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The present paper reports on the first two-dimensional �2D� self-consistent solution of weak
turbulence equations describing the evolution of electron-beam-plasma interaction in which
quasilinear as well as nonlinear three-wave decay processes are taken into account. It is found that
the 2D Langmuir wave decay processes lead to the formation of a quasicircular ring spectrum in
wave number space. It is also seen that the 2D ring-spectrum of Langmuir turbulence leads to a
tendency to isotropic heating of the electrons. These findings contain some important ramifications.
First, in the literature, isotropization of energetic electrons, detected in the solar wind for instance,
is usually attributed to pitch-angle scattering. The present finding constitutes an alternative
mechanism, whose efficiency for other parametric regimes has to be investigated. Second, when
projected onto the one-dimensional �1D� space, the 2D ring spectrum may give a false impression
of Langmuir waves inverse cascading to longer wavelength regime, when in reality, the wavelength
of the turbulence does not change at all but only the wave propagation angle changes. Although the
present analysis excludes the induced scattering, which is another process potentially responsible for
the inverse cascade, the present finding at least calls for an investigation into the relative efficacy of
the inverse-cascading process in 1D vs 2D. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2844740�

I. INTRODUCTION

The study of electron beam-plasma interaction has many
applications in laboratory and space plasmas. The beam-
plasma interaction is characterized by Langmuir turbulence
and emission of electromagnetic radiation. The best example
of beam-plasma interaction in nature may be the solar type II
and III radio bursts.1–3 Energetic electrons in the source re-
gions of these radio bursts excite Langmuir turbulence by
bump-on-tail instability. Nonlinear mode coupling �decay
and scattering� then converts part of the wave energy in the
Langmuir turbulence to electromagnetic radiation. This so-
called plasma emission scenario involves merging of the pri-
mary and backscattered Langmuir �L� waves into electro-
magnetic �EM� radiation at twice the plasma frequency,
and/or the decay of L waves into a transverse wave at the
fundamental plasma frequency and an ion-sound �S� wave.
Despite the fact that this standard scenario is discussed much
in the literature, the detailed quantitative analysis based upon
actual numerical solutions of the weak turbulence equation is
not available in the literature. One of the major difficulties is
that the simplifying assumption of one-dimensionality �1D�
cannot be made for the radiation generation problem. Be-
cause of this, for a detailed numerical study of EM radiation
involving decay/coalescence of L and S waves, simple model
two-dimensional �2D� spectra of the primary and backward-
traveling Langmuir turbulence have been assumed in the
literature.4–7

The beam-plasma interaction problem is an ideal natural
phenomena against which various features of nonlinear
plasma turbulence theories can be tested. For instance, it is
commonly assumed that the beam-generated Langmuir tur-
bulence may suffer an inverse cascade so that over a long
time period, long-wavelength undamped Langmuir waves
can accumulate �the so-called “Langmuir condensation” phe-
nomenon�. As a mechanism to check the unlimited growth of
the condensate mode, Zakharov8 proposed the collapse of
Langmuir wave packet as the mechanism to dissipate the
wave energy. The Zakharov theory of Langmuir collapse9,10

therefore presupposes that Langmuir turbulence first under-
goes an inverse cascade process. However, the physics of
inverse cascade of beam-generated Langmuir turbulence has
been numerically studied within the context of weak turbu-
lence theory only under the simple 1D situations.11–14 We
should note, however, that Zakharov equation itself has been
solved in 2D15 and 3D.16 It is the set of equations of inco-
herent weak turbulence theory that has never been solved
self-consistently in 2D.

