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"The problem, often not discovered until late in life, is that when you look for

things like love, meaning, motivation, it implies they are sitting behind a tree or

under a rock. The most successful people recognize, that in life they create their

own love, they manufacture their own meaning, they generate their own motivation.

For me, I am driven by two main philosophies, know more today about the world

than I knew yesterday, and along the way, lessen the suffering of others. You’d be

surprised how far that gets you."

- Neil deGrasse Tyson



RESUMO

Esta tese apresenta três ensaios em teoria econômica aplicada. No primeiro, exploramos a inter-
ação estratégica entre um instituto de estatística e um entrevistado (uma empresa ou domicílio,
por exemplo). O entrevistado deve decidir se paga os custos para adquirir a informação exigida
pelo instituto. Após receber a informação do respondente, o instituto decide se audita ou não a
informação. Uma particularidade do modelo é assumir que há informação assimétrica de am-
bos os lados, ou seja, tanto o custo de aquisição das informações quanto o custo da auditoria
são informações privadas. No modelo básico, mostramos que no equilíbrio pode haver substi-
tuição entre o valor da multa e a probabilidade de auditoria. Quando expandimos o modelo
e adicionamos um segundo respondente, há uma interação estratégica entre eles, o que pode
ocasionar um problema de free-rider. O modelo proposto nos permite realizar análises tanto
positivas quanto normativas sobre o problema da coleta de informações primários enfrentados
por institutos de estatísticas. No segundo ensaio, analiso o conflito que ocorre entre um deten-
tor de propriedade intelectual (PI) e um grupo pirata, onde este tenta disponibilizar a primeira
versão pirata para os usuários finais, de forma gratuita. A literatura de pirataria atual geral-
mente assume que as versões piratas existem espontaneamente, tal que a contribuição do artigo
é implementar essa camada de interação estratégica endogenizando a atividade do grupo pirata.
No modelo básico, onde o objetivo do pirata é simplesmente obter sucesso na geração de uma
versão pirata, mostramos que os investimentos em medidas antipirataria pelo detentor do PI
estão diretamente relacionados com a proporção do lucro potencial em impedir a pirataria e o
custo de implementar a proteção. Se essa proporção for suficientemente alta, o investimento
ótimo em medidas antipirataria tal que desmotiva o ataque dos grupos piratas. Em seguida,
exploramos uma função objetivo do grupo que pirata que também inclui um efeito prestígio,
ou seja, piratas que preferem desafios, como enfrentar uma proteção mais complexa. À me-
dida que o parâmetro de sensibilidade por desafios cresce, há um menor incentivos para que o
detentor da PI invista em medidas antipirataria, ora que investimentos adicionais seriam acom-
panhados por ataques de força crescente. Esse efeito indica que, em alguns casos, os detentores
da PI poderiam diversificar suas diferentes estratégias de proteção em vez de se concentrá-las
em mecanismos de proteção puramente tecnológicos. No terceiro ensaio, implementei um jogo
de investimento em P&D não cooperativo em tecnologias de energia menos nocivas ao meio
ambiente. A contribuição deste artigo é a explorar o efeito de características assimétricas dos
países envolvidos, mais especificamente o fato de que eles podem ser expostos de forma distinta
aos danos climáticos. No modelo básico, composto por dois países, mostramos que ambos os
países só investirão em P&D se sua exposição climática for suficientemente próxima. À medida
que o parâmetro de spillover da P&D aumenta, mais homogêneos os países precisam ser para
que ambos simultaneamente invistam. Se um dos países apresentar uma exposição suficiente-
mente maior, não realizará pesquisa, uma vez que os benefícios do investimento são mais que
compensados por aumentos nos danos climáticos regionais. Também mostramos que não há
incentivos de comportamento de free-rider quando um país deixa de investir em tecnologias.



Ao considerarmos um modelo com três países, identificamos a possibilidade de formação de
clubes de pesquisa não cooperativos, onde países com exposição semelhante a danos climáticos
investem de forma similar em pesquisas.
Palavras-Chave: Dados primários. Auditoria. Pirataria. Propriedade intelectual. Inovação
ambiental.



ABSTRACT

This thesis contains three essays in applied economic theory. In the first, we study the strate-
gic interaction between a statistics institute and a survey respondent (a firm or household). The
latter must decide whether to access the data required by the former and thus to incur the cost as-
sociated with it. After receiving the report from the respondent, the institute decides whether to
audit it. The novelty of our model is to assume that there is a two-sided asymmetric information,
such that both the cost of acquiring the information and the cost of auditing are private infor-
mation. In the baseline case, we show that, in equilibrium (Bayesian), there is substitutability
between the punishment for misreporting (its magnitude) and the probability of auditing. When
we add a second respondent, a strategic interaction between them emerges, which may generate
the free-rider problem. Our approach allows us to perform both positive and normative analysis
of the problem of collecting information by statistics institute. In the second essay, I explore the
conflict that occurs between an intellectual property (IP) owner and a pirate group, in which the
latter attempts to make the first pirate version available to the end-users, free of charge. As the
current piracy literature usually assumes that pirate versions simply exist, the novelty of the pa-
per is to implement this strategic interaction by endogenizing the pirate group’s activity. In the
baseline model, where the pirate’s objective is to simply obtain success in generating a pirate
version, we show that investments in anti-piracy measures by the IP owner is directly related
to the ratio of expected profit gains in blocking piracy and the cost of additional protection. If
this ratio is sufficiently high, the optimal investment in anti-piracy measures by the IP owner is
able to completely inhibit the pirates attack. We then extend the pirate’s objective function to
also include prestige, that is, pirate’s who seek challenge, such as facing an difficult protection
mechanism. As the pirate’s sensitivity to challenge grows, there are lesser incentives for the
IP owner to invest in anti-piracy measures, as any further investments would be met by attacks
of increasing strength, hinting that in some cases, the IP owners could focus on different busi-
ness strategies instead of focusing on technological protection mechanisms. In the third essay,
I design a non-cooperative R&D investment game into climate-friendly technologies. The nov-
elty of this paper is the implementation of asymmetric characteristics of the countries involved,
more specifically the fact that they can be heterogeneously exposed to climate damage. On the
baseline model, which consists of two countries, we show that both countries will only invest in
R&D if their climate exposure is sufficiently close. As the R&D spillover parameter increases,
the more homogeneous the countries must be in order for both countries to invest. If one of
the countries has a sufficiently higher exposure, it will not engage in research, as the payoffs of
the R&D investments are offset by increases in local climate damages. We also show that there
are no free-riding incentives to the country when it does not invest in technologies. Finally, as
we consider a three-country case, we identify the formation of a non-cooperative research club,
where countries with similar exposure to climate damage simultaneously invest in research.
Keywords: Primary data. Audit. Piracy. Intellectual property. Environmental innovation.
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1. Introduction

This thesis is composed of three essays. While not thematically similar, they are method-
ologically interlinked by being within the field of applied theory. Below follows a brief descrip-
tion of them.

In the first essay, I study the strategic interaction between a statistics institute and a survey
respondent. The novelty of this model is to assume that there is a two-sided asymmetric infor-
mation, such that both the cost of acquiring the information and the cost of auditing are private
information. In the baseline case, I show that, in equilibrium (Bayesian), there is substitutabil-
ity between the punishment for misreporting (its magnitude) and the probability of auditing.
When a second respondent is considered, a strategic interaction between them emerges, which
may generate the free-rider problem. This approach allows me to perform both positive and
normative analysis of the problem of collecting information by statistics institutes.

The topic of the second essay is the conflict between a pirate group and an intellectual
property (IP) owner, in which the first attempts to create a pirate version in order to distribute
it free of charge to end-users. The novelty of the paper is to consider this layer of strategic
interaction, as the current piracy literature usually assumes that the pirate versions just exist. In
the baseline model, where the pirate’s objective is to simply obtain success in generating a pirate
version, I show that investments in anti-piracy measures by the IP owner is directly related to
the ratio of expected profit gains in blocking piracy and the cost of protection. If this ratio is
sufficiently high, the protections can completely inhibit the pirates attack.The pirate’s objective
function is then extended to also include prestige, that is, the difficulty of the protection they are
facing matters. As the pirate’s sensitivity to challenge grows, there are lesser incentives for the
IP owner to invest in anti-piracy measures, as further investments would be met by increasing
level of attacks. This extension also presents a unique addition to the Contest literature, as there
has been no application of a contest structure, to the best of my knowledge, in which the payoffs
of one participant are positively linked to an increase in the effort exerted by its own competitor.

Finally, the third essay is about a non-cooperative R&D investment game into climate-
friendly technologies. The novelty of this paper is due to the implementation of asymmetric
characteristics of the countries involved, more specifically the fact that they can be heteroge-
neously exposed to climate damage. In the baseline model, which consists of two countries, I
show that both countries will only invest in R&D if their climate exposure is sufficiently close.
If a country has a sufficiently higher exposure, it will not engage in research, as the payoff of
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a R&D investment are offset by an increase in local climate damages. Also, that there are no
free-riding incentives to the country when it does not invest in technologies. Finally, in a three-
country case, there could be a formation of a non-cooperative research club, where countries
with similar exposure to climate damage simultaneously invest in research.
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2. Could you spare me a moment? A model
of primary data collection by statistics
institutes

Abstract

We study the strategic interaction between a statistic institute and a survey respon-
dent (a firm or household). The latter must decide whether to access the data re-
quired by the first and thus to incur the cost associated with it. After receiving the
report from the respondent, the institute decides whether to audit it. The novelty
of our model is to assume that there is a two-sided asymmetric information, such
that both the cost of acquiring the information and the cost of auditing are private
information. In the baseline case, we show that there is substitutability between the
punishment for misreporting (its magnitude) and the probability of auditing. When
we add a second respondent, a strategic interaction between them emerges, which
may generate the free-rider problem. Our approach allows us to perform both pos-
itive and normative analysis of the problem of collecting information by statistics
institutes.

Keywords: Game Theory. Audit. Inspection Games. Bayesian equilibrium.
JEL classification: C02, C72, D1.

2.1 Introduction

Statistics institutes often struggle to collect primary data from households and firms. Among
the main difficulties those agencies face, literature has highlighted the increasing number of
non-response and the lack of reliability of those who actually respond (Massey and Tourangeau,
2013; Singleton and Straits, 2017). In the National Health Interview Survey, for example, non-
response increased from 8% to 24% between 1997 and 2013 (Meyer et al., 2015). When it
comes to data quality1, it is remarkable that more than two-thirds of the world’s population
1According to the United Nations Statistic Division (2012), quality is defined as a multidimensional attribute.
It composed of aspects such as: (A) relevance, the correct matching of the institutes supply and societies data
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lives in countries that do not produce reliable statistics on mortality by age, sex and cause of
death (United Nations, 2015), for example. Given that the design and implementation of public
policies increasingly dependent on good data, those “countries and their development partners
are working in the dark, throwing money into a black hole" (United Nations, 2015)2.

But why do households and firms do not respond to surveys properly? There are both
voluntary and involuntary reasons why rational agents do so. People may misreport in general
surveys, such as the Population Census, because of troubles related to the interpretation and
understanding of the question asked, problems in retrieving and judging the relevant information
as well as its placement in time and, difficulties in formulating a response in the required format
(Tourangeau et al., 2000). Households may also (voluntarily) want to misreport some of their
information, such as income. In fact, income misreporting, another prevalent problem, may
be partially explained by the social desirability bias (Bound et al., 2001; Moore and Welniak,
2000). Observe that an important characteristic related to household surveys is that the required
information is in general available for the respondent without cost: one can respond promptly
to any question about oneself or one’s family without exerting effort or spending time gathering
information.

Firms, unlike households, often have costs to obtain the information required. Consider, for
example, a small firm that must respond to an industrial production survey. It may be the case
that the employee responsible for filling the form does not have all the required information
available promptly. She may need, for instance, to stop other productive activities and dedicate
her efforts to gather and analyze files before responding to the survey. It may also be necessary
to convoke other employees (e.g. accountants), who may need to stop their activities as well,
harming the production. In any case, there is a cost to obtain the information. If such a cost is
large, and the expected punishment for misreporting is low, a profit-maximizing firm will not
report the survey properly.

In this paper, we build a game-theoretical model to study the strategic interaction between
a statistics institute and a survey respondent. The information required by the institute is a
random variable, whose realization can only be observable by the respondent. Whenever the
respondent chooses to observe such a realization, there is a cost associated with it. Thus, our
approach is particularly suitable for cases in which the respondent is a firm. The timing of
our game is straightforward: the respondent chooses whether to obtain the information – and
pays the associated cost; she then chooses which value to report to the institute; the institute
observes the report and chooses whether to audit the respondent. The main novelty of our
model is to introduce uncertainty about the type of both players. The cost to be incurred by the

demands, (B) accuracy, the statistics precision of data, (C) accessibility, regarding different methods of accessing
data as well as the availability of microdata , (D) clarity, ease of reading and interpretation and (E) coherence,
which encompasses the possibility of combining different types of statistics. For a complete list of attributes, see
http://unstats.un.org/unsd/dnss/gp/FP-New-E.pdf.

2More on the difficulties of getting good data and a discussion about alternative methods to overcome them can be
found in United Nations Statistic Division (2015), Yan et al. (2010) and Curtin et al. (2005).
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respondent to get access to the required information is not known by the institute (i.e. private
information). Similarly, the cost of auditing of the institute is only observable by itself, such
that the respondent knows only its distribution.

The incomplete information setting of the model allows us to perform both positive and
normative analysis of the problem of collecting information by statistics institutes. In fact, in
addition to studying the possible reasons that make the process of collecting and gathering data
troublesome and inefficient, we provide some guidelines that may make institutes overcome
such difficulties. Our results are driven by two parameters, namely the variance of the required
data (random variable) and the magnitude of the punishment for misreporting. While a higher
variance implies more uncertainty, which in turn encourages respondents to misreport and dis-
courages institutes to audit, a higher punishment gives incentives for respondents to report cor-
rectly and makes institutes less prone to auditing. We interpret this latter effect as evidence
of the substitutability between the punishment (its magnitude) and the probability of auditing.
As in our model the probability of auditing in endogenous, an increase in the punishment for
misreporting decreases the chance of auditing – because such an action is costly.

