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This paper studies the effects of the presence of dust particles with variable charge, in fully ionized,
homogeneous, magnetized plasma of electrons and ions, with the electrons and ions described by
bi-Maxwellian distributions in the equilibrium. The dispersion relation and the absorption rate are
obtained for low frequency waves, with frequencies much lower than the ion cyclotron frequency.
Two branches are obtained, identified as the whistler branch and the branch of circularly polarized
waves, featuring damping due to the Landau damping process and to the collisional charging of the
dust particles. The effects of the anisotropy of temperature on the damping rate of low frequency
waves, and on the mode coupling which was demonstrated to occur in the isotropic situation, are
numerically investigated. The results obtained show that in the anisotropic case the point of mode
coupling is displaced to different values of dust density, and that a new point of mode coupling may
appear from the effect of the temperature anisotropy. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2435704�

I. INTRODUCTION

Observations made by different space probes have
shown the occurrence of dust grains in the interplanetary
medium.1 In addition to these well known situations in space
plasmas, it is not difficult to find other situations where dust
particles coexist with plasmas. The dust particles immersed
in the plasma inevitably acquire electrical charge due to dif-
ferent charging mechanisms,2,3 therefore forming what is
known as a dusty plasma. Particularly, electrically charged
dust particles will be present in the solar wind which perme-
ates all the interplanetary medium in the solar system.

The WIND spacecraft, part of a mission initiated in
1994, has collected a large amount of data about the different
populations of particles in the solar wind. The analysis of
these data have indicated that electrons and ions in the solar
wind may feature temperature anisotropy.4–6

On the other hand, it is known that low-frequency waves
are expected to be the most affected by the presence of
charged dust particles. Among the low-frequency waves,
Alfvén waves assume particular importance, due to their per-
vasive presence in the space plasma environment. Alfvén
waves have been detected in the solar wind near the Earth
orbit by the Mariner V probe, identified by a large correlation
coefficient between velocity fluctuations and magnetic field
fluctuations.7 Following the evidence of the presence of
Alfvén waves in the solar wind environment, theoretical

analysis has incorporated these waves as a possible acceler-
ating mechanism of the solar wind, in the attempts to explain
mass ejections from the Sun.8–10

The modifications in the behavior of Alfvén waves and
its instabilities, due to the presence of a dust component, can
be associated with several features characteristic of the dust
particles. For instance, these modifications can depend on the
size distribution of the dust particles, on the charge imbal-
ance between ions and electrons which is a consequence of
the electrical charges added to the dust particles, or on the
fluctuations of the charge on the dust particles. Several ex-
amples of studies which take into account the presence of a
dust component in the plasma can be found in the literature.
Some of them focused on the ultralow-frequency waves,
with frequencies much below the dust cyclotron frequency, a
range in which the waves are affected by the dust grain
dynamics.11–14 Other authors considered the circularly polar-
ized electromagnetic waves propagating parallel to the mag-
netic field in a plasma with static dust grains, focusing par-
ticularly on the case of frequencies much below the ion
cyclotron frequency.2,15,16

Nonlinear phenomena as parametric instabilities and
modulational and decay instabilities of Alfvén waves have
been studied using fluid theory, either considering mobile17,18

or immobile dust particles.19,20 In Ref. 17 Hertzberg et al.
have investigated the propagation of Alfvén waves and mag-
netoacoustic waves modified by the presence of a secondary
ion or dust species, allowed to be fully mobile, with the
excitation provided by parametrically pumping the magnetica�Electronic mail: ziebell@if.ufrgs.br
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field. The modifications suffered by known instabilities due
to the presence of an additional ion species were discussed in
Ref. 18. It has been shown that in the low-temperature re-
gime the effect of a second ion species is to reduce the usual
modulational instability, and to produce a new decay insta-
bility. In the high-temperature regime, two new decay insta-
bilities were found, both narrow in wave number. Interaction
between the right handed transverse mode and the slow
acoustic mode has been shown to occur. In a previous pub-
lication, Hertzberg et al.19 had analyzed the excitation of low
frequency modes in a magnetized dusty plasma with para-
metric pumping of the magnetic field, using a two-fluid
MHD model where the dust particles were assumed to be
immobile. According to the analysis of Ref. 19, the coupling
between different modes does not occur, contrary to what
had been found in the case in which the particle dynamics
was taken into account.18 More recently, mode-coupling of
low frequency waves has been obtained for immobile dust
particles in a linear analysis which employs kinetic theory
taking into account the collisional charging of the dust
particles,21 indicating a coupling mechanism that is different
from the effective one in the case of Ref. 18.