In the solar wind, electrons up to 1 keV are routinely
observed near 1 AU. These electrons are made of relatively
dense and cold core ��10 eV� and an energetic component,
which is in turn usually interpreted as a combination of iso-
tropic halo and field-aligned beam.17–25 The energetic elec-
trons are believed to be generated during solar flares, and
propagate out along the open field lines. These electrons lead
to solar type III radio bursts, as already noted in the opening
paragraph.1–3 The in situ detection of �1 keV energetic
�halo plus beam� electrons near 1 AU is thus highly relevant
to type III burst problems. It is well known that the initial
beam electrons can undergo velocity-space plateau forma-
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tion, but to account for the isotropization, it is customary to
invoke pitch-angle scattering by some sort of electromag-
netic fluctuation such as whistler turbulence,26,27 or by colli-
sional dynamics, often incorporated in the theory.28–39

In the present paper we report the first fully self-
consistent numerical solution of weak turbulence equation in
2D. As a first step to the full generalization that includes EM
modes, we first solve electrostatic �ES� L-S wave decay
problem. In spite of this simplification, the present analysis
includes higher-order nonlinearity that goes beyond the well-
known quasilinear �QL� process. Full numerical solution of
ES decay problem has never been obtained in 2D, as noted
already. Even for the simple QL relaxation problem, 2D so-
lution is rarely done in the literature. The first numerical
solution of the 2D QL equation for electron beam-plasma
and bump-on-tail instability problem is given in Ref. 40. In
Refs. 41 and 42, 2D QL equations involving an ion beam and
an ion-acoustic instability, which is similar to the bump-on-
tail Langmuir instability problem from the standpoint of the
numerics, was solved. There are other works pertaining to
2D numerical solutions of the QL equation,43,44 but as far as
we are aware of, the 2D decay problem that goes beyond the
QL approximation has not been solved.

As it will turn out, the findings in the present discussion
will be relevant to the two above-mentioned, seemingly un-
related problems of Langmuir condensation leading to strong
Langmuir turbulence modulational instability and the gen-
eration of isotropic halo distribution by beam-plasma inter-
action. The details will be discussed next.

II. THEORETICAL FORMULATION AND NUMERICAL
SETUP

The wave kinetic equations for L and S waves that sup-
port the QL process as well as nonlinear decay processes
are given in terms of the spectral wave energy density,
Ik

�L= �EL
�2�k�� and Ik

�S= �ES
�2�k��, where EL

��k� and ES
��k� rep-

resent the spectral electric field component associated with L
and S waves, respectively, and where �= �1 stands for the
sign of wave phase velocity. The wave kinetic equations for
these waves are given by45
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Details about these equations can be found in Ref. 45,
and references therein. Here we just explain that the first
term in Eq. �1�, which rules the evolution of L waves, de-
scribes the spontaneous emission effect and the usual quasi-
linear effect. The second term contains the energy conserva-
tion condition, ����k

L−���k�
L −���k−k�

S �, and describes the
three-wave decay process. Equation �2� rules the evolution of
S waves, and features similar terms.

The electron particle kinetic equation is given by

�Fe�v�
�t

=
�

�vi
	Ai�v�Fe�v� + Dij�v�

�Fe�v�
�v j


 ,

Ai�v� =
e2

4�me
� dk

ki

k2 �
�=�1

��k
L����k

L − k · v� , �3�

Dij�v� =
�e2

me
2 � dk

kikj

k2 �
�=�1

����k
L − k · v�Ik

�L.

The term with coefficient Ai describes the effect of sponta-
neous fluctuations, and the term with coefficient Dij corre-
sponds to the usual quasilinear effect. For the ions, it is rea-
sonable to assume a time-stationary state. In 2D, the ion
distribution is Fi�v�= �2�Ti /mi�−1/2 exp�−miv2 /2Ti�, where
Ti and mi stand for ion temperature and proton mass, respec-
tively. In the above �p= �4�n0e2 /me�1/2 is the electron
plasma frequency, and e, me, and n0 stand for the unit
electric charge, electron mass, and the ambient particle
number density, respectively. The dispersion relations for
L and S modes are well-known, �k

L=�p�1+3k2�D
2 /2�,

and �k
S =�pk�D�me /mi�1/2�1+3Ti /Te�1/2�1+k2�D

2 �−1/2, where
ve= �2Te /me�1/2 is the electron thermal speed, and
�D=ve / ��2�p� is the electron Debye length, with Te being
the electron temperature. In Eqs. �1� and �2� we have also
introduced a quantity �k= �k�3�D

