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Abstract

The general SU(N) form factor formula is constructed. Exact form factors for the field, the energy—
momentum and the current operators are derived and compared with the 1/N-expansion of the chiral Gross—
Neveu model and full agreement is found. As an application of the form factor approach the equal time
commutation rules of arbitrary local fields are derived and in general anyonic behavior is found.
© 2009 Elsevier B.V. All rights reserved.
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1. Introduction

Quantum chromodynamics, the theory of the strong interactions, is a non-Abelian gauge the-
ory based on the gauge group SU(3). It was first pointed out by ’t Hooft [1,2] that many features
of QCD can be understood by studying a gauge theory based on the gauge group SU(N) in the
limit N — oo. One might think that letting N — oo would make the analysis more complicated
because of the larger gauge group and consequently increase in the number of dynamical degrees
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of freedom. Also one can think that SU(N) gauge theory has very little to do with QCD because
N — o0 is not close to N = 3. However it is well known that the 1/N expansion provides good
results which can be compared with experiments [3].

One of the most important trends in theoretical physics in the last decades is the develop-
ment of exact methods which are completely different from perturbation theory. Resolution of
the strong coupling problem would give us a full understanding of the structure of interactions in
non-Abelian gauge theory. One promising possibility of overcoming the limitations of perturba-
tion theory is the application of exact integrability. From this point of view the two-dimensional
integrable quantum field theories are in a sense a laboratory for investigations of those properties
of quantum field theories, which cannot be described via perturbation theory.

The chiral SU(N) Gross—Neveu [4] model given by the Lagrangian

N g2 N 2 N 2
L= Yiiydy; + = vivi | — Uiy i (1)
e RN )
is an interesting (1 + 1)-dimensional field theory that can be studied using the 1/N expansion.
The model is asymptotically free with a spontaneously broken chiral symmetry, and so shares
some dynamical features with QCD. Gross and Neveu [4] investigated the model using an 1/N
expansion. Apparently a chiral U (1)-symmetry is spontaneously broken, the fermions acquire
mass and a Goldstone boson seems to appear. This is of course not possible in two space—time
dimensions and severe infrared divergences appear due the “would-be-Goldstone boson”. How-
ever, it has been argued by Witten [5] that dynamical mass generation can be reconciled with the
absence of spontaneous symmetry breaking. There exist further (different) approaches to over-
come these problems and to formulate a 1/N expansion [6—8] (see also [9]). On shell they all
agree and are consistent with the exact S-matrix (2). We follow here the approach of Swieca et
al. [8] where additional fields are introduced in order to compensate the infrared divergences.
The authors claim that since the physical fermions have lost not only the chiral U (1) but also
the charge U (1) symmetry, they transform accordingly to pure SU(N). They propose an inter-
pretation of the antiparticles as a bound state of N — 1 particles. Furthermore this means that the
particles satisfy neither Fermi nor Bose statistics, but rather carry “spin” s = %( 1—1/N).Asa
consequence there are unusual crossing relations and Klein factors.

In this article we will focus on the SU(N) Gross—Neveu form factors using the “bootstrap pro-
gram” [10,11]. We provide here some examples, calculate the form factors exactly and compare
the results with field theoretical 1/N expansions. We emphasize that in addition to the operators
in the vacuum sector, such as the energy—momentum tensor and the current, we also consider
anyonic operators as the fundamental fields. We also derive the equal time commutation rules for
local operators which are in particular complicated due to the unusual crossing formulae related
to the Klein factors.

The general form factor of an operator O(x) for n-particles, which is a co-vector valued
function and can be written as [12]

FRO)=k$©® ] F@ip
1<i<j<n

where 6 = (61, ..., 6,) is the set of rapidities of the particles « = (1, ..., ;). The scalar func-
tion F(f) is the minimal form factor function and the K-function K(? (6) contains the entire
pole structure and its symmetry is determined by the form factor equations (i) to (v) [13]. To
construct the K-function we must apply the nested off-shell Bethe ansatz to capture the vectorial
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content of the form factors. This solves the missing link of Smirnov’s [14] formula for the SU(N)
form factors, where the vectors were given by an “indirect definition” characterized by necessary
properties but not provided explicitly. We note that SU(N) form factors were also calculated
in [14-16] using other techniques, see also the related papers [17,18]. Our results apply not only
to chargeless operators such as the energy—momentum and the current operators but also to more
general ones with anyonic behavior. We believe that our integral representation, besides of being
appropriate for a comparison with field theoretical 1/N expansions, may also shed some light
for a better understanding on the correlation functions of models with more general (anyonic)
statistics.

The paper is organized as follows: In Section 2 we present the general setting concerning
the SU(N) S-matrix, the nested off-shell Bethe ansatz and the chiral Gross—Neveu Lagrangian
field theory. We review known results and derive some further formulae which we need in the
following. In Section 3 we construct the general form factor formula and present some examples
in detail, such as the form factors of the energy—momentum tensor, the Dirac field and the SU(N)
current. In Section 4 we compare our exact results against 1/N perturbation theory of the SU(N)
Gross—Neveu model. In Section 5 we present the commutation rules of the fields. Our conclusions
are stated in Section 6. In Appendix A we provide the general proof of the bound state form factor
formula and in Appendix B the commutation rule of two fields (in general anyonic) is proved.

2. General setting

The particle spectrum of the chiral SU(N) Gross—Neveu model consists of N — 1 multiplets of
particles of mass m, = m1 sin(rm/N)/sin(;r/N), which correspond to all fundamental SU(N)
representations of rank r =1, ..., N — 1 with representation spaces V@) of dimension (]rv ) Let
() =(a1,...,0r) (I <aj <--- <o < N) be aparticle of rank r. We write

N-—1
@ev=@vo, vo=ch

r=1

where the (o) form a basis of V. A particle of rank r is a bound state of » particles of rank 1.

The antiparticle corresponding to () is (@) = (&1, ...,anv—) (1 <) <--- <any—r < N) (of
rank N — r) such that the union of the set of indices satisfies {«y, ..., } U {ay,...,an—r} =
{1,...,N}.

2.1. The S-matrix

The S-matrix for the scattering of two particles «, 8 (of rank 1) [6,8,19,20] is
$
Sap 0) =883b(0) +5§3gc(9) )

where 6 = 6] — 6, is the rapidity difference and pif , = m(cosh® 2, sinh 6 7). The amplitudes
satisfy

2

W’

ra-4-ra-4+5%)

T+ )T =5 = 55)

¢(6) = —%b(m, o

a(®) =b®) +c(0) = —
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We also need the S-matrix for the scattering of a bound state (p) = (o1, ..., onv=1) (1 < p1 <
-+ < pn—1 < N) (of rank N — 1) and a particle « (of rank 1)
SP(0) = (—1)N 1 (5(0)82 b(rri —0) + CPOCppac(mi — 0)) 3)

where the charge conjugation matrices are defined by

C(Dll ON-1)ON = C‘xl(a2~-aN) = €xjoy..an>
C(xl(az...aN) — C(O(I...olN,I)aN — (_1)N—160{1052...(1N

with €y, oy and €%V totally anti-symmetric and €1y = €!N = 1. Formula (3) is obtained
by applying iteratively the bound state fusion method [21] to (2).
For later convenience we extract the factors a(6) and (— DY ~b(in — 6), respectively

$2(6) = a(0)32 6. @
B(o) _(_1\N=1z.:_  \3B(o)
S(p)a ) =D b(im Q)S(p)a ) (5)
such that
$34(0) = 81 855(6) + 838,2(6), ©
S(ﬁ;;[) (w) = 5((;))55 + Cﬂ(a)C(p)aci(a)), (7)
~ 0 - —in ~ c(imn —w) —in 2
b®) = D —— 0) = s d = = s -
©) 0—in c® 0—in (@) b(in —w) ir—w 7 N

where 8((2)) =80180% -+ 8pn~1. Below we will also use for the matrices (6) and (7) the notations

S12(0) and 5’12(0), respectively.
2.2. Nested “off-shell” Bethe ansatz

The “off-shell” Bethe ansatz is used to construct vector valued functions which have sym-
metry properties according to a representation of the permutation group generated by a fac-
torizing S-matrix. In addition they satisfy matrix differential [22] or difference [23] equa-
tions. For the application to form factors we use the co-vector version K| ,(0) € Vi, =
Q_ VTG eC,i=1,...,n)

K. ij.(..,0:,0;,..)=K ji. (..,0],0;,.. .)S,»j(eij),
Ki.2(0") =K1 2(0)Q1..(8,1)

where 0/ = (01, ...,0; + 2mi,...,0,) (see below and e.g. [13,23]). We write the components
of the co-vector K., as Ky where o = ((@11,...,Q1r)), ..., (0n1, ..., 0yp,)) is a state of n
particles of rank rq, ..., 7.