The interaction between the probabilities of auditing and misreporting is also source of some
non-obvious results of comparative statics. In particular, it is not always the case that higher
fines will make the equilibrium in which there is no audit and the true information is reported
– perhaps the socially desirable outcome – more likely. The reason is the negative effect of
fines on the probability of auditing: a higher penalty decreases the probability of misreporting,
pushing the probability of auditing down, which in turn encourages the respondent to misreport.
Thus, the total effect of fines on the probability of auditing must be low enough to guarantee the
above equilibrium. Similar result holds for the effect of changes in the variance of the random
variable on the equilibrium in which the true value is reported and the institute does not audit.

Most of our results continue to hold when we extend the model by adding more than one
respondent. In this case, we assume that the information that each one of them has access is
an independent and identically distributed random variable. We can then show that the prob-
ability of each respondent misreporting responds to changes in the magnitude of the fine and
in the variance similarly to the baseline model. The comparative statics on the probability of
auditing is also similar to the case with a single respondent. The only exception is the pres-
ence of an increasing marginal cost of auditing, such that the probabilities of auditing one and
two respondents are different. The most interesting result from this extension, however, is the
Cournot-like behavior of the respondents: in equilibrium, when a respondent expects that the
other will report the true value, there are incentives for her to misreport; differently, when one
is expecting that the other respondent will misreport, it is optimal to report the true vale. Two
factors explain such a behavior: acquiring information is costly and, in equilibrium, the higher
the probability of misreporting – of any of the respondents –, the higher the chance of being
audited and punished.

This paper is organized as follows. Section 2.2 presents the literature related to our model
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and discuss its contribution to the field. We build the baseline model in section 2.3, where we
also analyze its equilibrium and perform some comparative statics exercises. Section 2.4 ex-
tends the model by incorporating two identical respondents. Section 2.5 concludes and suggest
some guidelines for policymakers. The proofs of propositions omitted in the text are presented
in the appendix 2.7.

2.2 Related literature

An approach similar to ours is presented by the literature that studies the incentives indi-
viduals and firms have to misreport their income to tax collector agencies. One of the seminal
models in this field is developed by Allingham and Sandmo (1972), in which an agent has to
report her yearly income to the Internal Revenue Service (IRS). If she chooses to omit part of
his income on the report, less taxes will be due. By doing so, however, she will also be exposed
to the possibility of an auditing process and subsequent fines. In that model, the agent’s actual
income is private information, and is not observable by the IRS. The latter only has access to
the reported income, and has to act based on this information. There is a vast literature follow-
ing this standard approach, such as the recent papers by Fortin et al. (2007), Anastasopoulos
and Anastasopoulos (2012), Petrohilos-Andrianos and Xepapadeas (2016), Bruno (2019) and
Almunia and Lopez-Rodriguez (2018). This latter, in particular, analyzes, both theoretically
and empirically, the effects on tax compliance of monitoring the information trails generated by
firms’ activities.

There are two main results in the standard model of Allingham and Sandmo (1972) and in
the succeeding literature. The first is that the agent’s decision to omit income is dependent on
her degree of absolute and relative risk aversion, which is not under control of the IRS. How-
ever, increases in both the probability of detection and penalty rate – which can be affected by
policymakers – have direct impacts on reducing income misreporting. Such a model is clearly
an application to the classic approach of Economics of Crime (Becker, 1968) as the two main
driving forces of the undesirable behavior are the magnitude and probability of punishment.
Although those two forces have an essential role in our model as well, our framework presents
some important differences with respect to this literature. First, surveys respondents in general
have to incur a cost to get the true information and do not perceive any direct gain by misreport-
ing it. Thus, the only incentive for them to misreport is to avoid paying the aforementioned cost
and being punished. Second, the fine respondents must pay in case of being caught misreporting
are not proportional to the difference from the true value, which makes the reported value be
independent on the true information.

Our model is also related to Communication Games, in particular the literature on Cheap-
Talk (Crawford and Sobel, 1982; Farrel and Rabin, 1996; Ishida and Shimizu, 2016). In fact,
the game we study is similar to the standard cheap-talk dynamics: the sender (she) observes
a private information; after observing this information, she chooses and sends a signal to the
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receiver (he), who uses it to update his belief about the true state of the world and then imple-
ments a policy. An important difference is that, while in cheap-talk games the sender costlessly
observes the true state of the world, in our model she must first choose whether to obtain this
information and then incur a cost to do so. Moreover, in the Cheap-Talk literature both the
sender and the receiver’s utilities depend on the message sent and the policy chosen, such that
the choice of the signal to be sent can affect the receiver’s decision. In our model, instead, only
the receiver’s payoff is directly affected by those variable, which creates different incentives to
misreport.

An application of the Cheap Talk approach to informative lobbying is particularly close to
our model. Austen-Smith and Wright (1992, 1994) build a game where lobbying groups com-
pete for influence. By assuming that legislators have to chose the policy to be implemented
without observing the state of nature, the model allows lobbying groups affect legislators’ de-
cision by sending messages about the true state. Because it is costly for lobbying groups to
acquire the true information and legislators can audit the messages they receive, the model
presents characteristics similar to ours. Two major differences, however, make their results
dissimilar. First, while in Austen-Smith and Wright (1992, 1994) senders have incentive to in-
fluence the policy to be chosen, in our model receiver’s policy choice does not affect senders’
utility. Second, in our model the cost to be paid to know the true state of nature as well as the
cost of auditing are private information, which add more uncertainty to the environment.

Finally, we contribute to the literature on Inspection Games and its the wide range of applica-
tions, such as arms control and disarmament, theoretical approaches to auditing and accounting
(e.g. in insurance), and problems of environmental surveillance3. The basic set up of this class
of games is a situation where an inspector verifies that another party, called inspectee, adheres
to certain legal rules. The inspectee may have interest in violating these rules and the inspec-
tor has limited resources to perform the verification (Avenhaus et al., 2002). As an example,
consider the classic work of Dresher (1962), who studies the problem of an arm-control orga-
nization that has to design a sampling inspection system (auditing process) in a static setting.
There are auditing costs for the inspector, but only in the case in which an illegal behavior is
detected. While most of this literature implements this type of problem with imperfect moni-
toring and complete information4, our model assumes that the audit is fully effective and that
there is incomplete information (two-sided asymmetric information).

3Real world applications of Inspection Games are employed by branches of the U.S Government to define optimal
randomization of patrolling (Jain et al., 2010). The LAX Airport Police, for instance, utilizes the ARMOR system
(Assistant for Randomized Monitoring Over Routes) in order to define the checkpoints at airport entries as well
as police and canine patrols. The optimal allocation of air marshals on international flights is performed with the
aide of the IRIS system (Intelligent Randomization In Scheduling).

4An expception is the study of Zhang et al. (2018), where a pharmaceutical company has to decide how much
to spend on self-inspections during their production process in order to pass a drug-qualification test, while an
outside supervisor has to choose between an announced or unannounced auditing strategy, as well as it’s strength.
Firms with lower technical level face costlier self-inspections, and thus, incomplete information regarding the
firm’s type affect the optimal auditing strategy.
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2.3 Baseline model

Consider a statistics institute which needs a given primary data to build statistics that will be
useful for society and governments to design policies, for example. This primary data, however,
is not observed by the institute, which has to perform a survey and ask a single economic
agent5, henceforth respondent, to provide it. We assume that the requested data is a random
variable, θ ∈ R, whose CDF and PDF, F(θ) and f (θ), respectively, are common knowledge.
We also assume that both its mean E[θ ] and variance Var(θ) are finite and well-defined. Both
participants initially do not know its actual true value (its realization), but the respondent can
have access to it by incurring a cost, as we describe below.

The respondent makes two choices. First, she decides whether to obtain the information.
In order to do so, she mus t incur an acquisition cost K ≥ 0. This cost is a private information,
such that the institute only knows its strictly increasing (CDF) distribution, H, whose support is
[0,∞) =R≥0. Second, she must report the required data to the institute. As we will see, when-
ever the respondent acquires the information, it is optimal to report its true value (realization of
θ ). Let θ̂ be the reported value, then θ̂ = θ in case she reports the true value. In case of not
having acquired the information, however, she must select which data to report. This is made
by optimization her payoff function, as described later.

After receiving the reported primary data θ̂ , the institute can audit it. This procedure cor-
rectly identifies misreporting. Auditing has a fixed cost to the institute, A ≥ 0. This auditing cost
is also private information, such that the respondent only knows its strictly increasing (CDF)
distribution, G, whose support is R≥0. If the institute audits and finds that the respondent re-
ported inaccurate data, a fixed monetary fine F > 0 is charged to the respondent6, who must also
incur the cost K to get the true information. We assume that F is exogenous, that is, the insti-
tute does not control it directly. Also, the institute does not receive any monetary return from
applying fines. If this were the case, it could elicit an undesired profit maximization behavior
for the institute. An empirically consistent interpretation to this assumption is that the resources
collected through fines are transferred to a central government branch.

The game is presented in its extensive form in figure 2.1. Observe that we have a game
with incomplete and imperfect information, given that one player does not observe the other’s
cost and the institute has to play without observing whether the respondent has reported the true
value.

We must now analyze players’ payoffs. Formally, the institute’s utility is given by

V (IA, θ̂ ,A) = −(θ̂ −θ)2− IAA, (2.1)

5This assumption is relaxed in the extension presented in section 2.4.
6Such a penalty may be interpreted as a reputation cost to the respondent due to being exposed to an audit. This
is relevant if we consider that some statistics institutes may perform the audit – and, therefore, to get the true
information – but choose not to charge any monetary fine.
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Fig. 2.1: A model of primary data collection by statistics institutes.

Respondent

Audits ∼ Audit

Accurate information: θ̂ = θ

Audits ∼ Audit

Inaccurate information: θ̂ ≠ θ

Institute

Source: Created by the author.

where IA = 1 if the institute chooses to audit and IA = 0 otherwise. Thus, the institute’s payoff
can assume one of two values, depending on whether he audits the reported information or not.
For the sake of notation, let us define VA =V (1,θ ,A) and VNA =V (0, θ̂ ,A). Observe that the
option of auditing works like an insurance for the institute, such that when IA = 1, it always has
access to the true information (θ̂ = θ ) and pays a fixed price A for it7. This implies that VA = −A.

One can note in (2.1) that the utility from not auditing depends on the difference between the
reported and the true values. If the respondent reports θ̂ = θ , then the institute’s payoff achieves
its maximum, namely VNA = V (0,θ ,A) = 0. In fact, there is a loss of welfare whenever an
inaccurate value is reported (θ̂ ≠θ ). The quadratic term assigns higher weight to larger distances
between the true and actual reported value8. As the institute is uncertain about which action
was taken by the respondent, we must obtain its expected utility. Let ρ be the probability of the
respondent reporting inaccurate information. Therefore, with probability (1−ρ) the respondent
acquires and reports accurate information, such that there is no welfare loss for the institute (its
payoff is null). The expected utility from not auditing is thus

E[VNA] =E[−ρ (θ̂ −θ)2]

= ρ(−Var(θ)−(θ̂ −E[θ ])2)
= ρW(θ̂), (2.2)

where W(θ̂) ≡ ρ(−Var(θ)−(θ̂ −E[θ ])2).
Expression (2.2) explicitly shows the dependence of the expected utility from not auditing

on the mean and variance of the random variable θ . While there is a monotone (partial) effect

7Recall that an implicit assumption of our model is that the auditing technology is perfectly efficiently, such that
whenever the institute audits, it ends up knowing the realization of the random variable.

8This quadratic form is standard in Communication Games. See, for example, the seminal paper by Crawford and
Sobel (1982) and the review by Farrel and Rabin (1996) on the Cheap Talk literature.
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of Var(θ) (it decreases E[VNA]), the impact of changes in E[θ ] depends on the reported value
θ̂ . In fact, given that ∂E[VNA]

∂ θ̂
= ρ(2E[θ ]−2θ̂), the impact is negative (positive) whenever the

respondent reports a value higher (lower) than the mean. Such a behavior implies that W(θ̂) is
maximized when the mean of θ is reported.

Let us now analyze the respondent’s utility, which can formally be expressed by

U (IK,IA,K) = −IA[IKK+(1− IK)(K +F)]−(1− IA)IKK

= −IA(1− IK)(K+F)− IKK, (2.3)

where IK = 1 if she acquires information and IK = 0 otherwise9. Notice that her payoff is in-
dependent on θ and θ̂ . Observe also that if she chooses to report the accurate value, she must
pay the acquisition cost, K. Therefore, whenever IK = 1, there is an incentive to report the true
value: given that the cost has already been paid, her optimal choice is the one that minimizes
the chance of being audited and punished, namely θ̂ = θ 10.

Suppose now that the respondent chooses not to acquire the true information. In this case,
given that she does not know θ , her choice is θ̂ ≠ θ .11 If there is an audit, the misreporting is
identified and she must pay both F and K. In addition, if there is no audit, her payoff is zero.
Let us define UT =U (1,IA,K) and UNT =U (0,IA,K). Now, observe that in the second case
the payoff is dependent on the institute’s choice of auditing, which is non-observable by the
respondent. Thus, we have UT = −K and E[UNT ] = −ω(F +K), where ω is the probability of
the institute auditing the reported value θ̂ .

Notice that we have a Bayesian game, in which the respondent’s type is her cost of acquisi-
tion K ∈R≥0 and the institute’s is its audit cost A ∈R≥0. Therefore, there is a continuum of types
for both players and we can formally state our game as

G = {2,R,F ,(({0,1} ,R) ,U,R≥0,H) ,({0,1} ,V,R≥0,G)} .

We must now analyze the best response functions and the equilibrium of the game.

2.3.1 Equilibrium

The solution concept for our game is the Bayesian Nash equilibrium.

Definition 2.3.1. A Bayesian Nash equilibrium of the game defined by G is a pair of strategies

9Observe that we are assuming that the respondent is risk neutral. As the literature on tax evasion shows (e.g.
Allingham and Sandmo, 1972), the level of risk aversion affects decisions such as the one we studied here. We
believe that such an extensions would be an interesting contribution for future papers in the field.