3 �me /mi�1/2�1+3Ti /Te�1/2.
We initialize the wave intensities by balancing the spon-

taneous and induced emissions, taking into account the back-
ground electron populations,
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Ik
�L�0� =

Te

4�2

1

1 + 3k2�D
2 ,

�4�

Ik
�S�0� =

Te

4�2k2�D
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2
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2

�
�dv����k

S − k · v��Fe + Fi�
�dv����k

S − k · v��Fe + �Te/Ti�Fi�
.

The initial electron distribution corresponds to a combined
Maxwellian background plus a tenuous component of the
drifting Gaussian beam population. In 2D, it is given by
Fe�v ,0�= �1−nb /n0���ve

2�−1 exp�−v2 /ve
2�+ �nb /n0�

���vb
2�−1 exp�−v�

2 /vb
2− �v� −v0�2 /vb

2�. Here ve
2=2Te /me and

vb
2=2Tb /me. We have solved Eqs. �1�–�3� in 2D wave num-

ber and 2D velocity spaces, by employing the Runge–Kutta
procedure with adjustable time step for the wave equations.
The value of the time step obtained with the Runge–Kutta
procedure is then used as the step in the particle kinetic equa-
tion, which is solved by the implicit method in an alternate
direction �the so-called ADI method�.

We used 51�51 grids for k� and k�, with 0	k�ve /�p

	0.5, and 0	k�ve /�p	0.5. For the velocities, we use
51�51 grids for v� /ve and 51�101 grids for v� /ve, cover-
ing the velocity range 0	v� /ve	12 and −12	v� /ve	12.
For most of the following results, we assumed the ratio of
beam-to-thermal electrons nb /n0=2.0�10−4, normalized
beam speed v0 /ve=5.0, equal beam-to-background tempera-
ture Tb /Te=1.0, the electron-to-ion temperature ratio Te /Ti

=7.0, and the plasma parameter �n0�D
3 �−1�4.47�10−3. We

deliberately chose this set of parameters, which are identical
to those used in the case of our earlier 1D solution,12 so that
a direct comparison can be made between 1D and 2D cases.

III. NUMERICAL RESULTS AND ANALYSIS

In Fig. 1 we show the evolution of electron distribution
function starting from t=0, to t=2�103�p

−1, to t=5
�103�p

−1. The well-known quasilinear plateau formation
along the parallel direction can be seen to occur. However,
another feature inherent to 2D nonlinear dynamics emerges,
namely, Fig. 1 displays the occurrence of distinctive perpen-
dicular broadening of the distribution function in the region
of the parallel plateau. This broadening indicates that, in the
presence of electrostatic fluctuations, a tendency to isotro-
pization of the distribution takes place locally. The present
finding can be considered as yet another mechanism that can
be potentially applicable for isotropic solar wind electron
problems. It relies on nonlinear mechanisms, while other
isotropization mechanisms, like the whistler pitch-angle
theory discussed in Refs. 26 and 27, are essentially quasilin-
ear.

Figures 2 and 3 display the spectra of L and S waves for
�pt=500, 2000, and 5000. We chose to show the starting L
and S wave spectra at �pt=500 rather than at t=0 because
initially the wave intensities are rather low, and do not show
any interesting features.

Figure 2 shows the appearance of a peak in the
Langmuir spectrum which is already quite prominent at

�pt=500. This time period is relatively early in the nonlinear
stage, and can be viewed as dominated by the quasilinear
process. The peak, which constitutes the so-called primary
Langmuir spectrum, is centered at k�=0 and k�ve /�p�0.2,
in accordance with linear growth theory. Note that the 2D
spectrum features much broader spread along k� than along
k�. If we were to project the results to 1D k� axis, then the
primary Langmuir turbulence spectrum would be qualita-
tively similar to that obtained with the 1D approximation. In
addition to the primary spectrum, Fig. 2 also shows a slight
enhancement in the backward propagating direction with
peak spectrum occurring at k�ve /�p�−0.2. This enhance-
ment is barely visible at the first panel of Fig. 1, but is
already perfectly noticeable in the second panel, which
shows the wave spectrum at �pt=2�103. The asymmetric