Compressional Alfvén waves, on the interface between
dusty plasmas with different densities, or on the interface
between a dusty plasma and the vacuum, have also been
investigated using fluid theory.22–24 The case of constant dust
charge, with stationary dust grains, has been treated in Ref.
24, and with mobile dust grains in Ref. 23. The resonant
damping of the surface wave has been evaluated for an in-
terface of nonvanishing width, and it was shown that for a
range of frequencies above the dust cyclotron frequency the
surface wave can propagate without resonant damping, in
contrast to what occurs for a dustless plasma.23

The modification of the Alfvén resonance absorption
mechanism due to negative charge residing on the grains in a
dusty plasma was investigated in Ref. 25, using a fluid
theory. It was shown that the Alfvén resonance process can
be strongly modified by the presence of dust, due to the
charge imbalance between electrons and ions, even if the
amount of charge on the dust particles is quite small �typi-
cally the proportion is �10−4 in interstellar clouds and in
cometary plasmas�.11 The dispersion relation obtained had a
form similar to that describing the coupling of Alfvén waves
and collisionless ion-sound waves in nonisothermal plasmas
with Te�Ti.

25

The effects of the dust particles on small amplitude mag-
netohydrodynamic waves in interstellar clouds were investi-
gated by Cramer and Vladimirov in Ref. 26, using a fluid
formulation, considering obliquely propagating waves in a
plasma with a stationary secondary heavy species.

The presence of charged dust particles can also influence
the excitation of hydromagnetic waves by instabilities caused
by pickup ions in cometary plasmas.27 The analysis made
using a collisionless cold plasma theory, with the effect of
the charged dust particles introduced basically by the charge
imbalance between electrons and ions, has found that the
dust has its greatest effect on the firehose instability at very
long wavelength. Effects due to dust charge fluctuation and
due to Landau damping were not taken into account. In pas-

sant, we mention that we have incorporated these effects in
an investigation of low-frequency instabilities which has re-
cently been sent for publication.

The studies on linear waves in dusty plasmas also in-
clude attempts which discuss the effect of a distribution of
size of the dust particles.28 The analysis in Ref. 28 has been
made considering a magnetized, homogeneous, and cold
plasma, with a distribution of size of the dust particles rep-
resentative of that to be found in interstellar molecular
clouds. The analysis has discussed the dust-cyclotron damp-
ing of the waves. It has been shown that the effect of the size
distribution is to introduce a large frequency interval of reso-
nant absorption due to the cyclotron damping.

It is possible to find in the literature some references
which apply kinetic formulations to studies of the solar
wind.29,30 However, kinetic approaches to the study of the
solar wind plasmas which include the charged dust particles
as one of the plasma components are not easily found. That
was one of the motivations of our recent publications on the
subject of dusty plasmas, particularly of Ref. 31, in which we
have used a kinetic description to analyze the propagation of
electromagnetic waves in dusty plasmas, taking into account
the fluctuation of the dust charges due to inelastic collisions
with electrons and ions.

More specifically, in the formulation utilized in Ref. 31,
the components of the dielectric tensor depend on the fre-
quency of inelastic collisions between ions and electrons and
the dust particles. Although the collision frequency is mo-
mentum dependent, we have simplified the evaluation of mo-
mentum integrals which appear in the dispersion relation, by
assuming as a first approach that the collision frequency
could be replaced by an average over the electron or ion
distribution function. The formulation has been applied to
the particular case of low-frequency waves propagating
along the ambient magnetic field, incorporating many details
which have appeared in previous publications.32,33

The results which we have obtained show that, as in the
case of dustless plasmas, the dispersion relation describes
two different modes, identified for higher frequencies as the
whistler waves and as the circularly polarized waves. In the
absence of dust these two modes collapse together, for fre-
quencies well below ion cyclotron frequency, forming the
well-known branch of the Alfvén waves. In the presence of
dust particles with variable charge, however, our results
show that these two modes become separated. Another effect
of the presence of the dust particles with variable charge is
an additional damping of the Alfvén waves, which may com-
pletely override conventional Landau damping for large
wavelengths.31 Reference 31 also has shown the occurrence
of mode coupling due to the presence of dust particles, be-
tween waves in the branch of circularly polarized waves,
propagating in opposite directions.

More recently we have performed a parametric analysis
of the dispersion relation of low-frequency waves propagat-
ing parallel to the ambient magnetic field, in a dusty
plasma.21 The analysis of Ref. 21 has shown the possibility
of occurrence of coupling between waves in the whistler
branch and waves in the branch of circularly polarized
waves, due to the presence of the dust particles, a phenom-
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enon not yet reported in the literature at the time of the
publication of Ref. 21, to the best of our knowledge. The
modifications in the dispersion relation of Alfvén waves re-
ported in Ref. 21 appear when the collisional damping on the
charged dust particles is taken into account in a kinetic
theory, and therefore are not the same as those modifications
reported in the literature in which the effect can be attributed
to unequal electron and ion Hall currents and to the charge
imbalance between electrons and ions which occur in the
presence of dust �e.g., Refs. 18 and 23�.