The nested SU(N) “off-shell” Bethe ansatz for particles of rank 1 has been constructed in [13].
Here we need a more general case.

Nested “off-shell” Bethe ansatz for particles of rank 1 and N — 1: We consider a state with n
particles of rank 1 and n particles of rank N — 1 and write the off-shell Bethe ansatz co-vector
valued function as

Kg@(Q,Q)=/le~--/dzmk(Q,Q,é)i’g@(Q,Q,g) ®)
Cow Cow




400 H.M. Babujian et al. / Nuclear Physics B 825 [FS] (2010) 396425

Where g = ((Xl’""an)’@ = ((p])?""(pﬁ)) = ((pl]""?plN_l)’""(pﬁl""’pﬁN_l))7
0=(1,...,6h), 0= (w1,...,w;) and 2 = (21, . .., Zp). This ansatz transforms the complicated

matrix equations to simple equations for the scalar function k(8, w, z) (see [13] and below). The
integration contour Cy,, can in general be characterized as follows: there is a finite number of
complex numbers a; (), b; (9) such that the positions of all poles of the integrand are of the form

(D: a;j (@) +2mik, keN,
(2): bj(@) —2mil, leN 9

and Cy, runs from —oo to +oo such that all poles (1) are above and all poles (2) are below the
contour. This contour is just the same as the one used for the definition of Meijer’s G-function. It
will turn out that for the examples considered below the form factors can be expressed in terms
of Meijer’s G-functions.

The state lf/q(p) in (8) is a linear combination of the basic Bethe ansatz co-vectors

z = (o) .
Ya(p) (0, @.2) = Lp0) (2, @) Py ) (0, w,2), with]l < f;, o1 =1. (10)

As usual in the context of the algebraic Bethe ansatz [24,25] the basic Bethe ansatz co-vectors
are obtained from the monodromy matrix

Ty pi.i0(@. @.600) = S10(01 — 60) - - $,0(6s — 00) S (@1 — 60) - - Sio (@i — 6o)
(Al...n,i...ﬁ@@vz) Bl..‘n,T...r’z,B(Q"L)’Z))

~B - g
Cl,..n,I..ﬁ(Q’Q’ 2) D]_ @, w,2)

2<B.B <N
.n,1..1,B

where the S-matrices S’,-o and S’,—o are given by (6) and (7). As usual the Yang—Baxter algebra rela-
tion for the S-matrix yields the typical TTS-relation which implies the basic algebraic properties
of the sub-matrices A, B, C, D.

Here not only one reference co-vector exists. The space of reference co-vectors, defined as
usual by

R©@Bg =0,
is (N — 1)"-dimensional and is spanned by the co-vectors for all (o) = ((o11,...,01N-1),
w071, ., 0iN—1)) With 0j1 =1 < 0j2 < --- < o;ny—1 < N. They are eigenstates of A and
~ﬂ/
D
B

RDAWG, v, 2) =22,
n

QDY 0. 0.2) =8 [ [ 66 — 2
i=1

where the indices 1...n, 1...n are suppressed. The basic Bethe ansatz co-vectors in (10) are
defined as

~B(o) ~ ~
Fhi) €. 0.9 = (2O @, 0.20) - CH 0, 0.21) (v

where 1 < 8; < N.
The technique of the ‘nested Bethe ansatz’ means that for the coefficients Lgo)(z, @) in (10)
one makes the analogous construction as for Ky (,) (0, @) where now the indices B, (o) take only
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the values 2 < B; < N and 0;1 =1 < 0j2 < --- <ojy—1 < N. This nesting is repeated until the
space of the coefficients becomes one-dimensional. It is well known (see [23]) that the ‘off-shell’
Bethe ansatz states are highest weight states if they satisfy a certain matrix difference equation.
If there are only n particles of rank 1, then the SU(N) weights are

w=(@n-—ny,n—nz,....,AN-2 —AN_1,AN_1) (12)

where n1 = m, ny, ... are the numbers of C operators in the various levels of the nesting. If in
addition there are 1 particles of rank N — 1 the SU(N) weights are

w=@m-—ny,n —ny,....,nN_2 —nN_1,in—1 —n)+n(l,..., 1) (13)
because N — 1 particles of rank 1 yield a bound state of rank N — 1 and at the /th level the
number of C operators is reduced by N —/ — 1 (see Appendix A).

2.3. Minimal form factors and ¢-function

To construct the form factors we need the form factor functions F(6), G(0) and the function
¢(0). The form factor functions F(0) and G (0) for two particles of rank 1 and for one particle
of rank 1 and one of rank N — 1, respectively are

o
F(0)=ce / d z’vs'nht<1 1)(1 cosht(l 9)) (14)
=cex enN si - — - -—)
P sinns N i
0
o0
GO)=¢ f ar ItV’ht<1 m<1 9)) (15)
=C €X eN Sinn — — COS _ .
P ¢sinh?¢ N im
0

They are the minimal solutions of the equations

FO)=F(—=0)a®), F(ir—0)=F(ir+0),
G©O) = —G(=0)b(wi —0),  G(inr —0)=G(im +6)

where a(0) and b(;wi — ) are the highest weight amplitudes of the corresponding channels of
(2) and (3). The ¢-function

- 1 —0 1 0
40 =i~ (1) (-5 51) "o

is a solution of

N-2 N-1
[1é6—kin) [TF@E+kim=1 (17)
k=0 k=0

which follows from the assumption that the antiparticle of a fundamental particle is a bound state
of N — 1 of them (see below and [13]). The constants ¢ and ¢’ in (14) and (15) follow from (16)
and (17).
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2.4. Chiral Gross—Neveu model

Swieca et al. [8] wrote the fermion fields i (x) in the Lagrangian (1) in bosonic form. In
order to extract the real particle content of the theory, they introduced in addition the “physical”
fields

172 X
Ui (x) = K; (%) 1Y’ exp{ —im <y5¢,~ () + f dy' ¢; (y)) }

1 1
¢ (x) = (1 —~ ﬁ)wm - ;w/(x)

where @; (x) are free canonical zero-mass fields and /C; are Klein factors satisfying

o &‘(X)/C,‘ fori = j,
Kidjx =" -
i) fori#j.
The fields ¥/ satisfy (with a suitable normal product prescription A)
| N
wiTzKM ZgijanN—lejl "'ijN—l7 K= l_llKj (18)
] 1=
such that
Ky () = (=DY g (oK. (19)

Eq. (18) means that antiparticles should be identified with bound state of N — 1 particles and the
creation operators of the antiparticle b; and of the bound state &(Tg) are related by

A~ A - N—12

by = Keéa(o)d . Kalk =—nN-1al,

The “physical” fields satisfy the anyonic commutation relations

Fi 0T () = P T (022D for (v — )2 <0
with “spin” s = %(1 — 1/N). This implies that the “physical” S-matrix is related to the one of (2)
by [8,26]

Saf (012) = <UD S (61).