FIG. 1. Electron distribution function, Fe�v� ,v� ,0�, vs v� /ve and v� /ve, in
the vertical logarithmic scale; �top� initial electron distribution; �middle� the
electron distribution at �pt=2�103; and �bottom� at �pt=5�103.
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twin-peaked structure is again reminiscent of the 1D
analysis.12 However, the backward peak is also quite broad-
ened in the perpendicular direction. Considering both the for-
ward and the backward peaks, the notable feature which
emerges in the 2D analysis is that the two peaks constitute a
large area in wave number space along a circumference,

where the waves are able to grow. This is an indication that
nonlinear decay process is already at work.

The middle and lower panels in Fig. 2 show later stages
of Langmuir wave decay dynamics �at �pt=2�103 and at
�pt=5�103, respectively�. While the primary Langmuir
waves are still seen to grow at �pt=2000, by the time that

FIG. 2. L wave intensity, at �pt=500 �top�, �pt=2�103 �middle�, and at
�pt=5�103, vs k�ve /�p and k�ve /�p, in the vertical logarithmic scale.

FIG. 3. S wave intensity, at �pt=500 �top�, �pt=2�103 �middle�, and at
�pt=5�103, vs k�ve /�p and k�ve /�p, in the vertical logarithmic scale.
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the system has evolved to �pt=5000, Fig. 2 shows that the
forward-propagating primary Langmuir waves have practi-
cally ceased to grow, indicating saturation. The backward
peak, on the other hand, continues to evolve between
�pt=2000 and �pt=5000. The circular ringlike structure in
the spectrum of Langmuir waves also continues to grow be-
tween �pt=2000 and �pt=5000, as a result of 2D decay, and
becomes more prominent. At the later stage of our computa-
tion, the ring spectrum is a fully formed structure. Of course,
this feature could not have been predicted by simple 1D
analysis.

Of particular significance is that the three-wave decay
process in the present 2D situation apparently does not lead
to the growth of long wavelength Langmuir waves, which
was observed in our earlier 1D analysis.12 This does not
mean that the decay process is ineffective in 2D when com-
pared with the 1D situation. The point is that the decay of
primary Langmuir waves, L, may be said to involve two
processes. One of these processes is related to the generation
of backscattered Langmuir waves, L�, that have similar
wavelength but propagates in the antibeam direction, while
the other would involve the generation of small k, long-
wavelength, Langmuir condensate mode. The backscattering
process, L→L�+S is evidently quite effective, as Fig. 2 in-
dicates. As a matter of fact, the backscattering process seems
to be even more robust in the present 2D case than in the 1D
case. In 1D situation, the L� mode generation is limited
strictly to the antiparallel mode, while, as Fig. 2 demon-
strates, in the present 2D case the L� mode can now spread
around the circular ring area in 2D wave number space. In
contrast, the generation of long wavelength waves �i.e., the
inverse cascade process� appears as less effective in the
present 2D case than in the 1D case.

We observe from Fig. 3 that the S wave turbulence spec-
trum develops some ripples along the time evolution but
does not actually grow above the initial fluctuation level.
Thus, the S mode turbulence features nothing special as far
as the spectrum is concerned, for the parameters considered.
However, it is important to note that even though the S
waves do not get amplified, they nevertheless participate in
the nonlinear three-wave dynamics. It is also possible to in-
fer that the absence of growth of the S waves should not to
be regarded as indication of low efficiency of the decay pro-
cess, since similar low level of excitation of S waves has also
been obtained in the case of 1D analysis.12

These results obtained from 2D dynamics can be pro-
jected into 1D space, by integration over the perpendicular
variables. We define the 1D electron distribution function
and wave intensities, as follows:

Fe,1D�v�,t� =� dv�Fe�v�,v�,t� ,

�5�

Ik,1D
�
 �k�,t� =� dk�Ik

�
�k�,k�,t� .

