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ABSTRACT
The wave period, i. e., the time interval which corresponds to a complete oscillation, is an important parameter of wave characterization.
It allows the estimation of other important wave characteristics such as the length and celerity. This study aims at describing the
results of a relationship among the significant, mean, and peak periods of waves generated downstream from a hydraulic jump.
The frequency of vortex formation in the roller region within the hydraulic jump was used. Besides those relationships, wave lengths
were also determined by the dispersion equation by considering the wave-current overlapping effect in order to identify the wave
celerity. Estimated results of wave celerity were compared to their experimental results. Our findings allowed us to identify that the
significant wave period was the most representative period for the characterization of a wave downstream from a hydraulic jump.
Keywords: Characteristic wave period; Wave-current overlapping; Dispersion.

RESUMO
Uma característica importante para a caracterização de uma onda é o seu período, ou seja, o intervalo de tempo correspondente a uma
oscilação completa. Através do período da onda é possível estimar outras importantes características da onda, tais como o comprimento
e a celeridade de uma onda. Neste estudo, são apresentados resultados de uma relação entre os períodos significativo, médio e de pico,
das ondas geradas a jusante de ressalto hidráulico, com a frequência de formação dos vórtices presentes na região do rolo contido
dentro do ressalto hidráulico. Além destas relações, foram determinados também os comprimentos das ondas, por meio da equação
de dispersão considerando o efeito de superposição de onda e corrente, para a identificação da celeridade das ondas. Os resultados
estimados para a celeridade das ondas foram relacionados com os resultados experimentais obtidos para a celeridade das ondas. Através
dos resultados obtidos, foi possível identificar que o período característico da onda mais representativo para a caracterização de uma
onda a jusante de ressalto hidráulico foi o período significativo.
Palavras-chave: Período característico de onda; Superposição onda-corrente; Dispersão.
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INTRODUCTION
Stepped spillways consist of a form of energy dissipation
structure used in dams due to the energy dissipation promoted during
the flow fall, thus allowing the decrease of the energy portion that
arrives at the base of the dam and, consequently, in the stilling basin.
However, the amount of energy to be dissipated by the
stilling basin can erode the river banks located downstream from
the dams. This is due to the action of currents and the impacts
of waves generated at the end of the hydraulic jump.
The commonly used methods for the design of protection
material for river banks – located downstream from hydraulic
structures – use wave parameters such as wave period and height.
Although there are several works in the literature that identify
wave characteristics such as period and height driven by the wind
or by the action of vessels, the parameters of waves generated
downstream from hydraulic structures are not commonly known.
The first known experimental work on the identification
of heights and periods of waves generated downstream from a
hydraulic jump was presented by Bradley and Peterka in 1957.
After the study of Bradley and Peterka (1957), only
three other authors who carried out experimental studies on
the identification of heights and periods of waves generated
downstream from a hydraulic jump were identified: Abou-Seida
in 1963, and Lopardo and Vernet in 1978.
Besides the wave height and period, two other important
parameters to be identified for the characterization of a wave are
its length, i. e., the distance between two crests or between two
consecutive troughs, and its celerity, which is the wave propagation
speed. However, no research work that addressed the study of
the length and celerity of waves generated downstream from a
hydraulic jump was found in the literature.
Regarding the wave length determination, Neves and Dias
(2013) showed the importance of performing current profile
measurements simultaneously to wave measurements in order
to correctly determine kinematic parameters and wave dynamics.
According to the mentioned authors, it is fundamental to
obtain detailed measurements of the velocity field – both in nature
and in the laboratory –, not only for the experimental verification
of rotational wave theories, but also for the correct estimation
of the wave parameters.
Thus, it is of fundamental importance that measurements
(either in nature or in the laboratory) that allow the identification
of the flow velocity field and of the parameters of waves generated
downstream from hydraulic structures are performed.