In the present paper we return to the subject, motivated
by the fact that dust particles can be found in the solar wind
and in stellar winds in general, and by the fact that aniso-
tropic distributions of electrons and ions have been observed
in the solar wind. As an approximation to the study of veloc-
ity distributions for electrons and ions which depart from the
Maxwellian state and feature temperature anisotropy, bi-
Maxwellian distributions are a logical and convenient
choice. Therefore, proceeding with our studies on low-
frequency waves in dusty plasmas, particularly with the
study of the mode-coupling phenomena which has been
shown to occur, we introduce in the present work the possi-
bility of temperature anisotropy for electrons and ions, con-
sidering bi-Maxwellian distribution for these particles. For
this analysis, we take into account in the numerical evalua-
tion of the dispersion relation the momentum dependence of
the frequency of inelastic collisions between electrons and
ions and the dust particles, which has been neglected in pre-
vious analysis by the use of an average collision frequency.
A comparison between the two approaches shows that the
results obtained with the more exact evaluation are quite
similar to the results obtained with the approximated evalu-
ation, for the parameters considered.

The structure of the paper is the following: In Sec. II we
briefly outline the model used to describe the dusty plasma.
In Sec. III we present essential features of the dielectric ten-
sor to be used in the discussion of wave propagation exactly
parallel to the external magnetic field, derived assuming bi-
Maxwellian distributions for the electrons and ions in the
equilibrium, and the ensuing dispersion relation. In Sec. IV
the numerical results obtained from the dispersion relation
modified by the dust are presented and discussed. The con-
clusions are presented in Sec. V.

II. THE DUSTY PLASMA MODEL

We consider a plasma in a homogeneous external mag-
netic field B0=B0 ez. In this magnetized plasma we take into
account the presence of spherical dust grains with constant
radius a and variable charge qd; this charge originates from
inelastic collisions between the dust particles and particles of
species � �electrons and ions�, with charge q� and mass m�.
For simplicity, we will consider simply charged ions.

The charging model for the dust particles must in prin-
ciple take into account the presence of an external magnetic
field. This field must influence the characteristics of charging
of the dust particles, because the path described by electrons
and ions is modified; in this case we have cyclotron motion
of electrons and ions around the magnetic field lines. How-

ever, it has been shown by Chang and Spariosu, through
numerical calculation, that for a��G, where �G

= �� /2�1/2rLe and rLe is the electron Larmor radius, the effect
of the magnetic field on the charging of the dust particles can
be neglected.34 For the values of parameters used in the
present work the relation a��G is always satisfied.

We will consider the dust grain charging process to oc-
cur by the capture of plasma electrons and ions during in-
elastic collisions between these particles and the dust par-
ticles. Since the electron thermal speed is much larger than
the ion thermal speed, the dust charge will be preferentially
negative. As a cross section for the charging process of the
dust particles, we use expressions derived from the orbital
motion limited �OML� theory.35,36

In the present work we focus our attention on low-
frequency waves in a weakly coupled dusty magnetoplasma,
where the electrostatic energy of the dust particles is much
smaller than their kinetic energy. This condition allows for a
wide variety of natural and laboratory plasmas, with the ex-
ception of the so-called colloidal plasmas.37,38 Dust particles
are assumed to be immobile, because of their mass which is
much larger than the masses of ions and electrons, and con-
sequently the validity of the proposed model will be re-
stricted to waves with frequency much higher than the char-
acteristic dust frequencies, excluding the modes that can
arise from the dust dynamics. More particularly, we will con-
sider the regime in which ��d � ��pd����i� ��e�, where
�d and �� are the cyclotron frequencies of the dust particles
and of electrons and ions, respectively, and �pd is the plasma
frequency of the dust particles. The regime of frequencies
���i deserves special attention because it covers the range
of the Alfvén waves, although nothing in the formalism pre-
vents the analysis of waves with ���i.

In this range of frequencies the presence of the dust par-
ticles modify the dispersion relation, through modifications
of the quasineutrality condition and through effects due to
dust charge fluctuation. It is known that in the case of Max-
wellian distributions the dust charge fluctuations provide an
additional damping mechanism for the Alfvén waves, be-
yond the well-known Landau damping mechanism.31 In the
present paper we investigate the influence of this mechanism
in the case of distributions with anisotropy of temperature.

The dielectric tensor for a magnetized dusty plasma, ho-
mogeneous, fully ionized, with identical immobile dust par-
ticles and charge variable in time, can be written in the fol-
lowing way:

	ij = 	ij
C + 	ij

N, �1�

where the explicit expressions for 	ij
C and 	ij

N are given in
Refs. 32 and 33 and also in the Appendix of Ref. 31.

The term 	ij
C is formally identical, except for the i3 com-

ponents, to the dielectric tensor of a magnetized homoge-
neous conventional plasma of electrons and ions, with the
resonant denominator modified by the addition of a purely
imaginary term which contains the collision frequency of
electrons and ions with the dust particles. For the i3 compo-
nents of the dielectric tensor, in addition to the term obtained
with the prescription above, there is a term which is propor-
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tional to the inelastic collision frequency of electrons and
ions with the dust particles. This additional term vanishes for
propagation parallel to the magnetic field.