10Notice that such a choice can also be understood as an insurance for the respondent.
11It may be the case that, even not knowing it, the respondent’s optimal choice is equal to θ . Given that we have a

continuum of possible values, for the sake of simplicity, we rule out this case.
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{(IK, θ̂),IA} such that

E[V (IA, θ̂ ,A)] ≥ E[V (ĪA, θ̄ ,A)]
E[U (IK,IA,K)] ≥ E[U (ĪK, ĪA,K)] ,

for all (θ̄ , ĪK, ĪA) ∈ R×{0,1}×{0,1} and all pairs of types (K,A) ∈ R≥0 ×R≥0. Moreover, the
above expectations are taken over θ , A and K, such that the respondent’s belief on the insti-
tute’s audits (henceforth the probability of auditing), ω , and the institute’s belief regarding the
respondent’s misreporting (probDability of misreporting), ρ , must be consistent in equilibrium.

The last requirement of the above definition implies that the respondent’s belief that the in-
stitute audits must be a “best response" to the institute’s belief that the respondent misreports
and vice-versa. Those beliefs are formed based on the types’ distribution, namely G and H. It
is important to highlight that such beliefs are not part of a mixed strategies profile. Instead, they
appear because of the twofold asymmetric information: the respondent does not know the insti-
tute’s audit cost and the latter does not know the former’s cost to acquire the true information.
Given that we have a game of imperfect and incomplete information, the analysis of its normal
form can be useful:

Respondent
θ̂ = θ θ̂ ≠ θ Prob.

Institute Audit −A, −K −A, −F −K ω

No audit 0, −K W (θ̂), 0 1−ω

Prob. 1−ρ ρ

Before analyzing the institute’s choice whether to audit, let us investigate the best auditing
strategy. We will show that, in any equilibrium, such strategy is independent on θ̂ . This implies
that by receiving the report, the institute cannot update any information, such that the message
is not informative. Thus, its decision is not based on what is received from the respondent12. In
order to do so, suppose that the institute audits the report if and only if θ̂ ∈ [θ , θ̄]. In equilibrium,
the respondent’s belief must be consistent, such that she believes that will be audited if and only
if the reported value lies within the above range. It is straightforward to see that, in this case,
she can always get UNT = 0 (her maximum utility) by reporting θ̂ ∉ [θ , θ̄]. The institute will
therefore not audit and its payoff is

VNA = −E[(θ̂ −θ)2 ∣θ̂ ∉ [θ , θ̄]]

= ∫
θ

−∞
(θ

2+ θ̂
2−2θθ̂) f (θ)dθ +∫

∞

θ+d
(θ

2+ θ̂
2−2θθ̂) f (θ)dθ ,

12This characteristic clearly contrasts with the literature on Communication Games (Crawford and Sobel, 1982;
Farrel and Rabin, 1996).
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where θ̄ −θ = d. One can see that VNA achieves its maximum, namely VNA = 0, when d = 0, such
that the above audit strategy is not optimal – and consequently the respondent’s belief about it.

The first step towards characterizing the equilibrium is to analyze the institute’s choice re-
garding whether to audit or not. The institute audits if and only if E[VA] ≥E[VNA]13, which can
be written as

A ≤ −ρW(θ̂). (2.4)

The intuition of such condition is simple: audit is a best choice if and only if the cost associated
with it is sufficiently low. By rewriting the above condition and using the CDF of the auditing
costs, G, we are able to obtain the probability of the institute auditing (in the respondent’s view):

ω ≡G(−ρW(θ̂)) (2.5)

. Note that, given the definition of W(θ̂), a higher variance implies a higher auditing probability.
Moreover, this condition also depends on the reported value and the distribution’s mean, but
their effects continue to depend on whether θ̂ is higher than E[θ ].

Let us now analyze the respondent’s problem. Suppose initially that she did not acquire
the true information, such that it is necessary to find the optimal misreport θ̃ . As her payoff is
independent on both θ and θ̂ , her best choice is clearly the one that minimizes the probability
of being audited – and paying both the fine F and the cost K:

θ̃ = argmin
θ̂

{G(−ρW(θ̂))}

=E[θ ]. (2.6)

The above result is intuitive: given that the only information about θ the institute has is its
distribution, the reported value that minimizes the chance of auditing is the most likely one,
namely the random variable’s mean14. It is important to remark that this optimal choice is
independent on the realization of the random variable as well as on the other parameters of the
model. In fact, the only ingredient that can change the result is the distribution of θ . In case
of a different F , although reporting the mean would continue to be the choice, the mean value
might be different.

By substituting θ̂ = E[θ ] into W(θ̂) we obtain W(θ̂) = −Var(θ), such that the probability
of auditing becomes

ω =G(ρVar(θ)). (2.7)

13For the sake of simplicity, we assume that in case of indifference, the institute chooses to audit and respondent
reports accurately.

14Although there are some anecdotal evidence that respondents often report the mean – specially from employees
of statistics institutes, such as IBGE in Brazil –, to the best of our knowledge, there is no well-established
empirical evidence of this behavior. However there is a positive relationship between overburden of respondents
and provision of low quality data or deliberate false data (Scholtus et al. (2014)). In our model, this can explained
by the presence of acquisition costs.
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Observe that the lower the random variable’s variance the higher the probability that the ac-
tual accurate information coincides with its mean, and thus, the lower the probability that the
institute audits it. We can also see in (2.7) that ω is increasing in ρ , which implies that the
chance of auditing is higher when the chance of misreporting is higher as well. It is important
to point out that, as the optimal inaccurate value is given by θ̂ = E[θ ], one could think that it
would be wasteful for the institute to audit any reports that are different than this. However, it
is the threat of possible audits on deviations that drives the respondent to stick to this optimal
misreport strategy.

The remaining step is to obtain ρ as a function of ω . The strategy θ̂ = θ is the best choice
if and only if E[UT ] ≥ E[UNT ]. In fact, it is straightforward to see that the respondent reports
accurately if and only if her acquisition cost, K, is sufficiently low:

K ≤ ωF
1−ω

(2.8)

Once again, by using the CDF of the information acquisition costs, we obtain the probability of
misreporting (in the institute’s view):

ρ = 1−H ( ωF
1−ω

) , (2.9)

which depends on the fine F and the probability of being audited ω . It is straightforward to
show that ρ is decreasing in both F and ω , which is quite intuitive and resembles the main idea
of Economics of Crime (Becker, 1968): the higher the punishment and the probability of being
caught, the lower the incentives to misbehave.

We can see that (2.7) and (2.9) are similar to best response functions, given that ρ responds
to ω and vice-versa. Therefore, in equilibrium we must have a pair (ρ,ω) which satisfies both
equations simultaneously. In other words, the equilibrium can be obtained by solving the system
(2.7)-(2.9). One way to do so is by substituting (2.7) into (2.9), such that we have

ρ ≡ 1−H ( G(ρVar(θ))F
1−G(ρVar(θ))) . (2.10)

This implicit form is due to the existence of information asymmetry with respect to both the
acquisition and auditing costs. The next lemma shows that our assumptions guarantees a unique
and well-behaved pair (ρ,ω).

Lemma 2.3.2. There is a unique probability (belief) of the respondent reporting inaccurate
information, ρ ∈ (0,1), and a unique probability of the institute auditing ω ∈ (0,1) satisfying
the system (2.7)-(2.9).

There are two ways to prove the above lemma. The first one uses the fact that (2.7) and (2.9)
define ω(ρ) and ρ(ω), respectively. Then, we can note that ω

′(ρ) > 0 and ρ
′(ω) < 0. This

implies that the probability of auditing increases in response to a higher probability of misre-
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porting, while the probability of misreporting decreases when an audit becomes more likely.
Moreover, given that ω(0) = G(0) = 0, ω(1) = G(Var(θ)) > 0, ρ(0) = 1 and limω→1 ρ(ω) = 0,
the two curves cross. Finally, because they are both monotone, they cross only once. We plot
the two curves for the case in which the distribution of both A and K are log-logistic, with α = 1
and β = 8, in figure 2.2. This implies that H(x) =G(x) = 1/(1+x−8), where x = A,K.

The other proof applies the Intermediate Value Theorem to the implicit definition of ρ , given
by (2.10). First, we rewrite it as Ψ(ρ) = 1−H ( G(ρVar(θ))F

1−G(ρVar(θ))
)−ρ and then note that Ψ(0) = 1 > 0

and Ψ(1) = −H ( G(Var(θ))F
1−G(Var(θ))

) < 0. Then we show that Ψ
′ (ρ) = − h(⋅)FVar(θ)g(⋅)

[1−G(ρVar(θ))]
2 −1 < 0, where

h =H
′ > 0 and g =G

′ > 0, such that we omit their arguments. This implies that Ψ(⋅) is monotone.
Thus, by the theorem we know that there is a unique ρ ∈ (0,1) such that Ψ(ρ) = 0. Finally, it
suffices to substitute this ρ into (2.7) and we conclude that there is a unique ω ∈ (0,1) as well.

Based on the above lemma, we can state the equilibrium of the game15:

Proposition 2.1. The unique Bayesian Equilibrium (BE) of the game is such that:

(i) an institute with audit cost A audits if and only if A ≤ ρVar(θ); and

(ii) a respondent with cost of acquiring information K acquires the true information – and thus
reports it to the institute – if and only if K ≤ ωF

1−ω
.

The probabilities ρ and ω are jointly defined by (2.7) and (2.9).

The intuition behind this equilibrium is simple: both respondent and institute choose the
costly action (acquire the information and audit, respectively) if and only if the cost of doing
so is sufficiently low. Both upper bounds have an exogenous and an endogenous part. For
the exogenous part, while in the case of the respondent the threshold depends on the fine that
she must pay in case of being audited and caught misreporting, for the institute it involves
the variance of the random variable. For the endogenous part, the respondent’s upper bound
depends on the probability of being audited and the institute’s depends on the probability of
misreporting. Because of this endogenous part, the comparative statics is not straightforward.
An increase in F , for example, affects the respondent’s decision and thus her probability of
misreporting, which in turn affects the institute’s choice. We analyze comparative statics in the
next section.

2.3.2 Comparative statics

We are interested in studying the impacts of changes in F and Var(θ) on ρ and ω . By doing
so, we capture a partial effect on the players’ decision. The total effect depends the impact on
the upper bounds discussed previously (see equations (2.4) and (2.8)) as well as on ρ and ω ,
as we will see bellow. The proofs for the following propositions are in the appendix 2.7. Let

15Note that the uniqueness of the Bayesian Equilibrium follows from the uniqueness of beliefs showed in Lemma
2.3.2
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us start by analyzing an increase in the magnitude of the fine F . First, observe in (2.9) that its
direct effect is to decrease the probability of misreporting. By (2.7), in turn, we see that a lower
ρ decreases ω . A lower probability of auditing, however, increases ρ . The next proposition
shows that, in equilibrium, the negative effect dominates the positive one.

Proposition 2.2. In equilibrium, both ω and ρ are strictly decreasing in F .

The above result implies that the higher the fine that a respondent must pay in case of
being caught misreporting, the higher the chance of the outcome with no audit and θ̂ = θ .
One way to interpret this is that if the institute has control over F , it must use it, since it is a
powerful instrument to discipline the respondent. We can also interpret the above proposition
geometrically. Notice that an increase in F shifts the “best response" function ρ(ω) (equation
(2.9)) downwards, which implies in a decrease in both ρ and ω (see figure 2.2).

Fig. 2.2: Equilibrium.
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Source: Created by the author.

As we can see in (2.7), an increase in Var(θ) has a direct effect on ω , namely it increases the
probability of auditing. A higher ω , in turn, decreases the probability of misreporting (equation
(2.9)). Finally, again using (2.7), we conclude that the best response to a lower ρ is a lower ω .
The next proposition shows that the positive effect dominates in the case of the probability of
auditing, while the negative one dominates in the case of misreporting.

Proposition 2.3. In equilibrium, ω is strictly increasing and ρ is strictly decreasing in Var(θ).

Higher variance implies in higher uncertainty, which gives more incentives for the institute
to audit. Such an effect is strong enough to make the probability of misreporting decrease.
Geometrically, an increase in Var(θ) shifts the the “best response" function ω(ρ) leftwards,
increasing ω at the same time that it decreases ρ . This seems to suggest that environments with
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high uncertainty make equilibrium with the institute auditing and the respondent acquiring the
information – and then reporting the true value – more likely. As the next results show, this is
not always the case.

Before analyzing such results, however, let us define Kmax = ωF
1−ω

as the respondent’s upper
bound, that is, she acquires and reports the true information if and only if K < Kmax. We also
define Amax = ρVar(θ) as the institute’s upper bound, such that it audits if and only if A < Amax.
We can now represent the four possible (pure strategy) Nash equilibria in the plane K −A.
This is shown in figure 2.3. Observe that shifts in Kmax and Amax change the size of the areas
representing the equilibria.

Fig. 2.3: Equilibrium regions.
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We are interested in finding conditions under which changes in F and Var(θ) make the
size of the area in the northwest of the plane (the yellow one) increase. Clearly, the answer
depends on the responses of both Kmax and Amax to such changes. In particular, we are looking
for conditions that simultaneously make Kmax higher and Amax lower. We start by analyzing
the case in which there is an increase in the fine that the respondent must pay in case of being
caught misreporting.

Proposition 2.4. If ∣dω

dF ∣ is sufficiently low, then an increase in F increases the chance of an
equilibrium with no audit and θ̂ = θ .

We have already seen that a higher fine decreases the probability of both auditing and mis-
reporting. In fact, there is a monotonous effect on Amax: an increase in F decreases ρ and thus
impacts negatively Amax, which makes the choice of auditing less likely. However, the impact
on Kmax is ambiguous: while a higher fine disincentivizes misreporting by raising the punish-
ment, it also decreases the probability of auditing ω , which creates incentives to misreport. The
first effect dominates the latter whenever the marginal impact of F on ω is small enough. In this
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case, therefore, we have a decrease in Amax and an increase in Kmax, which implies in a higher
area for the equilibrium with no audit and θ̂ = θ .

Proposition 2.5. If ∣ dρ

dVar(θ)
∣ is sufficiently high, then an increase in Var(θ) increases the chance

of an equilibrium with no audit and θ̂ = θ .

A similar reasoning can be applied to the changes in Var(θ). On the one hand, the impact
on Kmax is unambiguous: more uncertainty makes the probability of auditing higher and thus
has a positive impact on Kmax. On the other hand, an increase in the variance at the same
decreases the probability of misreporting, affecting negatively the upper bound Amax, and has a
positive partial impact on it. The net effect is positive whenever the sensitivity of ρ to Var(θ)
is high enough. In other words, when the indirect effect (negative) of the variance is higher
than the direct (positive) one, we have a bigger area for the equilibrium with no audit and no
misreporting.