LITERATURE REVIEW
The hydraulic jump downstream from spillways or
floodgates may be developed in a free or submerged (drowned)
way as shown in Figure 1. The submerged hydraulic jump forms
as the downstream water layer (Tw) becomes greater than the free
hydraulic jump water layer (Y2).
Thus, as well as the Froude number (Fr1), another
dimensionless parameter that characterizes the submerged jump
is the submergence factor or coefficient (S), which can be defined
in different forms depending on the bibliography. The equations
from the authors used as references for this research are presented
below; the first one was proposed by Marques, Almeida and Endres
(1999), and the following was suggested by Rajaratnam (1965):
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S=

TW
Y2

S* =

(1)

TW − Y2
Y2

(2)

Two other important features of hydraulic jumps are
their length and the roller length. The roller length is defined as
the distance between the jump beginning section, where the fast
conjugate height occurs, and the section from which the rotation
movement is completed. The hydraulic jump length is defined as
the distance between the sections where the conjugate heights
take place. Over the years, several assumptions have been made
for the determination of both the roller and the hydraulic jump
lengths. Tables 1 and 2 present some suggested equations for the
roller and hydraulic jump lengths, respectively.

Figure 1. Hydraulic jump formed downstream from a floodgate (a)
and downstream from a spillway (b). Source: Adapted from
Trierweiler Neto (2006).
Table 1. Equations for the determination of the roller length as
suggested by several authors.
Author
Proposed Equation
Douma (1942, apud
Lr = 3Y2
Teixeira, 2003)
=
Lr
4.5Y2. (4.5 ≤ Fr1 ≤ 9 )
Peterka (1974)
Newmham (1973
=
Lr
6.3 ( Fr1 − 1)
apud Teixeira, 2003)
=
Lr
6 (Y2 − Y1 )
Marques et al. (1997)

Equation 3
Equation 4
Equation 5
Equation 6

Where: Lr is the roller length; Y1 is the fast conjugate height; Y2 is the slow
conjugate height; and Fr1 is the Froude number at the beginning of the hydraulic
jump. Source: Teixeira (2003).

Table 2. Equations for the determination of the free and submerged
hydraulic jump length as suggested by several authors.
Author
Proposed Equation
=
Lj
6.9 (Y2 − Y1 )
Elevatorski (1959)
Equation 7
Marques, Drapeau
and Verrette (1997)
Teixeira (2003)
Lopardo et al.
(2004)

=
Lj
=
Lj

8.5 (Y2 − Y1 )

Equation 8

8. (Y2 − Y1 )

Equation 9

Lsj/(Tw-Y3)=41(2S*)+6, where
S*=(Tw-Y2)/Y2

Equation 10

Where: Lj is the free hydraulic jump length; Lsj is the submerged hydraulic jump
length; Y1 is the fast conjugate height; Y2 is the slow conjugate height; Tw is the
depth downstream from the submerged hydraulic jump; and S is the submergence
coefficient. Source: Conterato (2014).
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Hydraulic structure projects are usually carried out using
the external features of the hydraulic jump such as the conjugate
heights and the jump length. However, hydraulic jump internal
characteristics have been becoming more relevant over the years
due to the evolution of the equipment used in measurements,
the need for optimization in hydraulic structure projects, and
also by the evaluation of damages inflicted on the structures after
decades of operation.
In this sense, Mok (2004) performed measurements of
free surface variation downstream from a free hydraulic jump,
establishing a relationship between the vortices formed in a
region ahead of the roller and the variation of the free surface
downstream from a free hydraulic jump. The author proposed
an equation for the determination of the frequency of vortex
formation for Froude number values greater than 1.5:
freq =