The term 	ij
N is entirely new and only exists in the pres-

ence of dust particles with variable charge. Its form is
strongly dependent on the model used to describe the charg-
ing process of the dust particles. However, a general feature
can be obtained for the case of propagation exactly parallel
to the external magnetic field. The term 	ij

N appearing in Eq.
�1�, only occurs for i= j=3, regardless of the detailed form of
the distribution function f�0.

III. PROPAGATION PARALLEL TO B0 AND
BI-MAXWELLIAN DISTRIBUTION FUNCTION

In the case of propagation parallel to the external mag-
netic field, the dielectric tensor assumes the form

	
↔

= � 	11
C 	12

C 0

− 	12
C 	11

C 0

0 0 	33
C + 	33

N � , �2�

where

	11
C = 1 +

1

4	
�

X��I�
+ + I�

−� ,

	12
C = −

i

4	
�

X��I�
+ − I�

−� ,

	33
C = 1 + 	

�

X�I�
0 ,

and where

I�
s 


1

n�0
� d3p

p�L�f�0�

1 −
k�p�

m��
+ s

��

�
+ i


�d
0 �p�
�

,

I�
0 


1

n�0
� d3p

p��� f�0/�p��

1 −
k�p�

m��
+ i


�d
0 �p�
�

,

with

L�f�0� = 1 −
k�p�

m��
� � f�0

�p�

+
k�p�

m��

� f�0

�p�

,


�d
0 �p� =

�a2nd0

m�

�p2 + C��
p

H�p2 + C�� ,

X� =
�p�

2

�2 , �p�
2 =

4�n�0q�
2

m�

, �� =
q�B0

m�c
,

C� = −
2q�m�qd0

a
,

and s= ±1. The subscript �=e , i identifies electrons and ions,
respectively, qd0=�deZd is the equilibrium charge of the dust
particle �positive, �d= +1, or negative, �d=−1� and H de-

notes the Heaviside function, or step function. The quantity
Zd is the number of charges in each dust particle, and ne0, ni0,
and nd0 are the equilibrium electron, ion, and dust densities,
respectively. The explicit form of the quantity 	33

N is not nec-
essary for the present investigation and therefore will not be
reproduced here.31–33

The general dispersion relation for k=k�ez therefore fol-
lows from the determinant

det�	11
C − N�

2 	12
C 0

− 	12
C 	11

C − N�
2 0

0 0 	33
C + 	33

N � = 0. �3�

In this expression, N� =k�c /� is the refractive index in
the direction parallel to the external magnetic field. The dis-
persion relation for Alfvén waves is obtained retaining only
the components in the upper left 2�2 determinant in Eq. �3�,
that is, by imposing Ez=0. As a result, we obtain

�N�
2�s = 1 +

1

2	
�

X�I�
s , �4�

where we have used the expressions for 	11
C and 	12

C , from
Eq. �2�.

The effect of the dust particles on the dispersion relation
given by Eq. �4� occurs via the quasineutrality condition
�ni0�ne0�, and also via the mechanism of collisional charg-
ing of dust particles due to the incorporation of electrons and
ions, described by the terms which contain the inelastic col-
lision frequency 
�d

0 �p�.
Let us assume that electrons and ions are described by

bi-Maxwellian distributions, with anisotropy of the tempera-
ture given by �=T�

� /T�
�,

f�0 = A�e−p�
2 /2m�T�

�
e−p�

2/2m�T�
�
, �5�

where A� is the normalization constant,

A� =
n�0

�2�m��3/2T�
� �T�

��1/2 .

It is therefore easy to obtain

L�f�0� = − 1 −
k�p�

m��
� p�

m�T�
� f�0 −

k�p�

m��

p�

m�T�
� f�0,

and write the I�
s integral as follows:

I�
s = −

4

���1/2�
2�

0

�

dtt4e−t2/��
−1

1

due−t2u2��−1�/�

����
0 − tu�1 − ���

�1 − u2����̂�
s �* − tu�

���̂�r
s � − tu�2 + ��̂�i

s �2

+ i�2��
2

��
��̂�

0 − �̂�
s �1 − ���e−��̂�

s �2
H�− �̂�i

s � , �6�

where
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�̂�
0 =

z
�2qu��

, �̂�
s =

z + sr� + i
̃�

�2qu��

,

z =
�

�i
, q =

k�vA

�i
, u�� =

vT�

�

vA
,

r� =
��

�i
, 
̃� =


�d
0 �p�
�i

,

and where vT�

� and vA are, respectively, the parallel thermal
velocity of particles of species � and the Alfvén velocity,

vT�

� =� T�
�

m�

, vA
2 =

B0
2

4�ni0mi
.