2.4 The case of two identical respondents

Suppose now that there are two identical respondents. Each of them must choose whether to
pay Ki to obtain the realization of a random variable θi, with i = 1,2. We assume that θ1 and θ2

are independent and identically distributed, with CDF F , mean E(θ) and variance Var(θ). For
future reference, notice that this implies that E(θ1) = E(θ2) = E(θ) and Var(θ1) =Var(θ2) =
Var(θ). We also assume that the cost to acquire information Ki is independent and identically
distributed across the respondents, with CDF H. Once they have decided whether to acquire θ ,
they must choose the report θ̂ , like in the baseline model.

In this new setting, the institute needs the information of both respondents and has three
options. It can choose to audit one, two or none of the respondents. Let IA be its decision
variable, then now IA ∈ {0,1,2}. We make two additional assumptions that make our analysis
less cumbersome, although they do not affect qualitatively the results. First, when the institute
audits a single respondent, the one that is audited is chosen randomly. In other words, if IA = 1
then respondent i is audited with probability 0.5. Second, the marginal cost of auditing is
increasing in the number of respondents audited. We formalize this latter assumption in the
institute’s payoff function, which is now given by:

V (IA, θ̂ ,A) = −(θ1− θ̂1)2−(θ2− θ̂2)2− Iβ

AA,

where θ̂ = (θ̂1, θ̂2) and β > 1 measures how fast the marginal cost of auditing raises.
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We can compute the expected payoff of the institute for each one of its choices:

E[V (2,θ ,A)] = −2β A

E[V (1, θ̂ ,A)] = −A+ 1
2
(ρ1W(θ̂1)+ρ2W(θ̂2))

E[V (0, θ̂ ,A)] = ρ1W(θ̂1)+ρ2W(θ̂2),

where W(θi) is defined as in the baseline model and ρi is the probability of the respondent i

misreporting (in the institute’s views) for i = 1,2.
Let us now analyze its best choices. First, one can see that auditing a single respondent

is better than not auditing any if and only if E[V (1, θ̂ ,A)] ≥ E[V (0, θ̂ ,A)], which yields the
following condition:

A ≤ −1
2
(ρ1W(θ̂1)+ρ2W(θ̂2)) . (2.11)

Second, when the choice is between auditing one or two respondents, the former is preferable
if and only if E[V (2,θ ,A)] ≥E[V (1, θ̂ ,A)], such that we have:

A ≤ − 1
2(2β −1)

(ρ1W(θ̂1)+ρ2W(θ̂2)) . (2.12)

Given that β > 1, the right-hand side (RHS) of (2.11) is higher than the one in (2.12), which
implies that we must consider three cases: A is sufficiently low, such that both respondents are
audited; A is intermediate, namely between the RHS of (2.11) and (2.12), such that a single
respondent is audited; and A is sufficiently high, such that none is audited.

By using the probability distribution of A, we can then compute the probability of auditing
(in the respondents’ view):

ω2 = G(− 1
2(2β −1)

(ρ1W(θ̂1)+ρ2W(θ̂2))) (2.13)

ω1 = G(−1
2
(ρ1W(θ̂1)+ρ2W(θ̂2)))−G(− 1

2(2β −1)
(ρ1W(θ̂1)+ρ2W(θ̂2))) , (2.14)

where ωi is the probability of auditing i respondents.
The payoff of the respondent i is similar to (2.3), with the exception that now it must takes

into account the three possible cases. It is straightforward to see that the expected payoff in
case of acquiring and reporting the true value continues to be E[UT ] = −Ki while the payoff of
misreporting is E[UNT ] =−(Ki+F)(ω1

2 +ω2). This implies that acquiring and reporting the true
value is the best choice if and only if

Ki ≤
F (ω1+2ω2)

2−(ω1+2ω2)
. (2.15)
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This allows us to compute the probability of misreporting:

ρi = 1−H ( F (ω1+2ω2)
2−(ω1+2ω2)

) , (2.16)

for i = 1,2.
We have already seen that, in case of IK = 1, it is optimal to report the true value because

the respondent’s i payoff does not depend on θ̂ and she wants to minimize the chance of being
audited. When IK = 0, the choice of θ̂ must maximize E[UNT ]. By using (2.13) and (2.14), we
can show that this is equivalent to minimize the probability of auditing, which is achieved by
optimizing W(θi). Therefore, the optimal report for respondent i is θ̂ =E[θ ], for i = 1,2, like in
the baseline model. By substituting this optimal choice into (2.17) and (2.18), we have

ω2 = G( Var(θ)
2(2β −1)

(ρ1+ρ2)) (2.17)

ω1 = G(Var(θ)
2

(ρ1+ρ2))−G( Var(θ)
2(2β −1)

(ρ1+ρ2)) , (2.18)

Equations (2.16), (2.17) and (2.18) form a system of best responses, whose solution is the set
of consistent beliefs. Once again, we can guarantee the existence and uniqueness of a solution
(ρ1,ρ2,ω1,ω1) ∈ (0,1)4.

Lemma 2.4.1. There is a unique probability of the respondent i reporting inaccurate infor-
mation, ρi ∈ (0,1), for i = 1,2, and a unique probability of the institute auditing one and two
respondents, ω1 ∈ (0,1) and ω2 ∈ (0,1), respectively, satisfying the system (2.17), (2.18) and
(2.16).

The above result’s proof (see appendix 2.7) uses the fact that it is possible to eliminate ω1

and ω2 using the substitution method and rewriting a two-dimensional system, which is function
only of ρ1 and ρ2:

ρi = 1−H
⎛
⎜
⎝

F (G(Var(θ)

2 (ρ1+ρ2))+G( Var(θ)

2(2β−1)
(ρ1+ρ2)))

2−(G(Var(θ)

2 (ρ1+ρ2))+G( Var(θ)

2(2β−1)
(ρ1+ρ2)))

⎞
⎟
⎠
, (2.19)

for i = 1,2. This approach also allows us to study the relationship between the probabilities of
misreporting of the two respondents. In fact, the next proposition shows that there is an inverse
relationship: the probability of i misreporting decreases as the probability of j doing the same
increases.

Proposition 2.6. In equilibrium, there is an inverse relationship between ρ1 and ρ2. In other
words, the higher the probability of one respondent misreporting the lower the probability of
the other respondent misreporting as well.
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In the system (2.16), (2.17) and (2.18), we can see that, although there is no direct effect
of ρ1 on ρ2, there are indirect effects through ω1 and ω2. First, observe in (2.16) that ρ2 is
decreasing in ω1+2ω2. Second, one can easily check that ω1+2ω2 is increasing in ρ1. In fact,
a higher probability of the respondent 1 misreporting makes the probability of auditing both
respondents increase. However, there is an ambiguous effect on the probability of auditing a
single one. The impact on ω1+2ω2 nevertheless is monotone. The idea is that if it is optimal
for the institute to audit, auditing both is now less costly relative to audit one. The above effects
work jointly to explain the result of the proposition.

The intuition behind the above result is simple: once a respondent (she) believes that the
other one (he) is increasing her chance of being audited – by increasing his probability of
misreporting –, she would like to decrease such a probability by reporting the true value. Such
a behavior may generate a free-rider problem as respondents might think that the other one will
report the true value and thus decide not to acquire the required information. This implies that
both the best response functions ρ1(ρ2) and ρ2(ρ1) are monotone decreasing. In fact, one way
to prove proposition 2.4.1 is by showing that they cross only once. Appendix 2.7 follows other
strategy and uses the symmetry between the two respondents. Finally, notice that the behavior –
and therefore their interpretation – of those functions is similar to the best response of a Cournot
duopoly, for example.

The comparative statics of the model with two respondents is similar to the baseline case.
In fact, as we can see below, the effects of changes in F and Var(θ) on the probabilities of
misreporting and auditing both respondents are identical to the previous ones. Although the
variance of θ has a positive impact on the probability of auditing a single respondent, it is
necessary a further condition to guarantee that the effect of changes in F be the same as in the
case of ω2 as well.

Proposition 2.7. Consider the model with two identical respondents and a single institute pre-
sented in this section. Then:

(i) ρi is decreasing in both F and Var(θ) for i = 1,2.

(ii) ω2 is decreasing in F and increasing in Var(θ).

(iii) ω1 is increasing in Var(θ) and decreasing in F if and only if

g(Var(θ)ρi) >
1

2β −1
g(Var(θ)ρi

2β −1
) , (2.20)

where g =G
′

and ρi = ρ1 = ρ2 is in equilibrium.

We have already analyzed the effects described in items (i) and (ii) of the above proposi-
tion. The novelty brought by the above result, however, is (2.20) as a necessary and sufficient
condition for both F and Var(θ) to have the same impacts on ω1 as in the baseline case. To
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understand its role, recall that, when there is only one respondent, a higher fine has only a indi-
rect effect on the probability of auditing, through the decrease in ρ . Now, with the possibility
of auditing either one or two respondents, the decrease in ρi as a response to higher F has a
positive impact on both G(Var(θ)

2β−1
ρi) and G(Var(θ)ρi). Thus, when the marginal effect on the

first is lower than in the latter, we have dw1
dF < 0 (see equations (2.17) and (2.18)). Similar argu-

ment can be used for changes in Var(θ). As one can see, the effect depends on the functional
form of G, and in particular, of its derivative, which is a measure of its variability. If g is an
increasing function, for example, one can show that there exists a β∗ > 1, such that if β > β∗

(2.20) holds. One way to interpret such a condition is that a sufficiently high marginal cost of
auditing is sufficient for increases in F (increases in Var(θ)) make the probability of auditing a
single respondent decrease (increase, respectively).

Finally, an extensions with n identical respondents is straightforward. One can show that, in
this case we have,

ωl =G
⎛
⎝

Var(θ)∑n
j=1 ρ j

n[lβ −(l−1)β ]
⎞
⎠
−

n
∑

j=l+1
ω j, (2.21)

with 1 ≤ l ≤ n and

ρi = 1−H (
F∑n

j=1 jω j

n−∑n
j=1 jω j

) , (2.22)

with i = 1, ...,n, such that all the qualitative results continue to hold.

2.5 Concluding remarks

We believe that our main assumption, namely that there is two-sided asymmetric infor-
mation in the interaction between statistics institutes and respondents, is quite realistic. As a
consequence, it allows our model to explain the difficulties those institutes have at collecting
primary data. More importantly, the approach developed in this paper can provide some guide-
lines that may improve the process of gathering individual data. As long as institutes have some
control over the magnitude of the fine F , they can, for instance, combine it with the audit to
achieve a better outcome. Recall that our findings highlight the role of the uncertainty about the
required data as an important determinant of the equilibrium probabilities of both auditing and
misreporting. For very uncertain information, therefore, there is high probabilities of auditing
and misreporting. If audit is too costly, higher fines can substitute the audit with the same result,
as we have seen. Furthermore, it is fundamental to take into account the interaction among the
respondents, whenever there are more than one – the most realistic scenario. Given that there is
an individual cost to get the data, there may be a free-rider problem. If every piece of informa-
tion is important, addressing the strategic behavior among respondents is a fundamental step in
the institute’s policy.

Our model may be extended in several ways. An alternative is to explore in more detail the
strategic interaction between respondents. Heterogeneous individuals (or firms) and correlated
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information (correlated random variables) are two of the possible extensions related to this al-
ternative. Finally, it seems promising to add a third player in the game, namely the government.
We might think of the government as the one interested in good-quality data, which it would
be used as an input of public policies. Those policies would affect the respondents, who would
have a further incentive to report the true information. The government might also be the re-
sponsible for setting the fine’s magnitude. We believe that such an extensions would bring even
more realism and would contribute to improve the policymaking process.
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2.7 Appendix

2.7.1 Proofs

Propositions 2.2 and 2.3

Let us start by rewriting the system (2.7)-(2.9) as

Λ1 (ω,ρ) = G(ρVar(θ))−ω

Λ2 (ω,ρ) = 1−H ( ωF
1−ω

)−ρ.

We can then build its Jacobian matrix:

JΛ (ω,ρ) =
⎡⎢⎢⎢⎢⎣

−1 Var(θ)g(ρVar(θ))
− F

(1−ω)2 h( ωF
1−ω

) −1

⎤⎥⎥⎥⎥⎦
,

where g(⋅) =G
′(⋅) and h(⋅) =H

′(⋅). We can also calculate the following partial derivatives:

∂Λ1

∂Var(θ) = ρg(ρVar(θ)) , ∂Λ1

∂F
= 0,

∂Λ2

∂Var(θ) = 0,
∂Λ2

∂F
= − ω

1−ω
h( ωF

1−ω
) ,

where we omit the arguments for the sake of notation.
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Now, we can use the Implicit Function Theorem to perform the comparative static exercise:

dω

dF
= −

RRRRRRRRRRRR

0 Var(θ)g(ρVar(θ))
− ω

(1−ω)2 h( ωF
1−ω

) −1

RRRRRRRRRRRR
∣JΛ (ω,ρ)∣

= −
Var(θ)g(ρVar(θ)) ω

(1−ω)2 h( ωF
1−ω

)
∣JΛ (ω,ρ)∣ < 0, (2.23)

dρ

dF
= −

RRRRRRRRRRRR

−1 0
− F

(1−ω)2 h( ωF
1−ω

) − ω

(1−ω)2 h( ωF
1−ω

)

RRRRRRRRRRRR
∣JΛ (ω,ρ)∣

= −
ω

(1−ω)2 h( ωF
1−ω

)
∣JΛ (ω,ρ)∣ < 0, (2.24)

dω

dVar(θ) = −

RRRRRRRRRRR

ρg(ρVar(θ)) Var(θ)g(ρVar(θ))
0 −1

RRRRRRRRRRR
∣JΛ (ω,ρ)∣

= ρg(ρVar(θ))
∣JΛ (ω,ρ)∣ > 0, (2.25)

dρ

dVar(θ) = −

RRRRRRRRRRRR

−1 ρg(ρVar(θ))
− F

(1−ω)2 h( ωF
1−ω

) 0

RRRRRRRRRRRR
∣JΛ (ω,ρ)∣

= −
ρg(ρVar(θ)) F

(1−ω)2 h( ωF
1−ω

)
∣JΛ (ω,ρ)∣ < 0, (2.26)

where we use the fact that ∣JΛ (ω,ρ)∣ = 1+Var(θ)g(ρVar(θ)) F
(1−ω)2 h( ωF

1−ω
) > 0. One can

check that (2.23), (2.24), (2.25) and (2.26) prove propositions 2.2 and 2.3. ∎

Proposition 2.4

We are looking for conditions that guarantee dKmax

dVar(θ)
> 0 and dAmax

dVar(θ)
< 0. Observe that we

have
dKmax

dVar(θ) =
dω

dVar(θ)
F

(1−ω)2 > 0,

where we use the result of proposition 2.3. Moreover,

dAmax

dVar(θ) =
dρ

dVar(θ)Var(θ)+ρ.