U1
2Lr

(11)

where: freq is the frequency of vortex formation in the roller region;
U1 is the velocity at the beginning of the hydraulic jump; and Lr
is the roller length.
For different Froude number values, the mentioned
author obtained a good fit between the proposed expression
(Equation 11) and the characteristic frequencies derived from
the free surface variation at the end of the free hydraulic jump
(as shown in Figure 2).
According to Lopardo and Vernet (1978), hydraulic jumps
have been the object of numerous investigations on several
physical aspects that are linked to them, but the knowledge on
the progressive waves that this phenomenon drives in the spillway
exit channels are still very scarce.
Bradley and Peterka (1957) were the pioneers in the observation
of waves generated downstream from hydraulic jump energy
dissipaters. In their study, these authors aimed at minimizing the
effects caused by wave energy on the structure of a dam. In order
to do so, four forms of structures were analyzed in a laboratory
to reduce the height of the waves driven by hydraulic structures
for Froude number values between 2.5 and 4.5. Among the forms
of structures analyzed, the one that showed greater efficiency in
the reduction of wave heights was called “underpass-type wave
suppressor”, where the turbulent flow was introduced into a
submerged tube of variable height and length. The percentage of
wave height reduction depended on the downstream water depth
and on the suppressor length.
Abou-Seida (1963) sought to relate the characteristics of
the waves generated downstream from a hydraulic jump – formed
by means of a floodgate – with the Froude number, bed slope,
and the level downstream from a free hydraulic jump. His analyzes
were performed in a reduced physical model for Froude number
values between 2.23 and 4.98. According to the author, the wave
parameters, such as period and amplitude, showed an irregular
behavior downstream from the hydraulic jump energy dissipater.
The author concluded that the significant wave height (Hs) increased
as the Froude number increased for the same depth downstream
from the hydraulic jump. He also observed that when the free
hydraulic jump approached a stable form, i. e., Froude number
values close to 4.5, its influence on the wave height was small. With
respect to the wave mean periods (Tmean), there was no relationship
between them and the variation of the Froude number.
RBRH, Porto Alegre, v. 24, e22, 2019

Lopardo and Vernet (1978) related the characteristics
of waves generated downstream from a hydraulic jump and
Froude number values that ranged from 2.16 to 6.8. They also
considered the distance along the water course downstream from
free and submerged hydraulic jumps, with submergences between
10 and 15%. By performing experiments in a reduced physical
model, the authors observed that the significant wave height (Hs)
increased as the Froude number increased. For the wave period
determination, the authors considered the peak period (Tp), i. e.,
the period corresponding to the frequency of higher spectral
density, which showed an exponential increase as the Froude
number increased.
The determination of the wave length is essential since
several important parameters derive from it, such as the wave
speed, wave number, dispersion ratio, horizontal and vertical wave
velocities, among others.
Through Dean’s stream function theory, Neves and Dias
(2013) evaluated the errors in wave length values when the current
was neglected, considering four types of current velocity profiles
as shown in Figure 3: I) uniform, II) with constant vorticity,
III) exponential, and IV) cosine.
In case ‘I’, the current velocity, U0, is constant along
the vertical axis (collinear to the wave). The dispersion ratio is
expressed as:

Figure 2. Characteristic frequencies of level oscillation downstream
from a hydraulic jump. Source: Adapted from Mok (2004).

Figure 3. Types of vertical current profiles described as (from left
to right): (I) uniform; (II) with constant vorticity; (III) exponential;
and (IV) cosine. Source: Neves and Dias (2013).
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gktanh kh
(ω − kU0 )2 =

(12)

This expression is similar to the linear dispersion equation
when the current is negligible. The only difference is that the intrinsic
frequency (ω – kU0) is substituting the apparent frequency (ω) when
a fixed observer with respect to the bottom is considered.
For case ‘II’, with constant vorticity, the dispersion equation
is expressed as:
2
(ω − kU s )=
{gk −

Ω 0 [ω − kU s ]} tanh kh

(13)

where Us is the velocity at the surface (z = 0), defined as:
Us
=

(14)

U0 + Ω0 h

and U0 is the velocity at z = –h.
In case ‘III’, the dispersion equation is given by:

(ω − kU s )2

gk 2 htanh α h
=
α h − γ htanh γ h tanh α h

(15)

where α is calculated by Equation 16:
=
α

γ 2 + k2

(16)

For case ‘IV’, the form of the dispersion equation will
depend on whether k2 is smaller, equal to, or greater than γ2.