We have introduced in these expressions the variables t
= p /�2m�T�

� and u=cos �. The term in the last line of Eq. �6�
represents an approximated evaluation of the contribution of
the pole to the analytical continuation of the integral. More-

over, �̂�r
s and �̂�i

s denote, respectively, the real and imaginary

parts of �̂�
s .

On the other hand, it is possible to follow the same pro-
cedure used in Refs. 21 and 31, for evaluation of the inte-
grals I�

s , replacing the functions 
�d
0 �p� by their average val-

ues in momentum space,


� 

1

n�0
� d3p
�d

0 �p�f�0. �7�

In the bi-Maxwellian case the average collision fre-
quency between charged particles and dust particles can be
written as follows, in dimensionless form:


̃� = 
�/�i = �2�	�ã2�
1/2u��I


�, �8�

where

	 =
nd0

ni0
, u�� =

vT�

�

vA
, vT�

� =�T�
�

m�

,

� =
�2ni0vA

�i
, ã =

a

�
, � =

e2

T�
i ,

where vT�

� is the perpendicular thermal velocity of particles
of species �. Moreover,

I

i = � 1

i
+

1 + 2��i

�i − 1
tan−1�i − 1�, i � 1,

I

i = � 1

i
+

1 + 2��i

2�1 − i

ln
�1 + �1 − i�

�1 − �1 − i�
�, i � 1,

I

i = 2�1 + �i�, i = 1,

I

e = � 2

�e − 1
�

0

�e−1

dx
e−���e��1+x2�

�1 + x2�2 �, e � 1,

I

e = � 2

�1 − e
�

0

�1−e

dx
e−���e��1−x2�

�1 − x2�2 �, e � 1,

I

e = 2e−��e�, e = 1,

with ��i=ZdZie
2 / �aT�

i �, where Zi is the ion charge number,
and ��e=−Zde2 / �aT�

e �. Using these average collision fre-
quencies, and performing the calculation of the I�

s integrals,
the dispersion relation given by Eq. �4� assumes the form

q2c2

vA
2 = z2 + 	

�

��
2��� − 1� + ���

0 + �� − 1��̂�
s �Z��̂�

s �� ,

�9�

FIG. 1. Real part of the normalized frequency �zr� for
the two roots obtained using s=1 and for the two roots
obtained using s=−1, as a function of q, for five values
of 	. B0=1.0�10−4 T, Ti=1.0�104 K, ni0=1.0
�109 cm−3, Zi=1.0, mi=mp, and Te=Ti. Radius of dust
particles, a=1.0�10−4 cm. The dust density nd0 is ob-
tained from 	=nd0 /ni0, and the values of 	 utilized are
	=0.0, 1.25�10−6, 2.50�10−6, 3.75�10−6, and 5.0
�10−6. For this range of variation 	, the quantity zr is
almost independent of the dust density, so that the five
curves appear superposed �Refs. 21 and 31�.
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where ��=�p� /�i and where Z is the plasma dispersion
function,39

Z��� =
1

��
�

−�

+�

dt
e−t2

t − �
.

It is interesting to examine Eq. �9� considering some
limit situations. For instance, in the isotropic case, �→1,
Eq. �9� recovers Eq. �19� of Ref. 31. Additionally, if the

expansion for large argument of the Z function is utilized, it
is easy to obtain the dispersion relation in the following ex-
panded form:

q2c2

vA
2z2 = 1 + 	

�

��
2

�2qu�z
�−

�2qu�

z + sr� + i
̃�

+ i�� exp−
�z + sr� + i
̃��2

2q2u�
2 �� . �10�

FIG. 2. zr as a function of 	, for q=0.2. �a� i=e=1.00, evaluation with the Z function; �b� i=e=1.00, evaluation with the I�
s function; �c� i=e

=0.50, evaluation with the Z function; �d� i=e=0.50, evaluation with the I�
s function; �e� i=e=2.00, evaluation with the Z function; �f� i=e=2.00,

evaluation with the I�
s function.
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Moreover, it is seen that, if the effect of the charge fluc-
tuation is neglected, the quantities 
̃� will vanish �
̃�=0, for
�= i ,e�. In that case, the real part of Eq. �10� becomes the
same as Eq. �8� of Ref. 15, in the range �pd����i,
limitation which is necessary because the dynamics of the
dust particles has been neglected in the derivation of Eqs.

�9� and �10�. Equation �10� also reproduces dispersion rela-
tions appearing in other well-known works on low-frequency
waves, for instance in Refs. 13 and 16.