By proposition 2.3, we know that dρ

dVar(θ)
< 0, such that dAmax

dVar(θ)
< 0 if and only if ∣ dρ

dVar(θ)
∣ >

ρ

Var(θ)
, which proves the proposition. ∎
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Proposition 2.5

We are now looking for conditions that guarantee dKmax

dF > 0 and dAmax

dF < 0. We have

dAmax

dF
= dρ

dF
Var(θ) < 0,

where we use the result of proposition 2.2. In addition,

dKmax

dF
=

dω

dF F +ω(1−ω)
(1−ω)2 .

By proposition 2.2, we know that dω

dF < 0, such that dKmax

dF > 0 if and only if ∣dω

dF ∣ < ω(1−ω)

F , which
concludes the proof. ∎

Lemma 2.4.1

The first steps of the proof are presented in the text: use (2.13) and (2.14) to write ω1 +
2ω2; then substitute it into (2.16), which yields (2.19). Now, observe that this latter expression
implies that, in equilibrium, ρ1 = ρ2. Thus, (2.19) can be rewritten as

ρi = 1−H
⎛
⎜
⎝

F (G(Var(θ)ρi)+G(Var(θ)ρi
2β−1

))

2−(G(Var(θ)ρi)+G(Var(θ)ρi
2β−1

))

⎞
⎟
⎠

(2.27)

for i = 1,2.
By rewriting (2.27) as ϒ(ρi)=1−H(⋅)−ρi =0, we can apply the Intermediate Value Theorem

once again. For, note that ϒ(0) = 1 > 0 and ϒ(1) = −H (⋅) < 0. Moreover,

ϒ
′(ρi) = −2h(X)FVar(θ)

[g(Var(θ)ρi)+g(Var(θ)ρi
2β−1

) 1
2β−1

]

[2−(G(Var(θ)ρi)+G(Var(θ)ρi
2β−1

))]
2 −1 < 0,

where, for the sake of simplicity, we denote the argument of H by X , and use h =H
′

and g =G
′
.

Thus, we have that ϒ(⋅) is monotone. By the theorem, therefore, we know that there is a unique
ρi ∈ (0,1) such that ϒ(ρi) = 0. Finally, it suffices to substitute this ρ1 = ρ2 = ρi into (2.17) and
(2.18) to conclude that there are unique ω1,ω2 ∈ (0,1) satisfying the equilibrium conditions. ∎

Proposition 2.7

We start by noticing that, in equilibrium, ρ1 = ρ2 = ρi, such that we can rewrite the system
composed by (2.17), (2.18) and (2.16) as
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Z1 (ω1,ω2,ρi) = G(Var(θ)ρi)−G(Var(θ)
2β −1

ρi)−ω1

Z2 (ω1,ω2,ρi) = G(Var(θ)
2β −1

ρi)−ω2

Z3 (ω1,ω2,ρi) = 1−H ( F (ω1+2ω2)
2−(ω1+2ω2)

)−ρi.

Its Jacobian matrix is given by

dZ (ω1,ω2,ρi) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 ∂Z1
∂ρi

0 −1 ∂Z2
∂ρi

∂Z3
∂ω1

∂Z3
∂ω2

−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

where

∂Z1

∂ρi
= [g(Var(θ)ρi)−

1
2β −1

g(Var(θ)ρi

2β −1
)]Var(θ)

∂Z2

∂ρi
= 1

2β −1
g(Var(θ)ρi

2β −1
)Var(θ) > 0

∂Z3

∂ω1
= − 2F

[2−(ω1+2ω2)]2 h( F (ω1+2ω2)
2−(ω1+2ω2)

) < 0

∂Z3

∂ω2
= − 4F

[2−(ω1+2ω2)]2 h( F (ω1+2ω2)
2−(ω1+2ω2)

) < 0.

One can then obtain the determinant of dZ:

∣dZ∣ = −1−2
Var(θ)F

[2−(ω1+2ω2)]2 h( F (ω1+2ω2)
2−(ω1+2ω2)

)[ 1
2β −1

g(Var(θ)ρi

2β −1
)+g(Var(θ)ρi)] < 0.

Let us first prove item (i). For, observe that

dρi

dF
= −

∣dZρi
F ∣

∣dZ∣ and
dρi

dVar(θ) = −
∣dZρi

Var(θ)
∣

∣dZ∣ , (2.28)

where

dZρi
F =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 ∂Z1
∂F

0 −1 ∂Z2
∂F

∂Z3
∂ω1

∂Z3
∂ω2

∂Z3
∂F

⎤⎥⎥⎥⎥⎥⎥⎥⎦

and dZρi
Var(θ)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 ∂Z1
∂Var(θ)

0 −1 ∂Z2
∂Var(θ)

∂Z3
∂ω1

∂Z3
∂ω2

∂Z3
∂Var(θ)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.
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Moreover, we have that ∂Z1
∂F = ∂Z2

∂F = ∂Z3
∂Var(θ)

= 0 and

∂Z3

∂F
= − (ω1+2ω2)

2−(ω1+2ω2)
h( F (ω1+2ω2)

2−(ω1+2ω2)
) < 0

∂Z1

∂Var(θ) = ρi [g(Var(θ)ρi)−
1

2β −1
g(Var(θ)ρi

2β −1
)]

∂Z2

∂Var(θ) = ρi

2β −1
g(Var(θ)ρi

2β −1
) > 0,

where we use the fact that ω1+2ω2 =G(Var(θ)ρi)+G(Var(θ)ρi
2β−1

) < 2.

Now, one can see that (2.28) implies that sign(dρi
dF ) = sign(∣dZρi

F ∣) and sign( dρi
dVar(θ)

) =
sign(∣dZρi

Var(θ)
∣). Thus, it is straightforward to show that ∣dZρi

F ∣ = ∂Z3
∂F < 0 and

∣dZρi
Var(θ)

∣ = − 2Fρi

[2−(ω1+2ω2)]2 h( F (ω1+2ω2)
2−(ω1+2ω2)

)[g(Var(θ)ρi)+
1

2β −1
g(Var(θ)ρi

2β −1
)] < 0,

which proves item (i).
To demonstrate item (ii), we once again start by observing that

dω2

dF
= −

∣dZω2
F ∣

∣dZ∣ and
dω2

dVar(θ) = −
∣dZω2

Var(θ)
∣

∣dZ∣ ,

where

dZω2
F =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−1 ∂Z1
∂F

∂Z1
∂ρi

0 ∂Z2
∂F

∂Z2
∂ρi

∂Z3
∂ω1

∂Z3
∂F −1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

and dZω2
F =
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.

Therefore, it suffices to notice that ∣dZω2
F ∣ = ∂Z3

∂F
∂Z2
∂ρi

< 0 and ∣dZω2
Var(θ)

∣ = ∂Z2
∂Var(θ)

> 0 to prove the
result.

Finally, we have

dω1

dF
= −

∣dZω1
F ∣

∣dZ∣ and
dω1

dVar(θ) = −
∣dZω1

Var(θ)
∣

∣dZ∣ ,

where

dZω1
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∂Var(θ)
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∂Z3
∂ω2
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.

One can show that ∣dZω1
F ∣ = ∂Z3

∂F
∂Z1
∂ρi

and ∣dZω1
Var(θ)

∣ = ∂Z1
∂Var(θ)

. This implies that the result of item
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(iii) holds if and only if ∂Z1
∂Var(θ)

> 0, that is,

g(Var(θ)ρi) >
1

2β −1
g(Var(θ)ρi

2β −1
) ,

which finishes the proof. ∎
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3. All hands on deck! A model of endoge-
nous piracy on intellectual property

Abstract

We explore the conflict that occurs between an intellectual property (IP) owner and
a pirate group, in which the latter attempts to make the first pirate version available
to the end-users, free of charge. As the current piracy literature usually assumes that
pirate versions simply exist, the novelty of the paper is to implement this strategic
interaction by endogenizing the pirate groups. In the baseline model, where the pi-
rate’s objective is to simply obtain success in generating a pirate version, we show
that investments in anti-piracy measures by the IP owner is directly related to the
ratio of expected profit gains in blocking piracy and the cost of additional protec-
tion. If this ratio is sufficiently high, the optimal investment in anti-piracy measures
by the IP owner is able to completely inhibit the pirates attack. We then extend the
pirate’s objective function to also include prestige, that is, pirate’s who seek chal-
lenge, such as facing an difficult protection mechanism. As the pirate’s sensitivity
to challenge grows, there are lesser incentives for the IP owner to invest in anti-
piracy measures, as any further investments would be met by attacks of increasing
strength, hinting that in some cases, the IP owners could focus on different business
strategies instead of focusing on technological protection mechanisms.

Keywords: Piracy. Intellectual Property. Digital rights management (DRM).
JEL classification: D74, O34.

3.1 Introduction

In the piracy literature, it is assumed that if a new intellectual property (IP) is released, a
pirate version is automatically made available. In this paper, we explore what permeates this
assumption by incorporating the intermediate sector that illegally operates between IP owners
and the end-consumers, that is, pirate release groups. While piracy is an illegal activity and is
punishable by law, some individuals participate in this act just for the thrill of it. There is a
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cat-and-mouse game being played between IP owners and the pirate, where the former employs
protection mechanisms and the latter attempts to remove them. In this paper we explore this
relationship.

The occurence of copyright infringement is a continuous threat to legitimate economic ac-
tivities. The digital goods market, for instance, are widely affected by piracy. In a recent
study by the Business Software Alliance (BSA), it was estimated that roughly 39% of the total
installed software in the world was not licensed (The Software Alliance, 2016), which could ac-
count for a value of up to US$ 52 billions. In the music industry, the IFPI reports that, in 2018,
approximately 38% of total music consumers were engaged with copyright infringement1.

An owner of intellectual property (IP) can take some measures in order to face piracy, such
as reducing prices, offering alternative versions of a product to different audiences and invest
in anti-piracy measures such as DRM (Digital Right Management) in order to prevent rampant
copying2. The economic literature has been focusing on the optimal behavior of the producer
when they operate in an economy where pirate versions always exist given the release of an
original product. The aforementioned policies lie within the realm of trying to reduce the at-
tractiveness of the pirate versions or dampening the speed of their spread.

Our main contribution to the literature is to endogenize the activity performed by pirate
release groups in a game-theoretical model. These groups are the ones who are actually respon-
sible for attempting to reverse engineer the existing anti-piracy measures and generate the first
pirate version of a given IP. In the baseline model, we consider a pirate whose objective is to
be successful in the reverse engineering problem. Using a ratio-form contest success function
(CSF), we show that the pirate’s best-reply is increasing for small values of anti-piracy mea-
sures (APM), and decreasing thereafter, as the difficulty in cracking the protection gets too high.
The IP owner is able to implement sufficient APM levels that inhibits the pirates’ attack as long
as the ratio of expected profits gains (from blocking piracy) to investment costs is sufficiently
high. We then consider pirates who are seeking respect and prestige, deriving additional utility
from being successful in reverse engineering difficult protections. As the pirate’s sensitivity to
challenge grows, increases in investments are met by attacks of increasing strength, which is an-
alytical representation of the warez paradox presented in Basamanowicz and Bouchard (2011).
This hints that in some cases, the IP owners could focus on different business strategies instead
of focusing on technological protection mechanisms.

The present paper is structured in four sections, including this introduction. Section 3.2
presents a brief review of the piracy environment, how pirate groups work and the related lit-
erature. In section 3.3, our baseline model is introduced. We consider the case where pirates
are motivated by prestige in section 3.4. The concluding remarks are presented in 3.5 and the

1International Federation of the Phonographic Industry, Music Consumer Insight Reports, available at:
https://www.ifpi.org/downloads/Music-Consumer-Insight-Report-2018.pdf.

2Some DRM mechanisms have been criticized for diminishing the experience of the original content buyer, such
as protections that require that the end-user to be always online, or demand additional computational power. This
means that the relationship in the previous paragraph should not always be taken for granted.
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proofs ommited in the text are contained in the appendix 3.7.

3.2 The Pirates’ environment

Piracy, which is an act of copyright infringement, is described as the use or reproduction of
a copyrighted work without permission from the property rights owner. The existence of piracy
means that the consumers are able to access an alternative version of a given product, whose
supply or characteristics are not directly controlled by its original producer. The producer faces
an increased competition of his or her good.

A common assumption in the literature on piracy is that these versions of products are auto-
matically available upon the release of an original intellectual property. This does not take into
consideration the existence of an intermediate sector, composed of individuals or organizations
who produce a pirate version from an original piece and make it available on the market. This
intermediate sector is composed of pirate groups.

Definition 3.1. A pirate group is an economic agent who, acting on their own intrinsic and
extrinsic motivations, attempt to remove the copyright protections of a given product in order
to release it to the general public, free of charge.

Pirate group participants perform several activities while in the process of attempting to gen-
erate a pirate version, such as acquisition of original intellectual property, removal of existing
protection schemes, testing, packaging and distribution. These steps could be performed by a
single individual, but it is usually delegated among several participants. In their environment,
this particular group of pirates are called release groups. They divide themselves among their
area of activity, such as the software (warez), movie and music scenes.

The first step is to obtain an original version of the product, which is the role of the supplier.
Basamanowicz and Bouchard (2011) aggregates the different processes of acquisition into three
groups: (1) acquisition through skill, which hacking into companies online storage sites or
performing social engineering such as creating fake enterprises in order to apply for review
copies; (2) through position, which could be the case of the supplier being an employee of the
producer’s firm or within the distribution chain and (3) legal purchase of the product. It is not
unusual for this process to occur even before the actual release date of the original product.

After obtaining the original version, the next step is to attempt to disable the existing protec-
tion schemes (if there is any) that would prevent copying and usage of the product. The pirate
who performs this activity is denominated the cracker. This is usually the most skill-intensive
step of the entire pirating production process, as the cracker is the one responsible for assessing
the existing anti-piracy measures, identifying how they work and applying reverse engineering
in order to remove or bypass them.