Figure 4�a� shows Fe,1D vs v� /ve, for �pt=0, 500,
1�103, 3�103, and 5�103. The formation of a plateau in
the beam region of the distribution is clearly noticeable. Fig-

ure 4�b� shows Ik,1D
�L vs q� =k�ve /�p, for the same moments in

time which appeared in panel �a�, namely �pt=0, 500,
1�103, 3�103, and 5�103. It is seen that the fast growth of
the peak at k�ve /�p�0.2, which is already noticeable at
�pt=500, and the appearance of a much smaller peak corre-
sponding to backward propagating waves, at k�ve /�p�−0.2.

FIG. 4. �Color online� 1D electron distribution function and L and S wave
intensities, obtained considering quasilinear and three-wave decay pro-
cesses. �a� Fe,1D at �pt=0, 5�102, 1�103, 2�103, 3�103, and 5�103, vs
v� /ve, in the vertical logarithmic scale. �b� L wave intensity, at �pt=0, 5
�102, 1�103, 3�103, and 5�103, vs k�ve /�p, in the vertical logarithmic
scale. �c� S wave intensity, at �pt=0, 5�102, 1�103, 3�103, and 5�103,
vs k�ve /�p, in the vertical logarithmic scale.
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The backward peak starts very inconspicuous, and only be-
comes really noticeable at �pt�3000. These two peaks con-
tinue to grow, at different rates, so that the asymmetry be-
tween forward and backward peaks is considerably reduced
at the late stages of our calculation, at �pt=5�103. It is also
seen the appearance of sizable values of Ik,1D

�L for small val-
ues of k�, at the late stages of the calculation. As mentioned
before, this 1D projection of the results may lead to the in-
terpretation of inverse cascading process, but the 2D results
appearing in Fig. 2 show that this is only an effect of the
projection to 1D. In other words, these results show that the
1D projection along k� of the circular ringlike structure ob-
tained in 2D wave number space may lead to the interpreta-
tion of Langmuir waves inverse cascading into the long-
wavelength regime. However, the 2D results show the actual
wavelength does not increase at all, but only the wave propa-
gation direction changes.

Figure 4�c� shows Ik,1D
�S vs q� =k�ve /�p, for �pt=0, 500,

1�103, 3�103, and 5�103. It is seen that the spectrum of
ion-sound waves remains nearly featureless along the time
evolution, as already seen in the 2D depiction appearing in
Fig. 3.

For comparison, we have also obtained results consider-
ing only the quasilinear dynamics, that is, by neglecting the
terms corresponding to three-wave decay in Eqs. �1� and �2�.
Figure 5 shows the results obtained, for the same times and
parameters used for Fig. 4. Figure 5�a� shows a formation of
a plateau in the electron distribution function similar to that
depicted in Fig. 4�a�. This indicates that, for the parameters
and situation considered, the dynamics of the electron distri-
bution function is mostly ruled by the quasilinear process.
This should be expected, since higher order effects were ne-
glected in the equation for the evolution of the electron dis-
tribution function, Eq. �3�.

The corresponding spectra of L waves are seen in Fig.
5�b�, which shows the growth of the amplitude of forward-
propagating L waves, without the appearance of backward
waves or significant amplitude in the region of small k�.
These two features appear in Fig. 4�b�, which indicates that
they occur due to decay processes. The evolution of the ion-
sound wave spectrum is displayed in Fig. 5�c�, which ap-
pears virtually the same as Fig. 4�c�.

The effect of the S waves on the three-wave decay pro-
cess can be further investigated. As already mentioned, the
results appearing in Fig. 3 show that the spectrum of S waves
does not grow appreciably above the initial level. However,
the ion-sound waves play a very important role on the decay
process of L waves. This point can be illustrated by the con-
sideration of a rather artificial case in which we assume that
the equilibrium level of S waves is higher than the level
predicted by the balance condition given by Eq. �5�. For
instance, let us assume a case in which the equilibrium level
of S waves is higher by a factor 100 as compared to the case
considered in Figs. 1–5, with all the other parameters re-
maining the same.