gk 2 h tan β h
, se k 2 < γ 2

 β h + γ htan γ htan β h

gk 2 h
, se k 2 γ 2
=
=
(ω − kU s )2 
1
γ
htan
γ
h
+


gk 2 htanh β h

, se k 2 > γ 2
 β h + γ htan γ htanh β h

(17)

where β is defined by Equation 18:
=
β

γ 2 − k2

(18)

MATERIAL AND METHODS
The experiments were carried out in a partially reduced
physical model of a stepped spillway with a downstream channel,
installed at the Laboratory of Hydraulic Works from the Institute
of Hydraulic Research (IHR) of the Federal University of Rio
Grande do Sul (UFRGS). In a 1/10 scale, the model was 2.45 m high
and 0.40 m wide, presenting a 5-m long downstream channel.
The stepped spillway had 33 steps total, 6 cm high and 4.5 cm
wide each, presenting an inclination of approximately 53° to the

horizontal and a Creager-type weir. Downstream from the channel,
there was a type of vertical lift floodgate and a piezometer for water
depth verification. The model presented this configuration since its
structure has been investigated as part of the research developed
at IHR, in which this study is inserted. Figure 4, shown in the
final section of this article, presents a scheme of the model used.
The model was fed by a lower reservoir through a system
consisting of a centrifugal pump, which was controlled by a
frequency inverter to adjust the simulated flow rates. The model
flow control was performed by means of an electromagnetic
meter incorporated in the power system. The downstream level
in the channel was controlled by a floodgate and measured by a
piezometer, both located at the end of the channel.
Two probes were installed along the channel (as shown in
the scheme from Figure 4, to measure the variation of the free
water surface elevation. These probes were of the capacitive type,
consisting of two parallel stainless steel rods that were positioned
perpendicular to the direction of wave propagation.
In order to identify the periods of the waves downstream
from the hydraulic jump, a probe was installed at the end of the
jump for each tested condition, in a region where there were no
bubbles that could interfere with the measurements. The end of
the hydraulic jump was identified by Equation 8.
The characteristic wave periods were obtained at the end
of the hydraulic jump by the measurements acquired by the probe,
hereinafter referred to as the 1st probe. A second probe was
installed one meter downstream from the 1st probe – hereinafter
called the 2nd probe – to identify the behavior of the waves along
a distance of one meter downstream from the hydraulic jump.
For the identification of the characteristic wave periods,
measurements were performed simultaneously by the two probes
for the flow rates of 40, 60 and 80 l s-1, which were simulated
in the stepped spillway reduced physical model. The minimum
(40 l s-1) and maximum (80 l s-1) flow rates corresponded to the
model limits due to the accuracy of the electromagnetic flow rate
meter and due to the vibration of the equipment that measured
water level variation (probes), respectively. In addition to those
limits, an intermediate flow rate of 60 l s-1 was also simulated in
the physical model. All three flow rates represent the prototype
specific flow rates at a 1/10 scale with the model.
Table 3 presents the characteristics of the performed
experiments, showing the flow rates tested in the model, the
prototype specific flow rates, the Froude number at the beginning
of the hydraulic jump, the water level in the channel downstream
from the hydraulic jump (visually controlled), and the positions
of the probes measuring free surface elevation. The tested
conditions considered free and submerged hydraulic jumps
with 10 and 20% submergence.

Figure 4. Schematic representation of the model used (flow direction from right to left).
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Table 3. Flow parameters and positions of the measuring level probes in the performed experiments for free and submerged hydraulic jumps.
Q (l/s) qp (m3/s/m) Fr1 Probe
S=1.0: d2=265mm
S=1.1: Tw=289mm
S=1.2: Tw=317mm
40

0.10

7.4

Q (l/s)

qp (m3/s/m)

Fr1

Probe

S=1.0: d2=339mm

S=1.1: Tw=375mm

S=1.2: Tw=408mm

Q (l/s)

qp (m3/s/m)