The third step is to properly test the cracked version and confirm that it performs as close
to the original product as possible. There can be some back and forth between these stages
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in order to improve on the cracking procedure. After the quality assurance is performed, the
product is packaged and distributed. The pirates brand their version through the insertion of
text files (.nfo) that contain information about the intellectual property, cracking methods and
usage instruction. There are standards to follow, such as compression methods, file size limits
and correct naming of the product.

After this step is done, the pirate product achieves its final form and enters the distribution
stage, which is performed by couriers. A release group would have its own couriers who would
distribute the pirate product to group-specific sites, the release group’s headquarters, and them
proceed to pre it. A pre is the first release of a pirate version of the intellectual property to
the Scene. If everything works accordingly and is up to standards of the pirate’s self-enforcing
standards, the work of the release group is done, if not, the pirate version is nuked, that is,
deemed improper. and is removed from the internal sites. If this happen, the same release group
(or a different one) can try to release an improved pirate version.

The distribution among internal sites was performed by a second type of pirate organization,
the couriering-only groups, in a competition of sorts. A couriering group would have several
participants monitoring the release group headquarters and attempt to spread the pirate version
as quickly as possible to other internal participating sites. This was mostly the case during the
early 1980’s to 2000’s, after which most of the couriering has been automated as to reduce the
exposition to the authorities. It is only after these stages are performed that the pirate versions
start to leak into more open-access sites, and thus, made available to the end users.

3.2.1 What drives pirate groups?

In order to correctly implement pirate groups in our economic model, it is necessary to
understand what actually motivates the pirating behavior. A few factors show up frequently
on the literature, such as the ideology of an open access agenda, obtainment of prestige and
challenge.

First off, pirates could be acting towards an open access policy regarding intellectual prop-
erty. A recent example of this is the creation of Sci-Hub, by Alexandra Asanovna Elbakyan.
Sci-Hub is an attempt to provide free access to a number of scientific articles and its creator
argues that the existence of paywalls could hinder scientific progress as not all researchers or
universities have adequate funding Elbakyan (2017).

The open access argument does not seem to hold in Goode and Cruise (2006), a study in
which self-selected software crackers were surveyed and interviewed. Overall, the participants
state that developers should be adequately paid, otherwise the pirates will not have an activity to
engage with. in the future. A smaller share of crackers said that high priced software motivates
their actions, and they argue that developers must aim to implement more accessible pricing
policies.

It is actually common for software-related release groups to urge their users to buy the
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original versions. For instance, the group Pirates With Attitude, PWA, which was active from
1992 to 2000, signed their last .nfo with the following "Support the software companies! If you
enjoy using a program or using a Util, consider buying it! Someone has to make it worth the
programmer’s effort to keep up the high standards.. They made it, so they deserve it!"3. Such
similar texts can be found on other .nfo files.

Pirates could also want to be part of an underground community, to experience the thrill
of the illicit and to obtain respect and prestige among its peers (Goldman, 2005). Prestige and
respect also shows up in Chandra (2016), who analyzed over 90.000 .nfo text files from pirate
releases ranging from 1980-2010. He finds that pirates act in an extremely self-organized envi-
ronment, and are mostly motivated by obtaining local reputation within their own community.

This competitive behavior can be directly observed, as performance statistics of pirate
groups are sometimes tracked and compiled by their own voluntary participants. For instance,
in the Crack Weekly Report), points were awarded to the first pirate groups able to release a
fully working version of a given intellectual property. The Courier Weektop Scorecard ranked
couriering groups who were the fastest in distributing pirate releases within the Scene’s distri-
bution network. These two examples4 are displayed in figure 3.1.

Fig. 3.1: Courier Weektop Scorecard (CWS) and Crack Weekly Report (CWR).

Source: https://defacto2.net

Finally, in Goode and Cruise (2006), reputation is again motivation factor, but is said to be
a by-product of challenge, which the main factor in the sample. "Cracking difficult software is
the ultimate fun - especially when the protection is something new and elegant", says one of the
interviewed crackers. Our understanding is that pirate groups, as a whole, aim to obtain respect
and prestige within their peers, while internally, the driving force behind the crackers’ actions
is the challenge.

This direct relationship between pirates and challenge ends up generating a feedback loop

3"PWA’S FINAL RELEASE - RIP 1992 - 2000", PWA.NFO.
4Several magazines and materials regarding the pirate ’s environment can be freely accessed from
https://defacto2.net and https://scenenotice.org.
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in which the industry implements protection measures, pirates attempt to remove them, new
defenses are developed and so on. This situation leads to the warez paradox, that is, fur-
ther investing in protection could drive a higher frequency or strengthen the pirating attempts
(Basamanowicz and Bouchard, 2011).

3.2.2 Related Literature

Our study bases itself on previous papers in the piracy literature, more specifically the ones
who analyze the optimal implementation of anti-piracy measures by intellectual property cre-
ators. Holsapple et al. (2008) differentiates anti-piracy measures that are legal from those who
are technological. The first ones involve actions such as law enforcement monitoring, audits and
lawsuits, while the second is mainly due to implementation of DRM. While we use the terms
DRM and anti-piracy measures interchangeably in our paper, we are referring to technological
measures that are in direct control of the IP producer.

We allow our IP owner to invest in anti-piracy measures that could actually prevent the exis-
tence of pirate versions. This possibility is empirically relevant as it matches the performance of
real world DRM tools that have been implemented through time, such as SafeDisc, Star Force,
SecuROM, and more recently, Denuvo. This scenario was not explored much in the literature,
with the important exception of Sun et al. (2015). Our contribution to the literature is to endog-
enize the activity performed by pirate release groups, who can be successful or not in removing
the existing protection schemes of the IP.

An early model of copying which resembles modern day piracy is presented in Johnson
(1985), which explores the economic impacts of unauthorized copies on a market in two ways.
In one case, consumers had heterogeneous copying costs, such as time spent in obtaining or
generating a copied version. The second approach explored physical barriers of entry to the
pirate market, where an initial investment was required in order to generate copies. The paper’s
main results are that unauthorized copying has negative welfare effects on the economy, due to
reduced demand for originals, as well as an decrease in supply of intellectual property. Johnson
acknowledges the difficulty in implementing anti-copying measures or individual taxes to pre-
vent unauthorized copying, and argues towards subsidize for content producers, as to stimulate
lower prices.

The framework we use directly borrows features from Bae and Choi (2006), where con-
sumers choose between an original product, a pirate version or no consumption at all. They
were the first to decouple the pirating price for the end-consumer into two components: copy-
ing costs (as in Johnson (1985)), and losses due to quality degradation, that is, the assumption
that pirate versions are of a lower quality than the original. These have since been a recurring
feature in the literature. Anti-piracy measures are modeled as direct changes in both the copying
costs and quality degradation.

Ahn and Shin (2010) also explore the optimal level of anti-piracy investments. The DRM
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measures are modeled as increases in copying costs however there is trade-off as it also reduces
the IP value to the end users. The optimal investment depends on the protection’s effectiveness
as well as the strength of the legal copyright enforcement, which acts as a substitute for DRM
and is modeled as direct changes to copying costs.

Other studies show the effects of anti-piracy policies under a multi-product framework, such
as Cremer and Pestieau (2009) and Cho and Ahn (2010). Price skimming as an accommodating
strategy is analyzed in Waters (2015). Network and word-of-mouth are explored in Liu et al.
(2011) and King and Lampe (2003). There is also a range of empirical and experimental studies
on piracy, however they mostly attempt to assert why end-users pirate or piracy’s impact on sales
(Peukert et al., 2017). To the best of our knowledge, there has been no analytical study which
endogenizes the pirate activity and consider this interaction with technological anti-piracy mea-
sures. For a broad review of the literature, see Holsapple et al. (2008) and Belleflamme (2014).

3.3 Baseline Model

Our model builds upon the baseline structure presented in Bae and Choi (2006), and is
composed by three types of agents: an IP owner, potential consumers and pirate release groups.
The timing of the model is as follows: in the first stage, the IP owner chooses the amount
of investments in anti-piracy measures (APM) to protect their product. In the second stage, the
pirate group observes the existing protection and chooses its effort level in attempting to remove
it. In the third stage, either the pirates are successful or not with regards to producing a pirate
version. In the final stage, the IP owner then observes this and knows which state it is operating
in, and thus, sets prices. The consumers self-select themselves into either buying an original,
pirating or not entering the market.

The demand side is composed of a unit mass of consumers, whose product valuation is uni-
formly distributed in [

¯
v, v̄]. Consumers can choose between three options: purchase a original

unit of an IP, obtain a pirate version (if available), or not enter the market. The utility of a
consumer who buys an original IP, Ub, is given by

Ub = v− p, (3.1)

which is defined by the difference between the consumer’s product valuation, v, and the price
set by the IP owner, denoted by p. If his valuation is higher than the market price, the consumer
purchases one unit of the product and exits the market.5

The utility of consumers who choose a pirate version, denoted U p, is

U p = (1−α)v−c. (3.2)

5Although we interpret this as a durable good, one could also read it as an sufficiently long-period (our model’s
time-frame) access to a Software as a Service (SaaS).
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In expression (3.2), we are able to highlight the two differences from purchasing an original
version. First, albeit there is no purchase involved, the consumer do incur in an acquisition
cost, c, which is homogeneous across all consumers. We consider this to be basically a search
cost, that is, the effort and time spent by the consumer in obtaining a pirate version. This could
include events such as identifying secure sources of pirated product, implementing adequate
VPN protection, and obtaining the expertise on how to correctly activate this pirated version,
such as properly applying a crack. Note that our interpretation of c is not the same given in
Bae and Choi (2006), as we rule out the possibility that c is being paid to a third party (such
as pirates or resellers). The second main difference between original and pirate versions is that
there is product degradation, measured by α ∈ (0,1), which lessens the overall value of the
pirate product with respect to the original. The two products become more homogeneous as α

decreases. The consumer can also leave the market, receiving a reservation utility U∅, which
we normalize to zero.

The IP owner produces an intellectual property and sells it at a certain price p ∈ [0,∞).
We assume that the product is already finished, that is, we do not take into account production
costs. The owner sets prices and decides how much to invest in anti-piracy measures (APM).
These measures, m in the model, provide protection against the pirates groups’ attempts to
release a pirate version. The protection is expressed by a probability function, γ(e,m), whose
characteristics will be defined shortly.

The IP owner’s expected profit function is

E[Π(e, p,m)] = γ(e,m)pD(p)+(1−γ(e,m)) p+D(p+)−K(m), (3.3)

that is, the sum of its expected revenue minus the investment in APM, K(m). The cost function
satisfies several standard properties, such as K′(m) > 0 and K′′(m) ≥ 0. The revenue in each
state is weighted by the probability of reaching said state, that is, γ for the case with no pirate
versions and 1− γ for the one with piracy. The occurrence of these states is dependent on the
interaction between pirate groups’ attack attempts and the APM implemented by the IP owner.
If the APM is successful, the no-piracy state is achieved. If the pirates are successful, the
economy switches to the state with pirate products. For the sake of notation, let the variables
under the state with piracy have a plus-sign subscript. The revenue within each state depends
on the demand faced by the IP owner at the respective price p. In the case without piracy, the
IP owner faces the following demand:

D(p) = ∫
v̄

p
f (v)dv, (3.4)

where f (v) is the valuation distribution (its pdf). This represents the sum of all consumers
whose valuation is higher than p, that is, the ones who buy an original version.

Deploying APM represents an attempt to protect the original IP and prevent the generation
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of a pirate version, and thus, achieving the piracy-less state. These investments affect γ(e,m),
which is the probability of the IP being protected. A higher investment in m increases its
defense, but at a decreasing rate. Likewise, increases in the pirate’s effort (e) to remove the
protection decrease this probability at a diminishing rate. In other words, γ(e,m) is a Contest
Success Function (CSF), which provides the game’s participants probability of winning as a
function of their efforts. The properties of this function are established as follows:

1. γ(e,m) ∈ [0,1],∀(e,m) ∈R2
≥0;

2. γe(e,m) < 0, γee(e,m) > 0, γ(e,0) = 0 for every e > 0;

3. γm(e,m) > 0, γmm(e,m) < 0, γ(0,m) = 1 for every m > 0.

Before we proceed, lets illustrate what different levels of APM actually mean. Suppose that
m = 0 is adopted, that is, there is no protection whatsoever. In this case, any attempt of the
pirate group ends up being a success. As m increases, the pirate group’s job becomes harder.
A small m could be a protection that consists of a simple off-line serial number check, where
the serial number is contained on product’s packaging. Increasing m further could lead to the
use of an online server that is used to authenticate the serial number (and thus, preventing the
same serial from being used in several different copies). Even higher protection types could
include the usage of physical keys commonly know as dongles, or continuous (always on)
online authentication. The implementation of APM could lead to additional costs both to the
pirate user and the end user, due to the computational costs of encryption, online verification and
bypasses. We are not, for now, considering any of these effects. As our focus is on implementing
the pirate group, we will just assume that this is absorbed directly by the pirates and do not
generate spill-overs to the pirate end-user.

Finally, the third participant is a pirate group, a non-profit organization whose goal is to
attain success at generating a pirate version by removing an existing APM. Their utility is given
by

V(e,m) = 1−γ(e,m)−C(e), (3.5)

in which the group observes m (taking it as a given parameter) and chooses the effort level (e)
that is spent attempting to crack the protection. Exerting effort is costly and is expressed by the
C(e), with C′(e) > 0 for all e ≥ 0 and C′′(e) ≥ 0. The probability of successfully generating a
pirate version is given by 1−γ(e,m).

As we assume that information is complete and perfect, our solution concept is of a Subgame
Perfect Equilibrium, which is attained through backward induction. We begin by exploring the
two possible states at stage 3.