As a consequence the abnormal crossing relation (3) transforms to a normal one. The bound state
S-matrix satisfies

S0\3(0) = (=D)N71C ), Sho (i — 0)CH). (20)

Therefore the physical crossing relation is

870) = Cau 85 (i — 0)C77

with Cagr = 8yqr, C¥'7 =877



H.M. Babujian et al. / Nuclear Physics B 825 [FS] (2010) 396425 403

3. Form factors

For a state of n particles of rank rq, .. ., r,, with rapidities 8 = (61, ..., 6,) and a local operator
O(x) we define the associated form factor functions Ff (6) by

OIO@)61, ... 0a)y = e * P HPED @), for by > - > by,

where again o = ((o11,...,%1,),..., (@1, ..., dyp,)). For all other arrangements of the ra-
pidities the functions Fofo (6) are given by analytic continuation. The co-vector valued function

Ff (0) satisfies the form factor equations (i)—(v) (see [12-14,27,28]) and can be written as [12]

FEO) =kS® [ Fur @) 1)
1<i<j<n

where Fy,,; (0) are the minimal form factor functions. For particles of rank 1 and N — 1 they are
given by F11(0) = Fn—in—1(0) = F(0) and Fy_11(0) = Fiy—1(0) = G(0) of (14) and (15),
respectively. In [13] the form factors of the fundamental particles of rank 1 have been constructed.
We shortly recall the results. All other form factors can be obtained from these by applying the
bound state fusion procedure which is given by the form factor equation (iv) (see e.g. [13]).

Form factors for particles of rank 1: The K-function in (21) is given by the nested “off-shell”
Bethe ansatz (8) for the special case n = 0 and a special choice of the scalar function k(8, z) such
that the form factor equations (i)—(v) are satisfied

KO(O)—& dzy-- | dzm 10, 2)pC (0, )Wy (8 22
a \Z - m' 1 Zm _7%)1) (_a E) g(_vé) ( )
Cy Cy

with
n

h@.0=[][]eC: -z ] rG@—zp.
i=1j=1

1<i<j<m

7(2) (23)

1

¢(2)p(—2)
The integration contour Cy is defined by (9). The dependence on the operator O enters only
through the p-function pO(Q , z) which has to satisfy simple equations (see [13,29-31]). The K-
function is in general a linear combination of the fundamental building blocks [29-31] given by
(22). Here we consider only these cases where the sum consists only of one term.

The p-function: The co-vector valued function li/g (8, z) is expressed as in (10) for n = 0 by
an Lg(z) for which the nesting procedure is applied. The final form is (up to a constant)

FJ@=[]F@) f dzV. f dz" "V k@, 2p° 0, DPa0, 2),
7,2 =h(g,2) - h(z™?, ZN7Y) 24)

where z =z, ..., 2N =D, The Bethe state qsg (8, z) is obtained by the nesting procedure (see
(10), (11) and [13]) )

~ ~ ~(2), =~

Ba(0, )= BL DN, LN D) G (D, (D) (e, V).
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In general the p-function (see [13]) depends on the rapidities € and all integration variables g(l).
Let the operator O(x) transform as a highest weight SU(N) representation with highest weight
vector

woz(wlo,...,wf\?).

Because of SU(N) invariance the weight vector of the co-vector Ff (6) is then

w=w, .. wd)+Lad,... 1
=@m—ny,n—ny,....,AN-2 —AN_1,AN-1) (25)
where (12) and the fact, that the weight vector (1, ..., 1) correspond to the vacuum sector, has
been used. In [13] was shown that the p-function has to satisfy a set of equations in order that the
form factor (24) satisfies the form factor equations. In particular to guarantee the transformation
properties of the operator the following periodicity relations have to be valid
pO(Q,...,g(l),...) =610p0(...,9,- —i—ZJTi,...,g(l),...)
= (=1 RO, . 20 o, ) (26)
where
50 = Ulo(_])(zv—l)[zf":] w? INI-EiL wf o0 = SiT(1=1/N)Q° 7
The charge of the operator O is defined by 0% = nmod N and 010 is the statistics factor
of O with respect to the fundamental particle of rank 1. The sign factors o, /O']O +1 and

(— l)wl 2 = 41 in (26) follow [13] from the sign (—1)¥~1 in the unusual crossing relation
(20) (related to the Klein factors of (19)).

3.1. General form factors of particles of rank 1 and N — 1

Using the bound state procedure (see Appendix A) which means taking residues of (21) or
(22) one derives the form factors and K-functions for n particles of rank 1 with rapidities 8 and
n particles of rank N — 1 with rapidities w. As usual we split off the minimal part

Fap@ o) =Kep@ o [] FOp[[[][G6-wp [] Flwp. (28)

I<i<j<n i=1j=1 1<i<j<i

The K-function is given by a nested ‘off-shell” Bethe ansatz (8)

N, - -
kG, (0.0) = 2 / dzr- [ a0 2900, 0,000 0.0.2 29)

Q [ C9 w

where fz(Q , z) 1s the scalar function (23). Note that this h-function does not depend on w. For the
SU(N) S-matrix the function q~5(9) is given by (16). The integration contour Cg,, (see Fig. 1) has
been defined in the context of (8).

Nesting: The state Wy () in (29) is a linear combination of the basic Bethe ansatz co-vectors

(1)

L(Q w, Z)—Lﬂ«,)(z w)@ (9 w,2), withl<p;, o1;=1

a(p)
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;)'91 +2mi(l— L)
N

[ ]
w+ 3w o0y + 2mi(1 —

w T
L]

[ ]
w i — 2mi . 0) — 2mi
92 — 27TZ%

L[] 01 — 2m

w—im— 2m%
° ® 0y — 2mi

Fig. 1. The integration contour Cg, g, for two particles and one bound state.

where Lg()(z, ) satisfies again a representation like (29). This nesting is iterated until all
Bi =N and all (6); = (1,2,..., N — 1). Only for the highest level Bethe ansatz the h-function
depends on w. The final result is

a(p)(@ w) = /\dé(]).../dg(}vi])ﬁ(@,@a E)PO(Q’CL% g)‘ig(p)(@a‘ﬁs é)s

N— n nN-1
w,z) = 1_[ (1)7 ;UH)) l_[ l_[ X~(0)i _ Zﬁ-N*l)),
1=0 i=1 j=1
. 1 w 1 1 w
X(a)):]“(i—}-%)]“(i—ﬁ—%). 30)

The complete Bethe ansatz state is

(N 20 (N—2 N-1 =Dy ® (1 2\ 580 1
Pap) @ 0. )= ) (V0.2 V) by (@ 0. 2?) By (0. 0. 21)

where @ denotes n highest weight bound states (n;1,...,ninv—1) =(1,2,..., N — 1). The p-
functions in (29) and (30) are obtained again by the bound state procedure from a solution of (26)
for n = 0. In particular for 7 = 1 (with the replacements in (26) 6 — 6, @ and g(l) — g(”, X(Z)

where 9 = (¢1,....on-1), Y =1 ..., yv-1), [=1,...,N =2)

PP 0,2 =p°0 9.2,y D, ..., NV YWD,

Here yl.( = (pl(l), i=1,...,N—1—1,and ¢y = w+ kin — iw. The proofs of the statements of
this subsection and more details can be found in Appendix A.

Y

3.2. Examples

To illustrate our general results we present some simple examples. In addition, we also derive
the 1/N expansion of exact form factors for the purpose of later comparison with the 1/N-
perturbation theory of the chiral SU(N) Gross—Neveu model.

The energy—momentum tensor: For the local operator O(x) = T*? (x) (where p, o = =% de-
note the light cone components) the p-function for n particles of rank 1 (as for the sine-Gordon
model in [28])

n m
TPO ©@.2) = Zepei Zeazi (31)
i=1 i=1
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satisfies Eqs. (26) with w? =(0,0,...,0). Forthen =N particle form factor the weight vector
isw=(,1,...,1,1). Due to (12) there are n; = N — [ integrations in the /-th level of the
off-shell Bethe ansatz.

We calculate the form factor of the particle @ and the bound state (A) = (Aq,...,Anx—1) of
N — 1 particles. We apply the bound state formulae (28) and (29) for n = n = 1. Due to (13)
there is just one integration in every level of the nested Bethe ansatz (I =1,..., N — 1)

FI50,0) = K15 0.0)G 0 — w).