Fr1

Probe

S=1.0: d2=409mm

S=1.1: Tw=449mm

S=1.2: Tw=490mm

60

80

0.15

0.20

7.0

6.9

1st
2nd
1st
2nd
1st
2nd

3.05
4.05
4.17
5.17
4.76
5.76

For each flow condition presented in Table 3, three
replicates of the experiments (called T1, T2, and T3) were recorded,
with a 200-Hz acquisition frequency and a minimum duration of
5 minutes. From these records, the characteristic wave periods were
obtained through temporal (time domain) and spectral (frequency
domain) analysis.
Through the temporal analysis, the significant wave (Ts) and
mean (Tmean) periods were determined for each record. In order
to do so, the “zero-up-crossing” method for wave definition was
applied.
For the spectral analysis, the technique of spectral density
function estimation proposed by Welch was used, besides a
Hanning window with an approximate size of 1/16 of the sample
size. Through the spectral analysis, the peak period (Tp) – i. e., the
period corresponding to the maximum energy of the calculated
spectrum – was determined for each of the obtained records.
From the identification of the characteristic periods of
the waves downstream from the hydraulic jump, the relationship
between the frequencies of vortices formed in the jump roller
region and the frequency of waves downstream from the free
hydraulic jump were verified using Equation 11 (Mok, 2004).
The length of the roller contained within the hydraulic jump was
obtained from Equation 6.
The frequencies identified through the inverse relationship
among the periods were expressed in terms of the Strouhal
number and related to the Froude number at the beginning of
the hydraulic jump (Fr1).
The Sontek YSI 16-MHz MicroADV (Acoustic Doppler
Velocimeter) was used to measure the flow mean velocities in the
flow conditions presented in Table 3. The measurements were
taken in three different directions (x, y, and z) along several depth
positions downstream from the hydraulic jump. The positions
adopted for each flow condition were aimed to identify the velocity
profile behavior at the same position relative to the hydraulic jump
(similar to the location of the 1st probe, Figure 5).
The ADV measurements were performed at a 20-Hz
acquisition frequency. The samples were equal to or greater than
5 min long within the ADV working range of ±100 cm s-1.
The wave length was obtained according to the presence
of flow vorticity, derived from the ADV velocity profiles.
When the flow vorticity was zero, the wave length was
determined by the dispersion equation (Equation 12). When the
flow vorticity was constant, Equation 13 was used for that purpose.
RBRH, Porto Alegre, v. 24, e22, 2019

3.21
4.21
4.12
5.12
4.78
5.78

3.3
4.3

4.29
5.29
4.74
5.74

Figure 5. Position of the ADV and orientation of the positive
velocity components measured by the ADV in the x- (Vx), y- (Vy)
and z- (Vz) directions.
The wave propagation speed, i. e., the speed at which
the wave travels along the channel, is called the ‘wave celerity’.
The wave celerity was determined by two distinct ways.
Firstly, the celerity was determined by obtaining the average
time in which the wave propagated between two predefined
consecutive measurement positions, which corresponded to the
measurements performed between the 1st and 2nd probes. This
average time was acquired by the highest correlation coefficient
between time period and the values recorded between the probes.
The wave celerity obtained through this procedure was denominated
as ‘observed celerity’.
The second procedure used to determine the wave celerity
consisted of the L/T ratio, i. e., the relationship between wave
length (L) and period (T). The wave celerity associated with this
method was denominated as ‘theoretical celerity’, which was
obtained for the significant, peak, and mean periods.