In the limit �zi � � �zr�, and dustless plasma, we obtain
from Eq. �9� the approximated solution for anisotropic
plasmas40

FIG. 3. zi as a function of 	, for q=0.2. �a� i=e=1.00, evaluation with the Z function; �b� i=e=1.00, evaluation with the I�
s function; �c� i=e

=0.50, evaluation with the Z function; �d� i=e=0.50, evaluation with the I�
s function; �e� i=e=2.00, evaluation with the Z function; �f� i=e=2.00,

evaluation with the I�
s function.
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zr =
q

�1 + �i
2� c2

vA
2 + �i

2ui�
2 ��i − 1� + �e�e − 1���1/2

,

�11�

zi = −��

8

1

zrq�1 + �i
2�	�

��
2

u��

��zr − sr��1 − ���

� exp�− �zr + sr��2/�2q2u��
2 �� ,

where �e=T�
e /T�

i.
In the absence of dust and for isotropic temperatures, the

approximated dispersion relation and the damping rate in the

range of small q and for �� ���� are given analytically as
follows, corresponding to the well-known textbook expres-
sions for Alfvén waves:

zr =
c

vA

q

�1 + �i
2

,

�12�

zi = −��

8

�i
2

q�1 + �i
2�ui

exp−
1

2q2ui
2� .

For the parameters which we utilize in the present paper

FIG. 4. zr as a function of 	, for q=0.2, and eight values of i=e. �a� 0.25; �b� 0.75; �c� 1.25; �d� 2.50; �e� 3.00; �f� 4.00.
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�see next section�, Landau damping of Alfvén waves in the
isotropic case is in practice completely negligible, and the
cases with temperature anisotropy do not satisfy the condi-
tion for occurrence of instability, which would follow from
Eq. �11� when zi�0.

IV. NUMERICAL ANALYSIS

In the present section we present a parametric study of
the solutions of the dispersion relation, given either by Eqs.
�4� and �6�, or by Eq. �9�. Along the study we consider as

basic parameters the ion charge number Zi=1.0 and the ion
mass mi=mp, where mp is the proton mass. For the classical
distance of minimum approach, measured in cm, we use the
value �=1.44�10−7 /T�

i�eV�, where T�
i�eV� means the paral-

lel ion temperature expressed in unit of eV. We choose the
ambient magnetic field B0=1.0�10−4 T, ion density ni0

=1.0�109 cm−3, parallel ion temperature T�
i =1.0�104 K,

and parallel electron temperature T�
e=T�

i. For the radius of the
dust particles, we assume a=1.0�10−4 cm. The electron
density and the dust charge number Zd are obtained from the
quasineutrality condition,

FIG. 5. zi as a function of 	, for q=0.2, and eight values of i=e. �a� 0.25; �b� 0.75; �c� 1.25; �d� 2.50; �e� 3.00; �f� 4.00.
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ne0 = ni0�Zi − 	Zd� , �13�

and from the condition for equilibrium of the charging cur-
rent, which for bi-Maxwellian plasmas becomes the
following:

Zii
1/2u�iI


i − �Zi − 	Zd�e
1/2u�eI


e = 0. �14�

The perpendicular temperatures and the dust density en-
ter the analysis via the parameters � and 	, which will be
varied for the numerical analysis. The parameters chosen
may be representative of plasmas in stellar winds. Except for

the possibility of temperature anisotropy, they are the same
utilized in Refs. 21 and 31, since we are interested in the
investigation of the effect of temperature anisotropy on the
mode-coupling phenomena which has been previously dem-
onstrated in Ref. 21 to occur due to the presence of the dust
particles.

We start by investigating Eq. �9� in the range of small
values of dust density, considering 	 between 0 and 5.0
�10−6. As it is known, in the limit 	=0, ion and electron
densities are equal and 
̃e= 
̃i=0, and therefore the dispersion

FIG. 6. zr and zi as a function of 	, for q=0.2, and three values of i=e. �a� zr, 2.75; �b� zr, 3.00; �c� zr, 3.25; �d� zi, 2.75; �e� zi, 3.00; �f� zi, 3.25.
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relation in the isotropic limit ��→1� becomes the usual
dispersion relation for Alfvén waves in the absence of dust.

We start the analysis with the display of the real part of
the normalized frequency, zr, as a function of q, for several
values of 	, in the range of small values of dust density, for
the isotropic case, Te=Ti, as shown in Fig. 1. This figure has
already appeared in Refs. 21 and 31, and it is similar to
figures appearing in well-known textbooks.41 It is repeated
here because it is useful for the identification of the modes
predicted by the dispersion relation. In Fig. 1 we observe the
real part of the two roots obtained from Eq. �9� for each of

the signs s=1 and s=−1. There are two curves with positive
values of zr, describing waves propagating in the positive
direction. The uppermost curve is obtained with s=1, and
corresponds to the so-called whistler branch, while the lower
curve in the positive side is obtained with s=−1 and corre-
sponds to the branch identified with circularly polarized
waves propagating along the ambient magnetic field. For
negative values of zr we have perfectly symmetrical solu-
tions propagating in the negative direction, obtained, respec-
tively, with s=−1 �the lower curve� and s=1 �the upper
curve, closer to the axis�. For small values of q, q�0.2, the

FIG. 7. zr and zi as a function of 	, for q=0.2, and three values of i=e. �a� zr, 5.00; �b� zr, 6.00; �c� zr, 7.00; �d� zi, 5.00; �e� zi, 6.00; �f� zi, 7.00.
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two branches of waves propagating in a given direction col-
lapse together in a single branch known as the branch of the
Alfvén waves. Each of the curves appearing in Fig. 1 in fact
corresponds to the superposition of five curves, obtained
with 	=0.0, 1.25�10−6, 2.50�10−6, 3.75�10−6, and 5.0
�10−6. These results show that the presence of a small den-
sity of dust particles has a negligible effect on the real part of
the roots obtained from the dispersion relation of low-
frequency waves propagating along the magnetic field, in
plasmas with isotropy of temperature.