3.3.1 Stage 3: IP owner price policy and consumer behavior

The IP owner starts stage 3 by observing the state of the world. This means she correctly
identifies if there are pirate versions available or not. After this is performed, the remaining
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action is to choose her own price level by solving the following profit maximization problem:

Max
p

pD(p) S.T p ≥ 0. (3.6)

As we are only interested in the one-shot interaction between a pirate group and an IP
owners, we do not consider the latter’s choice regarding m after this stage is reached6. Let’s
start by considering the state where there is no piracy. In this situation, the demand for original
products is given by those consumers whose product valuation reside in [p, v̄]. As we consider
v to be uniformly distributed, we have the following demand function:

D(p) = ∫
v̄

p

1
v̄−

¯
v

dv = v̄− p
v̄−

¯
v

(3.7)

The FOC for the IP owner’s problem yields its optimal price, demand and subsequent profits,
below.

p∗ = v̄
2

D(p∗) = v̄
2(v̄−

¯
v) Π(p∗) = v̄2

4(v̄−
¯
v) (3.8)

The optimal price for the IP depends on the upper interval of the uniform distribution, as
it measures the maximum that consumers are willing to pay for the original product. If there
was an increase in the upper limit of the distribution, higher prices could be charged and thus,
higher absolute profits for the IP owner. This holds as long as v̄ > 2

¯
v, since ∂Π(p∗,m)

∂ v̄ = v̄(v̄−2
¯
v)

4(v̄−
¯
v)2 .

Now we turn to a state of the world where piracy has occurred, that is, a pirate group
was successful in removing the existing protection. In order to analyze consumer choice, we
separate the unit mass of consumers into regions by identifying two indifference points. The
first point, vp separates consumers who will not enter the market from those who will acquire
a pirate version (where U∅ =Ub). The second point, vb, separates those who obtain a pirate
version from those who buy an original (Ub =U p). We assume that individuals standing at the
indifference point vp choose to pirate, and buy originals when at vb.

vp ≡ c
1−α

vb ≡ p−c
α

(3.9)

This situation is graphically presented in figure 3.2, where the blue line represents the utility
of original buyers and the red line is the utility of pirate users, given an optimal price p∗+.
Consumers whose valuation are lower than vp are better off not entering the market, as choosing
either a pirate version or buying an original results in a negative utility. Piracy is preferred to
originals in the middle region located between [vp,vb). Finally, the segment of consumers
with high valuation towards the product, in [vb, v̄], prefer the original version. This ordering is
specifically tied to the quality degradation variable of the model, that is, α . An increase in α

makes piracy less attractive and moves the intersection point vb further to the left, shrinking the
region where piracy is preferred over originals.

6One could extend this model by considering a repeated-game approach.
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Fig. 3.2: Utility of buying an original (Ub) or choosing a pirate version (U p) in the state with
piracy, considering p∗+ = 0.4, α = 0.4, c = 0.12.

Source: Created by the author.

First, we obtain the total demand for the original product while considering the existence of
pirate versions, D(p+), which is given by

D(p+) = ∫
v̄

vb

1
v̄−

¯
v

dv = α v̄+c− p+
α(v̄−

¯
v) . (3.10)

The results for optimal price, demand, and resulting profits in this state are presented below.

p∗+ =
α v̄+c

2
D(p∗+) =

α v̄+c
2α(v̄−

¯
v) Π(p∗+) =

(α v̄+c)2

4α(v̄−
¯
v) (3.11)

The optimal price in a state where piracy exists depends on copying costs and the quality
degradation present in the competing version, that is, the pirate product. The IP Owner’s optimal
prices can be higher if the pirate version is costlier to obtain (a higher c), or of worse quality
(higher α). While the previous stages actions will have an effect or whether or not this state will
be reached, once this has happened, its prevailing optimal price, whether it is p∗ or p∗+, does not
depend on any of the other stage’s variables.

Finally, comparing the optimal prices in these two possible states, p∗ and p∗+, we find that
the IP owner optimal prices prices in the state with piracy is lower than in the state without
piracy as long as the copying cost is sufficiently low, that is, c < v̄(1−α). If the copying cost
was higher, there would be no demand for pirate products, and as such, p∗+ would collapse onto
p∗: even with pirate products on the market, no consumer would actually choose to consume
it. This condition is also shown in Bae and Choi (2006), but rewritten as v̄ > c

1−α
≡ vp. The

main result that we extract from this stage is that the IP owner is better off when there are no
pirate products in the market, that is, Π(p∗) > Π(p∗+), The proof for this result is presented in
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the appendix.

3.3.2 Stage 2: Pirate groups and effort provision

In the second stage, the pirate’s problem is given by

Max
e

1−γ(e,m)−C(e) S.T e ≥ 0. (3.12)

Note that in (3.12), m was chosen by the IP owner in the first stage. The pirates take it as
given and define the effort level (e) that is spent attempting to crack the protection. Solving this
problem yields the following FOC:

−γe(e,m)−C′(e) = 0 (3.13)

Note that the pirate’s optimal behavior, expression (3.13), is to equate its marginal benefits
to marginal costs: as the pirate effort increases, γ(e,m) decreases, which represents their prob-
ability of winning against the protection mechanism, , this comes with the subsequent costs of
exerting effort. From this expression, we can also obtain the effects of APM on the optimal
effort level below.

∂e
∂m

= − −γem(e,m)
−γee(e,m)−C′′(e) (3.14)

Note that the denominator in (3.14) is always negative, thus, the sign of the effects of APM
investments on the pirate groups’s effort will depend on the mixed partial derivative of the CSF:

∂e
∂m

⎧⎪⎪⎪⎨⎪⎪⎪⎩

> 0, if γem(e,m) > 0,

< 0, if γem(e,m) < 0.
(3.15)

Let us explore the possible behavior of this mixed partial derivative. Suppose that γme < 0.
In this case, an additional effort by the pirates reduce the IP owner’s marginal probability of
"winning the contest" due to an increment in APM: γm(e,m) < γm(e′,m) for e < e′. If γem > 0, an
increase in e would result in an increase in γm(e,m).

An intuitive way of seeing this type of effect is to imagine a 100m race setup where two run-
ners (r1 and r2) are initially exerting similar efforts r1 = r2. In this case, the marginal probability
of winning resulting from an additional effort by any of the participants is at its maximum, it is
the tie-breaker effort. If, however, r1 >> r2, an increase in r1 would result in a reduction of the
marginal probability of winning given an additional effort by the second racer. This behavior
could be seen on a function where γem > 0 if m > e and γem < 0 if m < e.
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3.3.3 Stage 1: IP owner and investment in APM

At the first stage of the game, the IP owner decides the level of investment in APM, while
also taking the pirate group’s best-reply and the optimal prices into consideration. The IP owner
problem in this stage is

Max
m

γ(e(m),m)Π(p∗)+(1−γ(e(m),m))Π(p∗+)−K(m) S.T m ≥ 0. (3.16)

where e(m) denotes the pirate’s best-reply. Note that an increase in APM investment has two
effects on γ: it directly increases the IP owner’s probability of winning, however there is an
indirect effect which depends on how the pirate’s will react to this change. The solution to this
stage satisfies

[γe(e(m),m) ∂e
∂m

+γm(e(m),m)]∆Π−K′(m) = 0. (3.17)

where ∆Π = Π(p∗)−Π(p∗+), henceforth the profit gap between states. Similarly to the pirate’s
FOC, the expression in (3.17) defines a relation between marginal benefits, that is, the change
in the probability of absorving the profit gap, and the marginal costs of deploying APM.

Finally, we can assert that our problem has a well-defined solution under some general
conditions, which we further detail in the appendix 3.7.

Proposition 3.1. There exists a Subgame Perfect Equilibrium (e(m∗),m∗), defined by the pairs
of first-order conditions in (3.13) and (3.17), as long as ∂e2

∂m2 is sufficiently small.

3.3.4 An example using a ratio-form CSF and linear costs

In order to obtain a closed-form solution, we will adopt a linear cost structure for both the
pirate’s effort and the APM costs, C(e) = e and K(m) = km, as well as use a ratio-form CSF
for the probability of the anti-piracy measure being successful, γ(e,m) = m

e+m . Note that if the
pirates do not exert effort, the original version is protected with certainty, γ = 1. Using these
functional forms, from expression (3.13) we obtain the pirate’s best-reply function:

e(m) =
√

m−m, (3.18)

which is increasing for small values of protection investment, and decreasing thereafter. That
is, as investment in protection increases, more effort is required to sustain an attractive winning
probability to the pirate’s attacks. As the attacks are costly, after a certain point less effort is
overall exerted.

Using (3.18), we obtain the respective optimal anti-piracy measure investment and effort
levels below.

m∗ = (∆Π

2K
)

2
e∗ =max(∆Π(2K−∆Π)

4K2 ,0) (3.19)

As either the profit differential between states increases (∆Π) or the cost of anti-piracy
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measures decreases, the optimal protection deployed increases (m∗ shifts to the right in figure
3.3). If the profit gap is sufficiently high, that is ∆Π ≥ 2K, the IP owner is able to implement
protection mechanisms in sufficient strength to completely inhibit pirate’s actions.

One could think that as long as ∆Π ≥ 2K, we would get e(m∗) = 0, and be able to obtain
γ(e(m),m) = 1. In that case, the IP owner would then choose to not invest in APM. However,
due to the timing of our model, that particular level of protection actually has to be implemented
to block the pirate’s attack, otherwise the pirate group would simply observe the null protection
and exert any small positive effort, attaining success with certainty.

Proposition 3.2. Under a ratio-form CSF function and a linear cost structure for both the IP
owner and the pirate, there exist a profit gap threshold, ∆Π ≥ 2K, that inhibits the pirate’s attack
attempts.

Fig. 3.3: Pirate’s reaction function and optimal anti-piracy investments. ∆Π = 0.85 and K = 0.5.

Source: Created by the author.

3.4 Challenge-seeking pirates and the case for prestige

So far, we’ve considered that the pirate’s main motivation is strictly obtaining success, how-
ever, due to the competitive nature of their environment, it seems adequate to update a pirate’s
goal to include the acquisition of prestige, that is, respect among its peers. The main aspect in
modeling prestige is the difficulty of the protection: as the IP gets more APM, the more prestige
is obtained once it is cracked. In order to consider this effect into our framework, we implement
a new term into the pirate’s objective, f (m,η), henceforth denoted the prestige function, where
η denotes the preference towards challenge.

1. f (m;η) is nondecreasing in m and η .
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The updated pirate problem in Stage 2 is given by

Max
e

f (m;η)[1−γ(e,m)]−C(e), (3.20)

where an increase in APM now has two distinct effects on the pirate’s objective function. Al-
though it decreases the probability of success for a given effort level (as in the baseline model),
it now increases the prestige term of the payoff. An increase in protection now also has this
effect of drawing the attack of pirate’s who are seeking challenge. The first-order condition of
this problem is given by

− f (m;η)γe(e,m)−C′(e) = 0. (3.21)

Note, in expression (3.21), that as long as f (φ ,m) > 1 the optimal effort provision will be
higher than in the baseline case, for a given m. The effects of changes in APM on the effort
level are now updated to

∂e
∂m

= −−γem(e,m) f (m;η)−γe(e,m) f ′(m;η)
−γee(e,m) f (m;η)−C′′(e) . (3.22)

Note that the denominator in (3.22) is always negative, which means that the sign of the
expression ultimately depends on the sign of its numerator, which again, depends on the mixed
partial derivative. The next proposition analyzes the conditions under which the optimal effort
of the pirate group increases in response to an increase in the level of protection on IP.

Proposition 3.3. The pirate’s optimal level of effort is increasing in the level of APM if and
only if one of the following cases holds:

(i) γem(e,m) ≤ 0 or;

(ii) 0 < γem(e,m) < A, where A = ∣ γe(e,m) f ′(m;η)

f (m;η)
∣.

Observe that γem(e,m) must be interpreted as the change in the marginal effect of effort on
the probability that the pirate does not succeed due to an increase in the APM level. The above
proposition states that more protection encourages the pirate group to increase its effort in two
cases. First, when the marginal effect of e on γ is non-decreasing in m (γem(e,m) ≤ 0) – recall
that γe(e,m) ≤ 0 –, we have that harder challenges make pirate’s effort more effective – or do
not make it less effective –, which in turn encourages them to exert more effort. Instead, when
the marginal effect of e on γ is decreasing in m (γem(e,m) > 0), the sign of ∂e

∂m depends on the
magnitude of the mixed derivative. If the effect of the changes in m on the marginal impact of
e on γ is small enough (less than A), than we continue to have the optimal effort as increasing
function of the APM level. When such an effect is large enough, then more protection implies
in lower levels of effort.

As long as one of the conditions in proposition 3.3 holds, harder protections act as a driv-
ing force to pirate’s attacks, that is, pirates will respond to further investment in protection by
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increasing their attacks. This replicates the Warez Paradox in Basamanowicz and Bouchard
(2011), which states that attempting to inhibit pirate activity by increasing protection only ends
up further encouraging attack attempts. This kind of behavior puts in perspective the effective-
ness of implementing technological defense mechanisms. In these cases, the IP owners could
consider implementing alternative strategies, such as cooperating on deterrent controls (such as
educational campaigns, Gopal and Sanders (1997)), or increasing the set of exclusive features
of the original version (that is, increasing the degradation rate in our model). Some companies,
such as Bandcamp (online platform for audio related arts) and GOG (a distributor of PC-based
games), have been advocating the sales of protection-free IPs altogether.

We can visualize the effects of prestige by extending our example. Assume that the prestige
function takes the form f (m;η) = expηm. Now, the equilibrium pair is given by the set of
equations below.

e(m∗) =
√

expηm∗ m∗−m∗,
⎛
⎝

1−ηm∗

2
√

expηm∗ m∗

⎞
⎠

∆Π

k
= 0. (3.23)

Note that if we set η = 0, in expression (3.23), we return to the baseline case. As the prestige
effect increases, a higher η depicted in cases A to C in 3.4, the payoff from making a successful
attack increases, and thus, changes the best-reply function. If the prestige effect is sufficiently
high, any increases in APM would be met by increases in attack efforts (such as in case C). The
net effects of prestige are, in relation to the baseline case, a reduction in the level of overall APM
investments followed by an increase in the level of attacks. Due to the complete information
structure of our model, the IP owner can perceive the possibility of entering the Warez Paradox
scenario, and as such, rationally chooses to reduce its level of protection investment (in relation
to the baseline case).

Fig. 3.4: Pirate’s reaction function and optimal anti-piracy investments, varying the prestige
effect. ∆Π = 0.85 and K = 0.5. (A) η = 0. (B) η = 0.5. (C) η = 2.2.

Source: Created by the author.