Figure 6 shows the ensuing evolution of electron distri-
bution function starting from t=0, to t=2�103�p

−1, to t=5
�103�p

−1. As in the case appearing in Fig. 1, the quasilinear
plateau formation along parallel direction is seen to occur.

Other distinctive feature appearing in Fig. 1 and in Fig. 6 is
the perpendicular broadening of the distribution function in
the region of the parallel plateau, indicating a tendency to
isotropization of the distribution function taking place in the
presence of electrostatic fluctuations. However, Fig. 6 shows
that the corresponding effect is much larger in the case of

FIG. 5. �Color online� 1D electron distribution function and L and S wave
intensities, obtained considering only quasilinear processes. �a� Fe,1D at
�pt=0, 5�102, 1�103, 2�103, 3�103, and 5�103, vs v� /ve, in the ver-
tical logarithmic scale. �b� L wave intensity, at, 5�102, 1�103, 3�103, and
5�103, vs k�ve /�p, in vertical logarithmic scale. �c� S wave intensity, at
�pt=0, 5�102, 1�103, 3�103, and 5�103, vs k�ve /�p, in the vertical
logarithmic scale.
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enhanced S waves. Figure 6 even displays the appearance of
a backward tail as well as heating along v�. The backward
tail and the perpendicular heating together form a quasi-
isotropic shoulder in the distribution function. This shoulder
is intimately related to the 2D dynamics of the electrostatic
decay processes, which cannot be discussed with 1D theory,
locally.

Figure 7 displays the spectrum of L waves, shown at the
same moments of the time evolution as those depicted in Fig.
2. The first panel of Fig. 7 shows the appearance of the
primary peak of the Langmuir spectrum, quite prominent at
�pt=500, and similar to that appearing in the first panel of
Fig. 2. The first panel of Fig. 7 also shows a smaller peak in

the backward propagating direction. Although smaller than
the primary peak, this secondary peak is more prominent
than the corresponding peak appearing in Fig. 2. Since the
secondary peak is formed due to nonlinear processes, this
finding clearly indicates the enhancement of the efficiency of

FIG. 6. Electron distribution function, Fe�v� ,v� ,0�, vs v� /ve and v� /ve, in
the vertical logarithmic scale; �top� initial electron distribution; �middle� the
electron distribution at �pt=2�103; and �bottom� at �pt=5�103. The equi-
librium level of S waves is 100 times the level assumed in the case of Fig.
1. Other parameters are the same as in Fig. 1.

FIG. 7. L wave intensity, at �pt=500 �top�, �pt=2�103 �middle�, and at
�pt=5�103, vs k�ve /�p and k�ve /�p, in the vertical logarithmic scale. The
parameters are the same as in Fig. 6.
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the nonlinear process �in the present case, the three-wave
decay� due to the increased level of ion-sound waves consid-
ered for Fig. 7. The middle and lower panels in Fig. 7 show
the cases of �pt=2�103 and at �pt=5�103, respectively.
As in the case of Fig. 2, the primary Langmuir waves are still
seen to grow at �pt=2000 and saturate at �pt=5000. The
backward peak continues to evolve between �pt=2000 and
�pt=5000. The circular ringlike structure in the spectrum of
Langmuir waves also continues to grow between �pt=2000
and �pt=5000, as a result of 2D decay. The whole nonlinear
evolution is similar to that occurring in the case of lower
level of S waves, but the increased level of S waves en-
hanced the efficiency of the process. As a consequence, at the
late stage of the computation of this case of high level of
ion-sound turbulence, the ring spectrum of L waves is fully
formed and almost isotropic, only featuring as prominent the
still higher level of the primary peak. It is also noticeable
that the three-wave decay process in the present 2D situation
with high level of S waves also does not lead to the growth
of long wavelength Langmuir waves, similarly to the obser-
vation made in the case of low level of S waves.