RESULTS
Figure 6 shows the characteristic wave period data obtained at
the end of the hydraulic jump for the free (S = 1.0) and submerged
(S = 1.1 and 1.2) hydraulic jump conditions.
Figure 6 shows that the periods were clearly increasing as the
flow rate increased, regarding both conditions of hydraulic jump
formation. Another important aspect is that the characteristic wave
periods were more related to the flow rate than to the condition
of hydraulic jump formation.
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Figure 7 shows the relationship between the free surface
variation frequencies (from 0.60 to 1.79 Hz), measured in the
experiments, and the estimated vortex formation frequencies
in the roller region (from 1.04 to 1.32 Hz). Furthermore, it is
possible to identify that the free surface variation frequency –
derived from the significant wave periods – were more similar to
observed values than the obtained vortex formation frequencies
in the roller region.
Figure 8 shows the mean measured velocity components
(Vx, Vy, and Vz) for the flow rates of 40, 60 and 80 l s-1 and
considering the condition of free hydraulic jump formed near
the stepped spillway base.
At a flow rate of 40 l s-1, it is possible to observe a
reasonable homogeneity in the Vx profile along 90% of the vertical
axis (Figure 8a). The same did not occur at the other flow rates,
60 and 80 l s-1, since the corresponding Vx profiles presented high
slopes along the entire vertical axis. The Vy magnitudes (Figure 8b)
indicate a tendency of the flow direction to be perpendicular to
the predominant flow (Vx), which means that significant intensities

of this velocity component were verified towards the direction
of one of the channel margins.
The Vz magnitudes were very close to zero (Figure 8c),
which indicates that practically negligible values of the flow velocity
were found perpendicular to the main flow direction, i. e., along
the vertical axis.
The same flow pattern observed in the velocity profiles for
the free hydraulic jump condition was verified for the submerged
condition with 10 and 20% submergence (Figure 9a-c and
Figure 10a-c): homogeneous Vx vertical profile, flow tendency

Figure 6. Characteristic wave periods for free and submerged
hydraulic jump conditions (mean values derived from experiments).
Tp, Ts, and Tmean are the peak, significant, and mean periods,
respectively.

Figure 7. Comparison between the frequencies derived from the
free surface variation downstream from the free hydraulic jump
and the dimensionless theoretical frequency of vortex formation
(Strouhal number).
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Figure 8. Mean measured velocity components, (a) Vx, (b) Vy,
and (c) Vz, considering the free hydraulic jump condition.
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towards the direction of one of the channel margins (Vy), and
practically no flow with respect to the vertical axis (Vz).
Figure 11 shows the obtained wave length (L) for each
wave characteristic of the 40, 60 and 80 l s-1 flow rates, conditions
of hydraulic jump formation, and characteristic wave period.
It is possible to observe in Figure 11 that the submergence
condition did not have a significant influence on the wave length
except for the wave lengths associated with the mean periods.
Those wave lengths decreased as the submergence increased for
all the conditions analyzed.

Figure 12 shows the results of observed and theoretical wave
celerities for each characteristic wave period (presented in Figure 6).
Figure 12 shows that the observed wave celerity did not
seem to be influenced by the depth increase downstream from
the hydraulic jump, only influenced by the increase of the flow
rate condition.
When comparing the celerities of the observed and theoretical
waves (Figure 12), a maximum difference of 11%, 17%, and 27% could
be verified between the observed celerity and the theoretical celerities
associated with the significant, peak, and mean periods, respectively.

Figure 9. Mean measured velocity components, (a) Vx, (b) Vy,
and (c) Vz, considering the submerged hydraulic jump condition
with 10% submergence.

Figure 10. Mean measured velocity components, (a) Vx, (b) Vy,
and (c) Vz, considering the submerged hydraulic jump condition
with 20% submergence.

RBRH, Porto Alegre, v. 24, e22, 2019
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period for the characterization of waves generated downstream
from free and submerged hydraulic jumps.
Through the application of the dispersion equation, it was
possible to consider the wave-current overlapping effect, which in
turn allowed us to obtain the length and celerity of waves generated
downstream from a hydraulic jump. The resulting relationship
between theoretical (obtained from the dispersion equation) and
observed data (acquired from measurements made in the reduced
physical model) therefore confirmed again that the significant wave
period is the most indicated for the characterization of waves
generated downstream from free and submerged hydraulic jumps.
Figure 11. Wave length for each characteristic wave period and
for the free and submerged hydraulic jump conditions; Lp, Ls, and
Lmean are the wave lengths associated with the peak, significant,
and mean periods, respectively.
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