KZ&(;(G, (1)) — nga (epe _i_epw)/dz(g(e _ Z)eo’zlﬁa()‘)(e’ w, Z),

Co
. 1 -
o) (0. 0,2) = LYy (2. 0) B (0, . 2) (32)
where G (0) defined in (15) is the minimal form factor function of two particles of rank 1 and
N — 1. The integration in every level of the nested Bethe ansatz (I = N — 2, ..., 1) can be solved

iteratively

/ .
ngﬂ)(z’w) ZE,B(M)L(I)(G) - Z) Wlthﬂ > 17 (l’l’) = (172’ . -315 *yen, *)7

LO@—=ar(t+2=2\p(-t L 22 (33)
AN T 2mi 2N 27 )

The remaining integral in (32) may be performed (see Appendix A) with the result'

sinh%(@ —w—1m)

OITP7 (0)|0, )ity = Am2eqpye2 PO OFotim) GO —w). (34)

0—w—im

Similar as in [28] one can prove the eigenvalue equation

(/deiO(x)—Zp?t)wl,...,@n)’;:O

i=1
for arbitrary states.
The fields ¥, (x): Because the Bethe ansatz yields highest weight states we obtain the matrix
elements of the spinor field ¥ (x) = ¥ (x). The p-function for the local operator ¥ (x) for n
particles of rank 1 (see also [27])

) 1{ 1 "
PV .= expt (ZZi - (1 - N) > 6
i=1 i=1
satisfies Egs. (26) with wY¥ = (1,0,...,0). For example the 1-particle form factor is

(01 @ (0)[0)g = 8416720~V

The last formula is consistent with the proposal of Swieca et al. [6,8] that the statistics of the
fundamental particles in the chiral SU(N) Gross—Neveu model should be o = exp(2ris), where
s = %(1 - %) is the spin (see also (27)). For the n = N + 1 particle form factor there are again
n; = N — [ integrations in the [-th level of the off-shell Bethe ansatz and the SU(N) weights are

1 In [23,32] this result has been obtained using Jackson type integrals.
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w=(2,1,...,1,1). Due to (13) there is again just one integration in every level of the nested
Bethe ansatz. Similar as above one obtains the two-particle and one-bound state form factor

Fléf;(if\)) @) = aﬂ(k)(Q)F(012)G(913)G(923)

(*) 1 1 ~ ~ 1. ~
Ky (@) = NV T3 (=0 Crt0+ 300 f dzd(01 — 2)B(0r — 2)eF T W50 (0. 2).
Co

g0 (0, 2) = Ly (2, 0) P14 0, 2), with 1 <y, A =1 (35)

where the function Ly, (,)(z,03) = ey(M)L(l)(% — 7) is the same as in (33) above. We were not
able to perform this integration, however, the result can be expressed in terms of Meijer’s G-
functions

)

tlf (Co] s ()
Kooy © = a8 K] ©) + epn85 Ky (@),

KW( )(Q) — Nwe:F%((l—%)(91+92)+%93)G33 e:l:in 27‘” +1L 27” + 1’ 27'” + 27N
1 1 3 O 1 6 + L4 _|_
2mi N’ 2mi ’ 2m

@, ) L
and Ké” is obtained by the form factor equation (i).
1/ N expansion of the exact form factor: We consider the connected part of the matrix element

in e &
7 (031D ()11, 02) 15 = O FY (61,65, 65 — im).
Instead of the field ¥ we consider the operator O5 = (—i(iyd — m)¥)s

o
Fg"" = F{818h — FQ848). F8(61.,62,63) = F§) (62,61, 63).

For N — oo we expand the minimal form factors
—i 1
F(9)=—lsinh§9+0(l/N), G@®)=14+0(/N),
b4

perform the integration in (35) and obtain (after a lengthy calculation)

2mim sinh9]3 1 5
N 013

F§ =~ )u(ez) +O(N7?). (36)

-V
cosh %613 sinh 1 5013

We use the following conventions for the y -matrices

o (0 1 (0 1 s o1 _(-10

and for the spinors
—6/2

e e—0/2
u(p)=ﬂ<e9/2), v(m—fz( 9/2) (37

In Section 4 below we compare this result with the 1/N-expansion of the chiral SU(N) Gross—
Neveu model in terms of Feynman graphs.

The current J" p (x) The SU(N) current J* (o )(x) transforms as the adjoint representation with
the weight vector w! = (2,1,...,1,0). Again, because the Bethe ansatz yields highest weight
states we obtain the matrix elements of the highest weight component

Jolf(p) =Su1€(p)Ne"" dvp
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where we have introduced the pseudo-potential ¢ (x). We start from
F$©) =KS @[] F@i.
K$(©) = f g / dz™ "V (@, 2p? (@, D% (8. 2)

withz =z ., g(N ~1 The proposal for the p-function for n particles of rank 1 (see also [27])

n -1 1 n ny nN—1
¥, é) =N¥ (ZexpOi) exp 3 (Zei - Zzlﬁl) — Z Z?N—1)>
i=1 i=1 i=1 i=1

satisfies Eqgs. (26) with w? = w"” .

We calculate the form factor of the particle o and the bound state (A) = (A1,...,Ay—1) of
N — 1 particles with weight vector w = (2, 1, ..., 1, 0). We apply the bound state formulae (28)
and (29) for n = n = 1. Due to (13) there is no integration in each level of the nested Bethe ansatz
(I=1,...,N—1)and

¢ ¢ ¢ % e20+)
Fi®0) =K 0,)GO — ), Kj;)(6,0) = Nbaeay 5.
The form factor for the SU(N) current is therefore
Fjﬁi(ﬂ) 0 = (0 Ji 0)16 in —+N 8/33(,0) +6 +w e%(0+w)G 0
w05 @) = (0130, )16, w)gi5) = £N28 3G (¢ +¢7) 525G (0 — )
= 8050 5(0)y*u®)G(O — 0)/Glim). (38)

Also here we calculate the 1/N-expansion of the exact form factor for later comparison with
the 1/N-perturbation theory of the chiral SU(N) Gross—Neveu model. Using the expansion of
the minimal form factor function

lim—6

G(@):a(l_i<1__ ))+0(N—2)
N 2 tanh 36

we obtain the 1/N expansion of the exact the SU(N) current form factor as

Ik . _ )
F i (0, 0) = (0175, 0|0, o), = 8683)5()y*u©)G(0 — w)/ G(im)

s s (1_i<1_1 imT—(—w) )) O(N-2).
RO Gt Ul P vrrapeed ) (N7)

4. The chiral SU(N) Gross—-Neveu model

Let the Fermi fields ¥, (x) (¢ = 1,..., N) form an SU(N)-multiplet. The field theory is
defined by the Lagrangian [4]

_ — 1 _ _
LOv ) = Piyy + 38> (F0) = (Fr°¥)))
or equivalently

L&, o,m)=9(iyd—o —iy’m)y — %g_z(o’z +7?)
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where o (x) is scalar and 7 (x) a pseudoscalar field. The field equations for these fields are
o =—g" .1 =—ig* Uy Y.
4.1. The 1/N perturbation theory

Using the bootstrap program and the results of [19], the S-matrix, i.e. the on-shell solution of
the model has been proposed in [7,8]. It is well known [4,5,7,8] that the naive 1/N-expansion
of the chiral Gross—Neveu model suffers on severe infrared problems. In [7,8] two different
approaches to overcome these problems were proposed and it was shown that the exact S-matrix
was consistent with both. We will show that an off-shell quantity as our solution for the three
particle form factor of the field v (x) is also consistent with the 1/N-expansion of [8]. Without
presenting details we note that we do not obtain consistency with the approach of [7]. Since in the
literature (see e.g. [8,9,33]) there are some errors and misprints we present a detailed derivation
of the approach of Swieca et al.

The generation functional of Greens’s functions for the chiral Gross—Neveu model is

Z(s,é)=/d1//dwodnexpi(,4(¢,&,a,n)+§w+1/7§) (39)

with the action AW, ¥, 0, ) = fdzx L, ¥, 0, 7). In Eq. (39) and in the following we use a
short notation of the x-integrations e.g. £y = f d*x E(xX)¥ (x).

When quantizing the model, severe infrared divergences appear due to the “would-be Gold-
stone boson” . Following Kurak, Koberle and Swieca [8] we introduce two additional bosonic
fields A(x) and B(x) quantized with negative norm. The A-field compensates the infrared diver-
gences. In fact as we will see below that together with the infrared divergences of 7 it decouples
from the rest of the model. We replace the Fermi fields by

¥ (x) = ¥ (x) =expi(y’ A(x) + B(x)) Y (x).