The evolution of the S wave spectrum in the case of
higher equilibrium level of S waves is qualitatively similar to
that obtained in the case of low equilibrium level. Figure 8
shows that the S wave turbulence spectrum develops some
ripples along the time evolution but does not actually grow
above the initial fluctuation level. The same observation is
made related to Fig. 3, relative to the low level case.

Another aspect related to the effect of S waves on the
three-wave decay process is illustrated by Fig. 9, which has
been obtained considering the ratio electron-to-ion tempera-
ture Te /Ti=20, and other parameters equal to those used to
obtain Figs. 1–5. The first panel of Fig. 9 depicts the electron
distribution function at �pt=5�103. It is very similar to the
result shown in the third panel of Fig. 1, but it shows an
enhanced effect of perpendicular heating in the distribution
function. The bottom panel of Fig. 9 shows the S wave spec-
trum at �pt=5�103, and shall be compared with the third
panel of Fig. 3. It is noticed that the two results are similar,
but for higher value of Te /Ti the S wave spectrum features
enhanced level of ripples and fluctuations. Such result should
be expected, since for higher electron-to-ion temperature ra-
tio the S waves are less efficiently damped by the electron
population. With enhanced level of activity in the S wave
spectrum, the three-wave decay process becomes more effi-
cient, and the consequence appears in the middle panel of
Fig. 9, which shows the L wave spectrum at �pt=5�103, to
be compared to the third panel of Fig. 2. It is noticed that the
formation of the ringlike structure in the L spectrum is more
noticeable in Fig. 9 than in Fig. 2, indicating more efficiency
of the decay process.

Figure 10 illustrates the effect of higher level of sponta-
neous fluctuations. It has been obtained considering the
plasma parameter �n0�D

3 �−1�1.0�10−2, and other param-
eters equal to those used to obtain Figs. 1–5. The first panel
of Fig. 10 depicts the electron distribution function at
�pt=5�103. It is very similar to the result shown in the third
panel of Fig. 1, but it is possible to notice an enhanced effect
of perpendicular heating in the distribution function. The

second panel of Fig. 10 shows the L wave spectrum at
�pt=5�103, and shall be compared with the third panel of
Fig. 2, obtained with a smaller level of spontaneous fluctua-
tions. It is noticed that for a higher value of the plasma
parameter the primary quasilinear peak does not grow so

FIG. 8. S wave intensity, at �pt=500 �top�, �pt=2�103 �middle�, and at
�pt=5�103, vs k�ve /�p and k�ve /�p, in the vertical logarithmic scale. The
parameters are the same as in Fig. 6.
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much above the already higher equilibrium level, with the
result that the formation of the ringlike structure in the L
spectrum is more noticeable in Fig. 10 than in Fig. 2. The
third panel of Fig. 10 shows the S wave spectrum at �pt
=5�103, and shall be compared with the third panel of Fig.
3. It is noticed that the two results are similar, but for higher
value of the plasma parameter the S wave spectrum features
slightly enhanced level of ripples and fluctuations.

Finally, Fig. 11 illustrates the effect of higher value of
the ratio beam-to-thermal electrons. It has been obtained
considering the ratio nb /n0=5.0�10−4, and other parameters
equal to those used to obtain Figs. 1–5. The comparison be-
tween the second panel of Fig. 11 and the third panel of Fig.
2 shows that the increase in the beam population increases
the effectiveness of the process of formation of the ringlike
structure in the spectrum of L waves. Regarding the S waves,

FIG. 9. �Top� Electron distribution function, Fe�v� ,v� ,0�, at �pt=5�103,
vs v� /ve and v� /ve, in the vertical logarithmic scale; �middle� L wave in-
tensity, at �pt=5�103, vs k�ve /�p and k�ve /�p, in the vertical logarithmic
scale; �bottom� S wave intensity, at �pt=5�103, vs k�ve /�p and k�ve /�p, in
the vertical logarithmic scale; The ratio of electron and ion temperatures is
Te /Ti=20, and other parameters are the same as in Fig. 1.