In Fig. 2 we compare the real part of the roots of the
dispersion relation, evaluated using Eqs. �4� and �6�, using
the momentum dependent collision frequency 
�d

0 �p�, with
the real parts of the roots obtained using Eq. �9�, which uti-
lizes the average collision frequency, for q=0.2 and three
different values of the anisotropy ratios, i=e=1.00, i

=e=0.50, and i=e=2.00. The left-hand panels, Figs.
2�a�, 2�c�, and 2�e�, show the values of zr obtained using Eq.
�9�, while the right-hand panels, Figs. 2�b�, 2�d�, and 2�f�,
show the values of zr obtained using Eqs. �4� and �6�. It is
seen that the calculation using the average collision fre-
quency, Eq. �9�, provides very close approximation to the
results obtained from the more complete dispersion relation
featuring the momentum dependent collision frequency be-
tween plasma particles and dust particles, at least for the

parameters considered in the analysis. The most noticeable
effect in all the three cases depicted is a slight displacement
of the points of mode coupling toward higher values of dust
density 	, in the results obtained with the more complete
dispersion relation, as compared with the results obtained
with the dispersion relation using the average collision fre-
quency. This small displacement appears both for ��1and
for ��1, and therefore appears to be independent of the
temperature anisotropy. Figure 3 displays the corresponding
values of the imaginary part zi. The same comments made
about Fig. 2 can be applied to Fig. 3. It can be noticed that
the damping rate of waves in the whistler branch, predicted
by the approximated dispersion relation, is larger than the
damping rate predicted by the less approximated dispersion
relation, for a given value of dust density.

In order to investigate the effect of temperature aniso-
tropy in a dusty plasma, we consider the case of q=0.2 and
show in Fig. 4 the values of zr as a function of 	, for several
values of the ratios T�

� /T�
�. The corresponding values of the

imaginary parts zi appear in Fig. 5. These graphs have been
obtained using Eqs. �4� and �6�. In Figs. 4 and 5 we consider
the case of electrons and ions with the same anisotropy, with
i=e=0.25, 0.75, 1.25, 2.50, 3.00, and 4.00. For q=0.2 we
had obtained for the same parameters the occurrence of
mode coupling between waves in the whistler branch and

FIG. 8. zr as a function of 	, for q=0.2, i=1.00, and several values of anisotropy in the electron temperature: �a� e=0.25; �b� e=0.50; �c� e=2.00; �d�
e=4.00.
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waves in the branch of circularly polarized waves, occurring
at 	�2.7�10−5, in the case of isotropic distributions, as
seen in Fig. 3�b� of Ref. 21. Starting from the case shown in
Fig. 4�a�, in which the perpendicular temperature is only one
fourth of the parallel temperature, it is seen that the point of
coupling between the whistler branch and the branch of cir-
cularly polarized waves gradually moves toward smaller dust
density, as the temperature anisotropy is decreased. The case
of i=e=0.75 shown in Fig. 4�b� is already very similar to
the result obtained in the isotropic case, shown in Ref. 21.

Figures 4�c� and 4�d� show that for perpendicular tempera-
tures slightly larger than parallel the coupling between these
modes do not occur, for the parameters considered. However,
the mode coupling reappears for sufficiently large tempera-
ture anisotropy, as shown by Fig. 4�e�. Moreover, a novel
feature emerges. Figures 4�e� and 4�f� show the occurrence
of another point of mode coupling, for small values of dust
density. For instance, for i=e=4.00, Fig. 4�f� shows the
occurrence of coupling between the whistler branch and the
branch of circularly polarized waves at 	�1.5�10−5 and at

FIG. 9. zr as a function of 	, for q=0.2, e=1.00, and several values of anisotropy in the ion temperature: �a� i=0.25; �b� i=0.50; �c� i=2.00; �d� i

=3.00; �e� i=3.50; �f� i=4.00.
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	�3.5�10−5. Panels �a�–�f� of Fig. 4 also show that the
coupling between forward and backward propagating circu-
larly polarized waves continues to occur for the whole range
considered for the temperature anisotropy.

In Fig. 5 we see the corresponding imaginary parts of the
roots of the dispersion relation. For the range of temperature
anisotropy considered the curves depicting zi as a function of
	 are quite similar to those obtained in the case of isotropic
distributions, appearing in Fig. 4 of Ref. 21.