The B-field is introduced, in order not to change the statistics of the i-fields. Finally we have
the Lagrangian

. 1 1
L=y'iyd =Wy = S¢7%(0* +7°) + SN (e ?ADA + 7 BOB)
with u = o +iy’m —y ydA +ydB.

The couplings « and B are unrenormalized, their renormalized values are /7. Performing the
y'-integrations in the generation functional we obtain

Z(£,8) = f do dw dAdBexp(i Aci(o, 7, A, B) — £ S§)
with the Fermi propagator S =i(iyd — )~ ! and the effective action

1
Aesi(o, 7w, A, B) = —iN Trln(iyd — p) — 3 / d*x (g72(o% +7?)

— N(a"2A0A + g~2BOB)).
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Fig. 2. The bubble graph.

The symbol Tr means the trace with respect to x-space and spinor space. The trace with respect
to SU(N)-isospin has been taken and gives the factor N. We define the vertex functions I” by

o0
1
Acti(p) =Y ;/dle coedxy T (1 X)) @1 (1) 0 (),
n=0 " -

where ¢; € {0 — 09, 1 — w9, A — Ag, B — By}. The values oy, etc., are defined by the condition

that Aefr(@) is stationary at this point. This means that the one-point vertex functions Fg(l)(x) =
8 Aetr/80 =0, etc., vanish

I'Y(x)=NtrS(x,x) — g 200 =0,

r'u) = Ntr(inS(x, x)) — g 2m=0,

r{’ @) = Nu(=y>yaSx,x)) + Na 2049 =0,
P ) =Nu(yasix,x)) + Ng~>0By = 0.

The three last equations mean mg = Ag = Bp = 0 and the first one implies og = m with

d*p i ) -
N | —=tr —g “00=0 = op=m=Me N¢,
@2m)? yp—m

where M is an UV-cutoff. There is the effect of mass generation and dimensional transmutation:
the dimensionless coupling g is replaced by the mass m. The 1/N-expansion is obtained by
expanding the effective action at this stationary point. The resulting Feynman rules are given by
the simple vertices

Vo (k) = (=i), Ve (k) =7, Valk) =y vk, Vp(k) = —vk (40)

and the propagators in momentum space

- i 1 sinh - im 1 sinh
Ao (k) = ————5+ ¢, Am(k)=——4<—¢—l),

N cosh’1¢p ¢ N sinh®> 1o\ ¢
~ i ~ i ~ ~ im
AAA(k)Z—W, ABB(k)=—W, AnA(k)ZAAn(k)Z_sz (4D
where k2 = —4m? sinh? %(p. To obtain the propagators one calculates the two point vertex func-

tions Fi(.z ) from the bubble graph of Fig. 2 with the various vertices and uses A =il” @~
In [8] it was argued that the unrenormalized values of « and B are to be replaced by o — oo
and B8 — /. In that limit the propagators are those of (41). One observes that the A- and
B-propagators remain free and the infrared singularity in the 7 -propagator disappears.

As an example we consider the four point vertex function

~(A)DCS
s 7 (= p3.—pa. pr. p2) = 8585 IO (p2 — p3) — 8485 T5R (3 — p1)
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D C

Fig. 3. The four point vertex.

where A, B, C, D are spinor indices, o, B, y, § are isospin indices and I” is given by the Feyn-
man graph of Fig. 3. Taking into account the contributions from all vertices (40) and all the
propagators (41) we obtain

rky=Y_"Vi(k)A;(k)V;(—k)
irj
=18 18,5k + v’ @y Anr (k) — Y yk @ y ykAaak)
— YV’ @Y ykAra(k) + 1 vk @ Y Aar (k) — vk @ ykAgp (k). 42)
Inserting the expressions for the propagators we finally obtain

F(k)—i—n{1®1 L sy ] (Sinh¢—1>
- N cosh2@/2) ¢ 7 sin@/)\ ¢

i 5 5 5 5.7 5 5
~I—k2(y vk®@y vk +2my> @ v vk —2my vk ® y” + vk ® yk) (43)

where the tensor product structure of the spinor matrices is obvious from Fig. 3. We now apply
these results to the examples of Section 3 and investigate the three particle form factor of the
fundamental Fermi field and the two particle form factor of the SU(N) current in 1 /N-expansion
in lowest nontrivial order.

The three particle form factor of the fundamental Fermi field: For convenience we multiply
the field with the Dirac operator, take

Ops(x) = (—i(iyd —m)y®)) p,
and define

on{P310Ds ) p1, pa)iy = FOP (612, 613, 623).

By means of LSZ-techniques one can express the connected part in terms of the 4-point vertex
function

o - 5
Fmrﬁ,f_z;/g (012,013, 023) = uC(P3)FADBCaE(—P3, P3 — p1— P2, P1, p2ua(prup(p2).

The lowest order contributions are given by the Feynman graphs of Fig. 4

(@) -
Fogmns = iic(p3){8asdpy T (P2 — P3) — Say8ps Ty (p3 — p1) Jua(prus(p2)

where I is given by Fig. 3 and Eq. (43) and the spinor u(p) by Eq. (37). It turns out that for
p1, p2 and p3 on-shell several terms vanish or cancel and we obtain up to order 1/N?2
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3 o 3 o /3
0s0)) = >< AN
conrn. A x L _____
1 2 1 2 1 2
Fig. 4. The connected part of the three particle form factor of the fundamental Fermi field in 1/N -expansion.
" ©
Jae) Jae)
q

Fig. 5. Diagrams contributing to the form factor of the SU(N) current in the Gross—Neveu models up to order N -2,

Opsy 2mim { sinh 03 ( 1 5 1 )
F = Sasd - up(p1)
conn.aff N 6%y 023 cosh %923 4 sinh %923 P
sinh 013 ( 1 5 1 ) }
— 8aydps - up(p2) (44)
rop 013\ cosh %013 4 sinh%913 P

which agrees with the result for the exact form factor (36). In [8] was shown that if the momentum
pa = p1 + p2 — p3 is also on-shell then the expression (44) is consistent with the exact S-
matrix (2).

The 1/N expansion of the SU(N) current form factor: We check the proposed exact form

factor (38) in 1/N expansion. Fig. 5 shows the diagrams contributing to F 8(‘)’) in order N° and

N~! which give

Fafi'f) =805 5(q)y" u(p)F’ (6)

~la a4 oLif) / S 45)
- : l + l (L _
x {v(q)vl(k)yq+yk—my yp_yk_mVj( ku(p) substr.}
+ O(N_z). (46)

The k integration can be performed using the propagators (41) and the vertices (40). For conve-
nience we write the total 4-point vertex function (42) which is a part of (46) as

r=> Ajk)Vitk)® Vi(—k) =Ty + Iy + T + T
i,j

with

im 1 sinh ¢ in s 5 1 sinh ¢
I,=—1®1 3 s In=——y"®y - B —1),
N cosh®(¢/2) ¢ N sinh“(¢/2) \ ¢
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i im 1

Ty =37" @V Tew= 15 (V7 7k®y (rk =2m) + 7 (vk +2m) @y vk)
where yk @ vk =y vk @ Y2 yk + k> y* ® v, has been used. Correspondingly we decompose
the form factor function F” (#) in (45) (in order to avoid infra-red problems in the calculation) as

F'(0) =1+ (Fs(0) + Fz(0) + Fy(0) + Freut(®)) + O(N72).

The first contribution Fy () is given by the O (2N )-Gross—Neveu form factor FSN(6) which has
been calculated in [12]

Fy(0)=FSN@©) -1

~

o A A

1 sinh? 1 coth L — 6 coth 16 A 1 0

=— - Z‘f(d’ zf‘p - (9—>0)>d¢ +—< A—1>
2N ¢°+ 7 \ cosh” ;¢ — cosh? 3 N \sinh@

1 14 1A 1A é 1 /1 6
1— =6(coth=0 — tanh =6 ——w — =yl == —
TN 2 2 2 o) T2V\3 T o

o(3)) 5 ()
2 N \sinh§

where = i — 0 and ¥ (z) = (n I (z)) . Similarly we obtain

o0 A A

1 sinh? 1 coth 1¢p — § coth 19 N

Fa(0) = 29 ($coth 26 2% (- 0))ag
2N ; $? + 72 \ cosh? %qb — cosh? %0

1 1 1. 1.\ 1 (1 @
= 1—=6{coth-0 —tanh=60 | — =¥ = + —
2N 2 2 2 27\2 " 27

1 /1 6 1
~(33) +(3))

1 4 -
Fy@)= > Sinhé(coshé =1, Fra®)=0

and

and therefore
1 1 6
F’(9)=1——<1—— A)+0 N2
N 2 tanh %0 (N7)

which agrees with the 1/N-expansion of the exact result for form factor of the current derived in
Section 3.

