is dislocated to the left, that is, the force is much greater in the chain for

lower tip velocities. This is due to two reasons, the first is that the tip particle always

moves at the same constant speed (unlike the first model, where it was thrown with an

initial velocity) and the second is that throughout its course interacts with all the particles
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of the substrate. With these final results we can consolidate the main idea of this work

and demonstrate that the transfer of energy from the incoming particle to the confined one

can be regarded as the emerging dissipation force of the system.
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Chapter 5

Conclusions

This doctoral thesis aimed to study several aspects in regards to the frictional force. The

first part was dedicated to revisit the Prandtl-Tomlinson model and thus compare the re-

sults obtained with those of previous works, especially with respect to the behavior of

friction with velocity.

We have presented a thorough numerical study. Despite the fact that similar works

have already been carried out, our contribution was made for a higher velocity range and

for a bigger density of points, bringing to light behaviors not previously reported for this

model. By comparing our results with previous ones with the same model we were able

to conciliate apparent conflicting results while providing new insight and interpretation of

them. Besides, we present results in regions not previously explored. We confirm Fusco

and Fasolino results for small velocities but extended up to 15µm/s, where friction force

has a dependency of v2/3c . A transition region located between 15-35µm/s where assume

a constant average frictional force and then an increase proportional to v2c up to about

100µm/s. After this, the force is proportional to γvc in a viscous damping regime. Our

numerical study shows that depending on how the results are presented, mainly when

changing from linear scale to logarithmic, part of this rich an interesting behavior can go

unnoticed.

However, what we consider to be the main contribution is the fact that we have studied

a system where we do not put the ad-hoc dissipation from the beginning, and work the

model with conservation of energy. We made a simpler first version with only two parti-

cles –one with initial velocity thrown against other confined in a harmonic potential– and

studied the regime in which the collision between these particles, because of the Gaussian

69
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potential, can give in transmission or reflection, and in some cases an intercalation of both

situations.

Despite its simplicity, the model shows effective dissipation on the free particle move-

ment as a result of the interaction with the bound one. The free particle, that can be re-

garded as a model simplification of an adsorbate, asperity, or a tip, moves past the bound

particle (a simplification of a substrate) with less energy than it has before the interac-

tion. the energy goes to the bound particles which remain oscillating after the interaction,

representative of the heating of the substrate. The non-linearity of the potential plus the

constraint in the bound particle are the key elements for this emerging behavior to appear.

Finally we studied the model with a periodic network and we were able to find a

equivalence between the energy transmitted to the network (i.e. a transmitted energy in

the form of phonons) and the friction force and we found that the behavior as a function

of the velocity of the incident particle is similar .
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