The range of values of anisotropy for which the two
points of mode coupling occurs is explored in more details in
Fig. 6. Figure 6�a� displays the case of i=e=2.75, for
which the coupling between the two modes do not occur. At
i=e=3.00 the two modes appear coupled for 	�0, and
also at 	�2.2�10−5, as shown in Fig. 6�b�. For larger an-
isotropy, the two points of mode coupling are moved toward
higher values of dust density, as seen in Fig. 6�c�. The cor-
responding values of the imaginary part zi are shown in pan-
els �d�, �e�, and �f�, of Fig. 6. The two points of mode cou-
pling continue to appear for considerably larger anisotropy,
as seen in Fig. 7, which show the values of zr and zi for i

=e=5.00, 6.00, and 7.00.
Situations where only one of the plasma species features

temperature anisotropy are shown in Figs. 8 and 9. Figures
8�a�–8�d� show the cases of e=0.25, e=0.50, e=2.00,
and e=4.00, respectively, with i=1.00. It is seen that for
isotropic ions the mode-coupling occurs for T�

e �T�
e, and it is

known that it occurs in the isotropic case.21 However, for
T�

e �T�
e the coupling disappears for sufficiently larger aniso-

tropy of the electron temperature, as illustrated by Figs. 8�c�
and 8�d�.

The effect of anisotropy in the ion temperature appears
to be more complex than the effect of the electron aniso-
tropy. Figures 9�a� and 9�b� display the cases of i=0.25 and
0.50, respectively, for e=1.00. These figures show that the
point of coupling between whistler and circularly polarized
waves moves toward smaller values of dust density when the
ion anisotropy is reduced. On the other hand, it moves again
to higher values of dust density 	 when the anisotropy is
increased with T�

i �T�
i, as shown by Figs. 9�c�–9�f�. Simi-

larly to what was seen in the case where the two species are
anisotropic, in Fig. 4, another coupling point appears for suf-
ficiently large anisotropy, as the ion anisotropy is increased,
as shown in Figs. 9�d�–9�f�. For the sake of economy of
space, the curves for zi corresponding to the cases appearing
in Figs. 8 and 9 are not shown, since they do not introduce
new qualitative features.

V. CONCLUSIONS

In the present paper we have used a kinetic description
to analyze low frequency waves in dusty plasmas, taking into
account the dust charge fluctuations, and taking into account
the occurrence of temperature anisotropy in the distributions
of electrons and ions. We have considered the case of propa-
gation of waves exactly parallel to the external magnetic
field, and bi-Maxwellian distributions for electrons and ions
in the equilibrium situation. We have used this kinetic for-
mulation to obtain and solve the dispersion relation, for a set

of parameters typical of stellar winds. The emphasis has been
on the mode-coupling phenomena which has been previously
demonstrated to occur due to the presence of the dust
particles,21 and on the influence of the temperature aniso-
tropy on the mode-coupling. The mode-coupling discussed in
the present paper and in Ref. 21 has been obtained by a
linear analysis of a kinetic theory, taking into account the
collisional charging of the dust particles, for immobile dust
particles, and is therefore not of the same nature of the cou-
pling which has been reported in other studies, as in Refs. 18
and 25.

The results obtained show that the coupling between for-
ward and backward propagating circularly polarized waves,
which occur at moderately high dust densities, persists in the
case of temperature anisotropy, both for the case of perpen-
dicular temperature larger than parallel temperature and in
the case of perpendicular temperature smaller than the paral-
lel temperature. The coupling which occurs between waves
in the whistler branch and waves in the branch of circularly
polarized waves has been shown to remain in the case of
perpendicular temperature smaller than the parallel tempera-
ture, and disappear in the case of perpendicular temperature
moderately larger than parallel temperature, for the param-
eters considered. However, for larger anisotropy, the cou-
pling reappears, and another coupling point appears for
smaller dust density. The ultimate reason for these findings is
the dependence of the charging currents on the anisotropy of
the temperature of electron and ion distributions, as shown
by Eq. �14�. Moreover, as shown by Eq. �8�, the anisotropy
directly affects the evaluation of the inelastic collision fre-
quency which plays a pivotal role in the dispersion relation,
through the mechanism of collisional damping incorporated
in a kinetic theory.

These features have been obtained using a given set of
parameters, which has been sufficient to put in evidence a
complex behavior of the dispersion relation. A complete
parametric study was not made for the sake of economy of
space.

Although it is known that the anisotropy of temperature
may be a source of free energy and drive instabilities, we
have chosen a set of parameters which do not satisfy the
conditions for occurrence of instabilities in the case without
dust. Accordingly no instabilities have been observed in the
range of parameters investigated, either in the dustless limit
or in the presence of dust. A study of instabilities driven by
the anisotropy of temperatures, in the presence of dust, will
be presented in a forthcoming publication.
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