5. Commutation rules

In [31] commutation rules were derived for the Z(N) scaling Ising models. The results for the
SU(N) Gross—Neveu model are similar, however, the proof is much more complicated because
of the unusual crossing relations (20) and (related to this) the Klein factors (19).

Let |Q)g‘ with & = ((@11,...,@1r),s ..., (01, ..., 0gr,)) be a state of «a particles of rank
Fly oo rg (1 < ri < N — 1) (or bound states of r; particles of rank 1). We define the charge
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of a state to be the sum of all ranks of the particles in the state

o

Oq =er.

j=1

The weight w;(«) (1 <i < N) of the state ¢ is equal to the number of «jx = i. Therefore the
total charge of the state ¢ is

N
Q=Y wile)
i=1

(see Appendix B). If « is a state for which the form factor Fgw (0) does not vanish we use (25)
and define the charge of the operator i by

N
Qy =QymodN = Zw;/’ mod N
i=1
with0 < Qy < N.
Examples: For the energy—momentum tensor 7" (x) (which is an SU(N) scalar) the funda-
mental field ¥, (x) (which is an SU(N) vector) and the SU(N) current J O’f 8 (x) (which transforms
as the adjoint representation) the weights and the charges are

w’ =(0,0,...,0,0), Q0r=0,

w¥ =(1,0,...,0,0), Qy=1,
w/ =2,1,...,1,00, 0;=0.

Theorem 1. The equal time commutation rule of two fields ¢ (x) and  (y) with charge Q¢ and
Qy, respectively, is (in general anyonic)

1
¢uow(w::w(w¢cmexp<%weﬂﬁ-yUE(l—l/N>Q¢Q¢). 47)

The proof of this theorem can be found in Appendix B.
6. Conclusions

In this paper the general SU(N) form factor formula is constructed. As an application of
this result exact SU(N) form factors for the field, the energy—momentum tensor and the current
operators are derived in detail. In the large N limit these form factors are compared with the
1/N-expansion of the Gross—Neveu model and full agreement is found. The commutation rules
of arbitrary fields are derived and in general anyonic behavior is found. We believe that our
results may be relevant for the computation of correlation functions in fermionic ladders [34].
In addition the series of the 1/N-expansion of our exact form factors could hopefully help to
understand the same series in QCD.
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Appendix A. Bound state form factors

Proof of formulae (29)—(30): Here we present a sketch of the proof for the bound state form
factors formula. For simplicity several formulae will be written only up to constants, the normal-
ization can be fixed at the end by the physical properties of the operator. The form factor formula
for particles of rank 1 was proved in [13]. Applying the bound state procedure to this result we
derive the formula for 7 = 1 bound state of rank N — 1, the general case n > 1 follows easily.

The bound state intertwiner [28] is defined by

. . Ao - 2
l ‘/’N—E/eisz=i7] o wﬁgn Sé(@ - F(}) F&(p)
where the S-matrix Sﬁ(@ exchanges all particles with rapidities ¢ = gn_1,...,¢1 = ¢ =
©1,...,9n_1. It satisfies the bound state fusion equation
Bu
[08,,(0,0) = SPS ) (w. )T, (48)
Lemma 2. The form factor for n particles o = ay, ..., o, of rank 1 and one bound state (p) =

(p,..., pN=1) (With p1 < --- < py—1) of rank N — 1 may be written as

Fu(p)(®. 0) = (V20)* N Foy (00) T,

) 1
0)° with w = m(‘ﬁl +- 4+ on_1)

foron_iN—2 = =@ =in ie gj=w+ jin—in.

Proof. We start with a form factor Fy,(8¢) for n + N — 1 particles of rank 1 with rapidities
0=01,...,0h, O =0N—-1,..., 01 and_quz;ntum numbers o = o1, ..., 0, U= [1,..., UN—1
(for convenience we use for ¢ an inverse numbering). Applying iteratively the bound state fusion
procedure (see e.g. [13,28]) we obtain the bound state form factor

Fyp) 0. 0)(V2))N 2P =i Res --+i Res Fyu(09)
B = YN-IN-2=i1 ea=in = T
=F,(0p)i Res ---i Res Si(@)
~ YN-IN-2=17) e1=tn T T
A
= Fup(09) T, T (49)

where the form factor equation (i) FQE(Q@ = FM(Q@Sﬁ(@ (see e.g. [13]) has been used. O

We start from the K-function K (S\ (8¢) for particles of rank 1 given by the general formula
(22) where we replace 8 — 0¢, (¢ = ¢1,...,¢y-1) and integration variables z — zy (y =
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Viseeos YN=2)
Kﬁ(@@) = /dg / dzﬁ(@g, zy)p(Qy, Q)%(ng, zy).

The state lffg is a linear combination of the basic Bethe ansatz co-vectors (11) (for n = 0)
7 m =B .
Uy (09.2y) = L (20) By (0p. ),  with 1 < f;

where the Lg) (zy) again satisfy a representation like the K 08_\ (0¢). Iterating this nesting proce-
dure we arrive at

Kﬁ@‘ﬁ):/d;(l)/d)_,(l).../dg(Nfl)/X(N,l)ﬁqusg&

where the functions &, p© p- and 9504 depend on the variables 0, 2y (z = z(l) . z(N - Y=

X(l), R X(N_Z), X(l) = y{ ), R yj(é) 1 =1,..., N —2)). If we take the residues in (49) at
@i+1,; = in the pinching phenomenon (see [13] and Fig. 1) appears at y1 =@l YN =
@N_2. This propagates to the higher level integrations such that we may replace y) — ¢ =

@1, ..., ¢N—1—; which are related to w by ¢; = w + jin —im. The h-function (23) for the lowest
level Bethe ansatz then takes the form (up to a constant)

h(@. 0.2 ") =00 - 290 —¢")d ¢~ Dr@1(z —¢")
=10.28(0 —¢")d(@ —t(z —¢").

Here and in the following we use the short notation

n N-2 n
1
(1) l_[ 1_[ ¢> ( ) ), 7(z) = 1_[ T(zi — 2j),
i=1 j=I 1<i<j<n

et cetera, where the product is taken over all indices. The Bethe ansatz states defined by (11) are
related by

. bim —w+2z) _ul ﬁ(o)
M\ r (e))
)1 =b(0 ) @2 © Pyp) @ @ 2)

=pur
Py, (0029

where the bound state relation (48) together with (5) and (4) has been used. These equations
together imply

_ M 4iy—g
7(0.¢.2.00)B M) o +in—6) 5600

= ¢((p(2) +ln—z)h(9 Z)F(a)qj_(p) @, 0.2).
The equations for bound state rapidity w = ¢ —in +inm = ¢y—1 + in — in and the relations

b(z = 9))$ —¢)) = —p(pj+1 —2) and $(p1 — 2)/$(z — ¢n—1) = —b(im — w +2) have been
used. Therefore we obtain the integral representation

qf(e ¢, 2, ¢

Ka(p) (. ) = / 2 (0. 2)p(0. . D)) (0. 0. 2).

4 1 ~B(o) .
Pap) (0.0, 2) = Ly (2. 0) Py (0. 0.2),  with 1 <, o1 =1 <0y < <on-i
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with the new K-, L- and p-functions given in terms of the old ones

Ky(p) (0, 0) = =———————Kur(0, )T,
a(p) ¢((£(1) +in— 6) o (p)
1
1 1 1 K
Lg(a)(é’w) = L ( ‘P( ))F(a)’

F@® +in—g 5
p@.w.2)=p(0¢.20"") (¢j =w+ jin—im).