FIG. 10. �Top� Electron distribution function, Fe�v� ,v� ,0�, at �pt=5�103,
vs v� /ve and v� /ve, in the vertical logarithmic scale; �middle� L wave in-
tensity, at �pt=5�103, vs k�ve /�p and k�ve /�p, in the vertical logarithmic
scale; �bottom� S wave intensity, at �pt=5�103, vs k�ve /�p and k�ve /�p, in
the vertical logarithmic scale. The plasma parameter is �n0�D

3 �−1�1.0
�10−2, and other parameters are the same as in Fig. 1.
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it is seen that the spectra of the third panel of Fig. 11 and of
the third panel of Fig. 3 are basically the same, indicating
that the increased population of beam electrons did not affect
the evolution of S waves. On the other hand, the electron
distribution function appearing in the top panel of Fig. 11
shows increased effect of perpendicular heating, as compared
to the distribution in the third panel of Fig. 1, obtained with
a smaller population of beam electrons.

IV. CONCLUSION

In the present paper, we have presented results for the
fully self-consistent weak turbulence equation, including
nonlinear mode-coupling terms, obtained for the first time
from a 2D analysis. More specifically, the results discussed
in the present paper have been obtained considering quasi-
linear and three-wave decay processes.

Among the results obtained is the demonstration that the
Langmuir turbulence in 2D situation leads to the formation
of a ringlike structure in the spectra of Langmuir waves,
centered at wave-number k such that kve /�p�ve /v0, where
ve is the electron thermal speed and v0 is the beam speed,
and apparently does not lead to condensation effects �at least
under the present parameters, and for the present approxima-
tion of excluding scattering terms in the wave equation�, al-
though these appear to occur when the results obtained in 2D
are projected along the direction parallel to the beam veloc-
ity. The formation of the ringlike feature in the L wave spec-
trum is accompanied by perpendicular heating of the electron
distribution function, particularly at the region of formation
of the parallel plateau in the region of the electron beam.
Both features, the ringlike structure in the spectrum of L
waves and the perpendicular heating of the distribution, are
enhanced for higher levels of the equilibrium ion-sound
spectrum. The formation of the ringlike structure has also
been shown to be favored by the increase of the level of
spontaneous fluctuations and by the electron-to-ion tempera-
ture ratio, which are related to the level of ion-sound waves,
and by the increase in the beam electron population. The
results obtained also have demonstrated that for the range of
parameters considered the spectrum of ion-sound waves do
not grow significantly above the assumed equilibrium level,
but is of paramount importance to the effectiveness of the
three-wave decay process.

These results call for further exploration of the nonlinear
effects in two dimensions. To proceed with the exploration of
2D effects on Langmuir turbulence, it is necessary to include
the other important nonlinear process that is known to lead to
long-wavelength Langmuir condensation, namely, the spon-
taneous and induced scattering of thermal ions. It may also
be useful to compare the present findings with full 2D par-
ticle simulations. In this regard, the 2D simulation by Dum46

is noteworthy. However, the physical parameters are quite
different from those utilized in the present work, so that the
results obtained cannot be easily compared. This situation
therefore calls for more detailed simulations in the future.
These tasks obviously belong to our future work.
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FIG. 11. �Top� Electron distribution function, Fe�v� ,v� ,0�, at �pt=5�103,
vs v� /ve and v� /ve, in the vertical logarithmic scale; �middle� L wave in-
tensity, at �pt=5�103, vs k�ve /�p and k�ve /�p, in the vertical logarithmic
scale; �bottom� S wave intensity, at �pt=5�103, vs k�ve /�p and k�ve /�p, in
the vertical logarithmic scale; The ratio of beam-to-thermal electrons is
nb /n0=5.0�10−4, and other parameters are the same as in Fig. 1.
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