Correspondingly we obtain for a higher level Bethe ansatz/=1,...,N —3
Rz, ), 20D o))
— ﬁ(g(l), g(1+1))q§(§(l) _ g_O(IJrl))q;((E(l) _ g(l“))r(g(’“) . (£(1+1))
and
FOYY M) O A+ (+Dy R
T A AT A
Nl 1 b(zD — o D)b(in — w + 2¢D)
= l_l;[ b(p; — z0+D) a(p® — z(+D)
vi+1..1 o )Y (&) @) (+1)
x Ty @050y (% 0.20)
such that
fl(z(l) (l+1) (l+1))q"§(l)ZV ( ) ) (l+l) (1+1))Fﬁl"'l
e g puls ¥ ¢ @
I+ 4 iy — D
_ ¢(‘£ +in—2z") E(Z(Z) Z(l+1))ryl+1...1q§(l)z(§)(z(l)
P(pU+D) 4 ip — 04Dy = F () B@)\&
and

LD (0, w) :/d§<z+1>,;(ga)’é(m))p(g(z)’§<z+1>)@é(l(27)(ga>’w
lj/él()a)(g(”’ w0, 20+D) = L(Zl(+§1)> (2D, w)@(l)gi;(gm, w,70+D)

withl <y, c1=1,...,g=l<g41 <---<GnN-1.

w,z0%D)

,Z(1+1))’

417

Note that for / = N — 3 the relation ¢(p"*? + in — z*D) =1 holds because ¥ = = ¢. For

the highest level = N — 2 we have

R, 01,2 0) = RN V) - 2N ),

p(N— N-2..1 1.1 B ~

W 2),§u(§"p1’“)r(i) _1"(’;’) HN- z>/(3g())(_(1v ), ZN-D)
such that

~ _ N=2..1

h(Z(N 2) L1, Z(N l))q)(N 2)ﬂ,u(§’ o1, Z)F(l;)
_7(.(N=2) _(N=1)\= (N=1)\ pN—1...1 £(N=2)(n) (N=2)
=h(z 'z )X (@2 )F(n) ® g(a)(é .

and

w.zVY)
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(N=2)(_(D)
Lg(a) (Z “))
— (N=D p(,(N=2) _(N-=1) (N=2) _(N-D\ g N-2( (N-2) (N=1)
—fdz h(e ™72, 2N D) (2, 27 (@ 0, 2 NT),

lI,éz(v)z)(_(zv ) 4 (Nfl)) _ L(Nfl)(a) _ g(zvfl))qg(zvfz)g;z)) (g(l)’a)’g(lﬂ))

withy; =N, o1=1,...,o0n_1=N — 1.

Here
L(N—l)(w)_ ~(a))—¢~5( y=T l_i_i Ia l_i_i
TXR=OU = i )\ TN T 2 )
Finally we combine the minimal form factors in formula (24) for py_1y—2 =+ =¢@21 =in
A
Fuip (0, @) = Far @) T, = F(O)G (0 — 0) —————— Ko 09T,
a(p) AARZT TS (p) ¢((£+i7] _9) o (,0)

=F(0)G(0 — 0)Ky(p) (0, ®).

The relations (16) for the minimal form factor function G for one particle of rank 1 and one of
rank N — 1 and (17) have been used. Therefore the final result is

K0, 0) = f dz .. [ dzN VRO, 0, 2P0, 0, D Pu(p 0, 0, 2),

N-2 AN—
ﬁ(g,w,g)z 1‘[ (e®, 20+D) l—[ 0 —zN D),
=0

where pO(QQ, zy) is the p-function for particles of rank 1 only. The complete Bethe ansatz state
is -

é;ﬁ;z“” (cV2 0, VD). qsg(z})(“’ ", 0, §<2>)q55 (0, w,z7)

Pa(p) (0. 0.2) =

where (1) is the highest weight bound state (n) = (1,2,..., N — 1).
The energy—momentum tensor: We apply the results above to the example of the energy—
momentum tensor and prove (34). In this case n =n = 1, and the p-function is that of (31)

TPO ., o, g) — (6'09 + epw)eaz
Lemma 3. The functions Lﬁ(ﬂ)(z, w) (foralll=1,..., N — 3) are explicitly given as

gzm(z ) =epLP@—2) withf>1, ) =(1,2,....1,%...,%),

10—y = 2+ 22 (24 L 02 (50)
D=aINT o 2N 27 )

Proof. Again some equations are given up to unessential constants. We use induction, start with

1 w-—1z 1 1 w—z
LN-D( o) = nxw=—2==DN"1Ir(= r\;—-——=—-——--—+
(z. @) =enq.N-nX(@—2)= (=1 T 2N 2ni )
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and then calculate iteratively for/ = N — 1,..., 2 the integrals

” b = (-1
LY ) G w) = / dud(z —u)LD(w — u)ey(v)(pé(m)y(v) @ .1,
Cew
= (11 o iy
P @0, u) = 0 Shy — 0] (@ = u)
= e (N — 1)5531;(2 —uw)d(w—u) + 3;’5(2 — )

where 8;1 =1 for 8 > [ and O else. Both integrals

I = / dud(z—u)LO (@ — u)(N —Db(z — w)d(w — u),
C.w

I, = f du (]S(z — u)L(l) (w—u)c(z —u)
C.w

can be calculated by means of the formula

oo
Z Z Z Z
dzI' — | b+ —|I|c——|I'|d——
/ ¢ (a+2m'> <+2m'> <C 2m'> ( 27n')
oo

yIa+aol(a+d)I'(b+c)l'(b+d)
F'a+b+c+d)
and yield the result (50). O

=(2m)

Finally we have to calculate

Ko (0, 0) = (eP? + ) / dz¢p© — )LV (0 — z)eUZEB(M)QSiE’;))(Q, w,2),
Cew
es Bo) (0. 0.2) = €agy (N — 1D8YBO — 2)d (0 — 2) + 8720 — 2))
which yields the result (34) using the formula

L = )

_oQmi)?
T ab—cd
fora+b+c+d=0.

exp(oin(c+d))

Appendix B. Commutation rules

In this appendix we use the short notation for form factors, i.e. matrix elements of the field
Y(x)atx =0
ﬂ .
Ve O, 00) = FYE(0), 80) = £ (01,1 (0)[6) . (51)

To proof the general commutation rules of fields (47) we have to consider SU(N) sum rules and
general crossing relations.
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B.1. SU(N) sum rules

Farticles and antiparticles: Let («) = (a1,...,0,) (1 <oy <--- <&, < N) a particle of
rank (and charge) r. The corresponding antipamcle is (@) = (al, a1 <<a <--- <
ay_r < N) (of rank N — r) such that the union of the set of indices satisfies {c1, ..., 0} U
{ay,...,any—,}={1,..., N}. Therefore

r N—r N 1

A = k==-N(N +1). 52
Dokt =) k=-NN+1) (52)
k=1 k=1 k=1

Charges: Let o = ((@11,-..,1r;)s -+, (Ca1, ..., 0r,)) be a state of o particles of rank
r1,...,7q (1 <rj <N —1) (or bound states of r; particles of rank 1). We define the charge

of a state as the sum of all ranks of the particles in the state o

a
Qoz ZZI‘]‘.
j=1

The charge of antiparticles (bound states) we define as

o

Qa=) riiN—1)=(N-10a  Qu+Qa=NQy.
j=1
Weights: Let o = (11, ..., 1), ..., (@1, ..., Qar,)) be a state of « particles. The weight
w; (o) of the state « is equal to the number of o =i (1 <i < N)

a Tj
wi@ =) ) 8w (A<i<N).

j=lk=1

Therefore the total charge of the state « is

Qa—zm SIS = zwm

j=lk=1 j=lk=1i=1

Similarly, we consider Y= (G2 I 7 1) I € 773 TR y},sy)).
Sum rules: Because of SU(N) invariance

Vi (0. 0) =L (0!, [ (0)[0) 2 #0
(or ¥y # 0) implies for the weights
w@) =wy)+w’ +L(,....1), LeZ

where wV is the weight vector of the operator ¥ and (1, ..., 1) are weights of a state in the
vacuum sector. Therefore

N N
Ou=Y wil@=0,+Y w +NL.

i=1

The charge of the operator v is defined by
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le:(QO(_Qy)mOdN, 0<Q¢<N

N
= w! modN. (53)
i=1
For a particle (o1, ..., o) of rank r; we use the short notation («;) = (a1, ..., ;) and

o= ZZJ: 1 @k and correspondingly, y; = Z,i’: 1 Vjk- Then SU(N) invariance implies

o 14 1
D= vi=5(N+1(Qu— 0y — Qy)+Ry
j=1 j=1

N N
. . 1
w1thR1/,=le;p—§(N+1)<Zw;ﬂ—Q1p> (54)
i=1 i=1
which can be straightforwardly proved using the above definitions.
Examples:

. w! =(0,0,...,0), 0r =0, Rr =0,
Ve w¥ =(1,0,...,0), Qy =1, Ry =1,
e owl =2,1,...,1,0), 0, =0, Rj=1-N.

B.2. Crossing

B.2.1. A partial S-matrix

Definition4. Let 0g = (0 (1), - - ., O («)) be a permutation of 9, = (0, ..., 6y). Then Sg(Q,g; 04)
is the matrix representation of the permutation group S, generated by the simple transpositions
ojj i <> j for any pair of nearest neighbor indices 1 <i, j =i+ 1< as?

0ij — S(@,’j).

Because of the Yang—Baxter relation and unitarity of the S-matrix the representation is well
defined. We will also use the notation

U
Sa (0101 0a)

if 7 is that permutation which reorders the array 6, such that it coincides with the combined
arrays of 6, and 6.

As an example consider the case 8y = (01, 62,03, 64), 0, = (02,03) and 8, = (01, 04)

)" !
S (02036104 01020304) = SL;%! (013) Sty (012082

oy

2 Note that this definition is quite analogous to that of representations of the braid group by means of spectral parameter
independent R-matrices.
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If the permutation inverts the rapidities completely Sg(Q g:0a) = Sg (By) is the full S-matrix.

B.2.2. Crossing for SU(N)

As was argued by Swieca et al. [8] the particles of the chiral SU(N) Gross—Neveu model
posses anyonic statistics and due to the unusual crossing property of the S-matrix, Klein factors
are needed. The crossing relations of the form factors for normal fields and particles were derived
in [28] by means of LSZ-assumptions and maximal analyticity. They have to be modified for the
chiral SU(N) Gross—Neveu model.

We propose crossing relations

Va0 04)

7 . A
=00 Y bSOy 00 C Y (0 + i, 02)S5 (003 00) (55
6,U6,=06,
6,16, =0,

= A
= Y & Sh0,:0,0,)CT Iy 1E S (020,45 60) (56)
0,U6,=0,
G;LUQM:@D,

which, compared to the formulae in [28], are modified by the factors g“(l)ﬁ/,a’ ) and Eg/;’a’ "

iT(N—1)4 N) 2ZL(Ry Qo— 7
C(lf/,a,n)zpzl;,a)eln( 1500 Qy+N)  F (Ry Qa=Qy T

£ = G TN=DG 0N +0,09) B (Ry Q=04 X71).
Voo (N—1+(1=1/N)(Qu+05—0y)) Q5
p()/,ot)_(_]) / Py

¥ _ in(1-1/N)Qy Q5
Oy =€ "

with y; = %N(N + 1) — y;, due to (52). The sign factor pg/ ) and the statistics factor 0", were
introduced in [13]. The charge Qy of the operator ¢ and the number Ry are defined in (53)

and (54).
B.3. Commutation rules

In [31] commutation rules were derived for the Z (N) scaling Ising models. The results for the
SU(N) Gross—Neveu model are very similar, however the proof is more complicated because of

the unusual crossing relations and the presence of the Klein factors.

Theorem 5. The equal time commutation rule of two fields ¢ (x) and  (y) with charge Q¢ and
Qv respectively, is (in general anyonic)

1
P (y) = 1#()))(15(16)€Xp<27ﬂ'6(x1 - yl)z(l - 1/N)Q¢Q¢)-
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Proof. We consider an arbitrary matrix element of products of fields

(SO ()50 0a) =L (016 ()Y ()10

Inserting a complete set of intermediate states |6 y);f’ we obtain

[ Pyx—iPyy 1 5 5 —iP,(x—y
($Y (1))@, 00) = H* Pa>;/¢§(gﬁ,gy)l/f§<gy,ga)e Py (=) (57)

by

where P, = the total momentum of the state |Qa)g‘, etc., and f(;y = ]_[}::1 f %. Einstein sum-

mation convention over all sets y is assumed. We also define y! = ]_[ﬁ\,:1 n,! where n, is the
number of particles of rank r in y. We apply the general crossing formulae (55), (56). Strictly
speaking, we apply the second version (56) of the crossing formula to the matrix element of ¢

B = B ~ . 5 so
¢y .00 = Y &l Sprbes@c.0'5 —in )CELIZS;
8,8 =0
éguén =éy
where p = (pp, ..., p1) with p = antiparticle of p and 0'; — im_ means that all rapidities taken
the values 8’ — i (w — €). The matrix lé (0¢,0,) is defined by (51) with © = 1 the unit operator.

Summation is over all decompositions of the sets of rapidities Q;S and éy. To the matrix element
of ¥ we apply the first version of the crossing formula (55)

Y .5 Y 7 . A
Vi @y 00) =000 Y Ll g Syl Clly (0 +im—. 0,85
QUUQUZQV
QMUQ)»:Q(I
We insert (55) and (56) in (57) and use the product formula S,%g(égég; G:Y)SEZ,, (éy; évén) =
Sg,;l (é gég; é UQ: »)- Let us first assume that the sets rapidities in the initial state 0, and the ones
of the final state Q% have no common elements. This also implies 6, N 8, = @. Then we may
use (ii) to get Syggg @ géo; évén) = 82% and then we can perform the d,-and éo—integrations. The

remaining -integration variables are 8, = 6 ¢N Q~,7. Then we may write for the sets of particles
S =puw,n=wt and y = uwt and similar for rapidities and momenta. Eq. (57) simplifies to

17! :
(VY M)5@s 0= Y ,fwigsgz@;,fz;) inz
i

0,00, =0,
Qu UQ)\.:QO(

A o pt ' Ny
X S (Oa)e! Fom PP (58)
where
PT_ Y Y b P IV
X2 = %y Sp.am E By Puws Qs 0, 05 — i)

x CPLCEECE2 i, (0 +im_ g + i, 0;)e  Pols=), (59)
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Similarly, if we apply for the operator product ¥ (y)¢ (x) and

i Plx—iPyy | B 58 s By
(V01D @)2@), 00 = P f VL @) 8035, 0 PO,
05
use the second crossing formula to the matrix element of ¢

0 A
005000 = 3 EL . Shedus®.0;—in)CEPIESE"

Qq) UQ:« —QS
Qu UQA:Qa

and the first one to the matrix element of

B ~ . B P 1 . = L EX
Vs 0.0 =005, D g SpeleC Ve, (0% +im_,0,)S;".

0,08, =0,
ééué;(:ézS

Similarly we obtain (with x = @k, ¢ = wp, § = uot) Eq. (58) where Xﬁi replaced by

Vi = 00500, iy Puop Qs o — 170,05 — i)
x CELCTIC Y5, (0 +im—, 65, 02)e! P (60)

which means that only a(y a)g(y o n)é( B.v.0) is replaced by 0( 8. 5)5( 8.5 I)E(S “0) and the integration

variables 6, by 85 — in_, i.e. P, by —P,,.

If there were no bound states, there would be no singularities in the physical strip and we
could shift in the matrix element of ¥ (y)¢ (x) (58) with (60) for equal times and x! < y! the
1ntegrat10n variables by 6; — 6; —}—m . Note that the factor ef "= decreases for 0 < Ref; <7

if x! < y!. Because P, —> — P, (if 6 0y — 9 — im_) we get the matrix element of ¢ (x)y(y)
(58) with (59) up to the factor

¥ v ¢
%) Sy E(Boy.p) it -4)0,04

VoY ¢
% 5.65B.6.156.0.0)
This equality follows after a long and cumbersome but straightforward calculation. In [31] was
shown that we obtain the same result if there are bound states. 0O
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