56

3.5 Concluding Remarks

In this paper we examined the strategic interaction between intellectual property (IP) owners
and pirate groups. As soon as a new product is released, a group of pirates attempt to generate
an unauthorized version of this product on the market by reverse engineering its anti-piracy
measures (APM). We focus on the groups who do this without intent of obtaining profits, that
is, they release their versions free of charge. The novelty of this paper is to endogenize the
activity performed by pirate groups, as the current piracy literature usually assumes that pirate
versions just exist. We implement this by allowing for two states of the world, with or without
piracy, where the arrival at one of the distinct states depends on the level of the pirate’s attack
attempts and the anti-piracy measures deployed by the IP owner.

In our baseline model, where the pirate’s objective is to obtain success in reverse engineering
the APM, we show that effort levels are increasing for low levels of protection, and decreasing
thereafter. The optimal APM investments, as expected, depend both on the expected profit gains
from blocking piracy as well as the investment cost. If the ratio of expected profits to costs is
sufficiently high, the IP owner is able to dissuade the pirate’s actions through these anti-piracy
measures.

We also consider pirate groups which are driven by challenge and attainment of prestige. As
the pirate’s sensitivity to challenge grows, any increment in APM is met by increasing levels of
attacks, which is an analytical representation of the warez paradox presented in Basamanowicz
and Bouchard (2011). This hints that in some cases, the IP owners could focus on different
strategies instead of implementing technological measures, such as increasing the set of ex-
clusive features of the original version. This extension also presents a unique addition to the
Contest literature, as there has been no application of a contest structure, to the best of our
knowledge, in which the payoffs of one participant are positively linked to an increase in the
effort exerted by its own competitor. There are a distinct number of approaches to expand our
model. One could consider the existence of competition among different pirates groups, which
would make our approach closer to its real world counterpart, this could be implemented as a
two-stage contest. It would also be interesting to explore the possible changes under a repeated-
game structure. Finally, one could also endogenize the investment in IP features, which in our
model could be seen as investing to further increase product degradation in the pirate version.
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3.7 Appendix

3.7.1 Proofs

Profit difference between states

We want to show that ∆Π ≡Π(p∗)−Π(p∗+) > 0.

Π(p∗) >Π(p∗+) ⇐⇒
c
v̄
<
√

α −α

Note that in the state with piracy, we have that:

Π(p∗+) >Π( c
1−α

) Ô⇒ c
v̄
< α(1−α)

1+α

As (1−α)α

1+α
<
√

α −α holds for all α ∈ (0,1), we have that c
v̄ <

(1−α)α

1+α
<
√

α −α . ∎

Fig. 3.5: Visualization of the parameter inequality condition.

Source: Created by the author.
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Existence of equilibrium

Given the properties of C(e) and γ(e,m), the pirate’s problem is well behaved.

−γee(e,m)−C′′(e) < 0 (3.24)

The IP owner optimization is well behaved if the following holds:

[γmm(e,m)+2γem(e,m) ∂e
∂m

+γee(
∂e
∂m

)
2

+γe(e,m) ∂ 2e
∂m2 ]∆Π−K′′(m) < 0 (3.25)

Note that, inside the brackets, the first term (γmm(e,m)) is negative by assumption and the
second term is negative by (3.14), thus, for (3.25) to hold, we must have that:

∂ 2e
∂m2 <

1
γe(e,m) [K′′(m)

∆Π
−γmm(e,m)−2γem(e,m) ∂e

∂m
−γee(e,m)( ∂e

∂m
)

2

] (3.26)

Assuming the above assumption holds, there exists a Subgame Perfect Equilibrium, (e(m∗),m∗),
which is defined by the pair of first-order conditions in (3.13) and (3.17).



60

4. The grass is greener on the other side:
R&D investments under heterogeneous
climate damage exposure

Abstract

In this paper, we design a non-cooperative R&D investment game into climate-
friendly technologies. The novelty of this paper is the implementation of asym-
metric characteristics of the countries involved, more specifically the fact that they
can be heterogeneously exposed to climate damage. On the baseline model, which
consists of two countries, we show that both countries will only invest in R&D if
their climate exposure is sufficiently close. As the R&D spillover parameter in-
creases, the more homogeneous the countries must be in order for both countries to
invest. If one of the countries has a sufficiently higher exposure, it will not engage
in research, as the payoffs of the R&D investments are offset by increases in local
climate damages. We also show that there are no free-riding incentives to the coun-
try when it does not invest in technologies. Finally, as we consider a three-country
case, we identify the formation of a non-cooperative research club, where countries
with similar exposure to climate damage simultaneously invest in research.

Keywords: Environmental innovation. R&D game. Externalities.
JEL classification: Q54, O31, D62.

4.1 Introduction

According to the Intergovernmental Panel on Climate Change’s Fifth Assessment report, it
is extremely likely that more than half of the observed increase in global average surface tem-
perature from 1951 to 2010 was caused by an anthropogenic increase in greenhouse gas (GHG)
concentrations, which includes gases such as as carbon dioxide, methane and nitrous oxide.
Current climate agreements, such as the Paris Accord, attempt to set a limit to global tempera-
ture increases by the year 2100 from 1.5°C to 2°C above its respective pre-industrial levels (The
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Core Writing Team. et al., 2014). Reaching this goal, however, requires an unprecedented level
of cooperation between different countries and organizations, and so far, insufficient aggregate
action has been taken: the current sum of NDC (Nationally Determined Contributions), emis-
sions reduction goals, would have to be tripled to align with a 2°C increase scenario (League
et al., 2019).

The difficulty in achieving coordination with respect to climate change is due to the mixture
of politics, social justice and general asymmetry of the problem. There is a mismatch between
the major contributors to global emissions and the effects of climate change. This misaligment
is both in geographical terms as an inter generational issue (Tanner et al., 2015). Due to the
public-good nature of the climate system and the lack of enforcement measures within climate
agreements to punish deviations from intended goals, there are also strong incentives to free-
riding (Nordhaus, 2015). These are growing concerns as we are nearing a threshold where
limiting the temperature increase may not be accomplished with emissions reduction alone,
but must also be combined with the development of new technologies (such as carbon dioxide
removal) which would likely involve large-scale coordination (Barrett, 2018).

In this paper, we build a game-theoretical model to study the strategic interaction between
countries in a noncooperative scenario where climate damage is heterogeneous. Our base model
is composed of two countries who must choose their investment in R&D in climate-friendly
technologies and then engage in an energy generation stage, whose emissions are affected by the
earlier investment. The emissions damages the environment and affects the countries differently.
We also consider the existence of a positive spillover effect that takes place if both countries
invest in R&D. Our contribution to the literature is twofold. One novelty is that we examine the
role of heterogeneity regarding climate damage exposure between countries, which allows us
to stay closer to the true asymmetric nature of the climate crisis1. This is based on the growing
effort in the literature to provide empirical evidence of such, for instance with the mapping of
changes in freshwater availability (Rodell et al., 2018), sea-level rise and flooding risks (Karim
and Mimura, 2008), as well as the creation and usage of climate exposure indexes in Busby
et al. (2013). Second, we also concentrate on the issue of noncooperation both in the energy
production and R&D stages. This is particularly interesting once we take into consideration the
hardships involved in actually implementing a Technologically-oriented Agreement (TOA) or
an International Environmental Agreement (IEA), such as the lack of enforcement capabilities
and free-riding incentives.

1The IPCC clearly distinguishes climate-change related terms such as (A) exposure: presence of resources in
places that could be adversely affected, (B) vulnerability: propensity to be diversely affected and (C) hazard:
climate-related physical events or their impacts (for a more complete definition, see the Emergent Risks and Key
Vulnerabilities chapter in Field (2014). We use these terms interchangeably in this paper, most notably exposure
and vulnerability. The interpretation we give to our variable, local climate exposure, is the group of factors which
deem a country to be more affected to the pervasive effects of climate change, whether they are actual physical
events (such as floods, droughts, sea level rise etc) or their consequences. The reader could interpret this as the
net effect (sum of adverse events minus existing resilience aspects). While these could be explicitly modeled, it
is our understanding that these would lead to a much more intractable model.
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The issue of cooperation or noncooperation within R&D investments is explored in the sem-
inal paper by D’Aspremont and Jacquemin (1988), from which we borrow the basic structure
of our model. While they implement a product competition stage, we utilize an emissions stage,
where the global damage is dependent on the sum of individual emissions. This setup is similar
to that of Rubio (2017), however their focus is on coalition formation and stability given ho-
mogeneous countries, while in our paper we give more attention to the two-country case while
allowing for heterogeneity. This setup is similarly explored in Heyen (2016), with a R&D stage
followed by technological deployment. They explore heterogeneity in technological deploy-
ment preferences, such as distinct preferred global temperatures between countries, promoting
the debate on geoengineering and counter-geoengineering, which is not within the scope of this
paper.

It is worthy to note that a growing strand of literature is focusing on the role of uncertainty
regarding the climate damage (see Baker and Adu-Bonnah (2008) , Baker (2009), Miao and
Hennessy (2014)). Experimental evidence in Barrett and Dannenberg (2014) suggests that if a
threshold for a catastrophic climate change could be identified (or if uncertainty was reduced
reduced), countries would be more willing to make efforts towards climate damage mitigation.
While we assume complete information, and thus do not tackle the effects of uncertainty, our
paper sheds some light on the fact that certainty regarding climate damage alone could end up
being insufficient for climate-friendly investment, as less exposed countries, acting on individ-
ual rationality, could disregard the climate damage on other regions.

Our model presents three main insights. In the baseline model, which consists of two coun-
tries, we show that they will both invest in R&D towards climate-friendly technology if their
climate exposure is sufficiently close. If a country has a sufficiently higher exposure, it will not
engage in research, as the payoff of a R&D investment are offset by an increase in local climate
damages. We show that there are no free-riding incentives to the country which does not invest
in technologies. Finally, as we consider a three-country scenario, we identify the formation
of a non-cooperative research club, where countries with similar exposure to climate damage
simultaneously invest in research.

This paper is organized as follows. We build the baseline model in section 4.2, where we
also analyze its equilibria. Section 4.3 extends the model by incorporating multiple countries.
Section 4.4 concludes and suggests some guidelines for future extensions.

4.2 Baseline model

The model is comprised of two stages. In the first stage, the countries choose the amount of
resources to be invested in R&D, xi, where the subscript denotes the respective country. This in-
vestment has a quadratic cost structure and reduces the emissions created by energy production,
ei(qi,xi,x j). In the second stage, the countries then define their energy production level, qi. We
do not consider distinct sources of energy, and as such, we do not differentiate between clean or
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dirty energy. An interpretation is that energy in our model is at least somewhat dirty. As such,
while producing energy has a local benefit to the country, there is a climate-related cost associ-
ated with it through the emissions it generates, which is amplified by a country-specific damage
parameter, di. This cost represents the exposure to climate damages, and can encompass factors
such as vulnerability to floods, storms, level of existing infrastructure. One could interpret this
as the overall level of resiliency of the country to climate-related changes. An example of a
region with a high di could be one of the Small Island Developing States (SIDS).

The general multi-stage problem of the model, for country i, is given by

Max
xi

(Max
qi

√
qi−di (ei(qi,xi,x j)+e j(q j,xi,x j)))−

cx2
i

2
S.T qi,q j,xi,x j ≥ 0, (4.1)

where each countries’ emissions take the form of

ei(qi,xi,x j) =
qi

1+xi+γxix j
. (4.2)

In expression (4.2) we show the relationship between energy production and emissions.
While an increase in energy production generates emissions, the magnitude of this effect is
inversely related to R&D investments, which makes the energy process more climate-friendly.
That is, the investments reduce the marginal emissions costs associated with the energy produc-
tion, but do not affect the climate exposure parameter, di. We consider the existence of a R&D
spillover effect, whose strength is measured by γ > 0. Note that this spillover is active as long as
both countries invest in technology, that is, a country must have an active research hub to actu-
ally capture a parcel of the other countries’ technological advances. Intuitively, this means that
a country must be some installed know-how before it can benefit from the spillover. One could
interpret the denominator in this equation as the country’s aggregate level of climate-friendly
technology: if no R&D investment is performed, xi = x j = 0, the volume of emissions is equal to
that of energy production, however, as (xi,x j)→∞, we would get a technology level which is
completely climate-friendly and thus, do not generates emissions.

4.2.1 Equilibrium

As our model is a finite dynamic game with complete information, the solution concept
used is Subgame Perfect Equilibrium, which we obtain through Backward Induction. It is
straightforward to show that the optimal energy production at the second stage, for country i, is
given by

q∗i (xi,x j) = (1+xi+γxix j

2di
)

2

, (4.3)

which is dependent on R&D investments on both countries and the local climate damage. An
increase in research allows for a higher energy production: this occurs as the marginal emission
cost associated with the local energy generations are lowered. This effect is balanced by the
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country’s local exposure to climate damages, as any increases in emissions, no matter how
small, generate further damages.

The best-reply function for the R&D investment of country i, obtained through the opti-
mization of the first stage of the problem in (4.1), which takes into account the optimal energy
production functions (4.3) , is given by

x∗i (x j) =max
⎛
⎝

1+γx j

2cdi
− 1+γx j

4cdi
− γx jdi

4cd2
j
,0

⎞
⎠
. (4.4)

x∗i (x j) =max
⎛
⎝

1
4c

⎛
⎝

1+γx j

di
− γx jdi

d2
j

⎞
⎠
,0

⎞
⎠
. (4.5)

The first term of the non-null function in (4.4) captures the utility gains derived from an
increase in energy production. The second term presents the losses due to the increase in emis-
sions within country i, while the last term captures losses due to the change of emissions at
country j. We can write the pair of best-reply functions for i and j as

x∗i (x j) =max
⎛
⎝

d2
j +γx j(d2

j −d2
i )

4cdid2
j

,0
⎞
⎠
. (4.6)

Note that in expression (4.6), i’s best-reply function to j′s investment is largely dependent
on the difference of their respective exposures to climate damage. As an exercise, let us consider
that di = d j, then xi is not sensitive to changes in x j, and we get case (A) in figure 4.1. If d j > di,
i’s best-reply function is increasing with respect to j’s investment with the opposite occurring
for j’s function, case (B). If di > d j, we get case (C), where i’s best-reply function is decreasing
with respect to j’s investment.

Fig. 4.1: Shapes of the best-reply functions under varying {di,d j}. (A) d j = di, (B) d j > di , (C)
d j < di.

Source: Created by the author.
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Finally, the optimal research investment for country i, xi, is given by

x∗i =max
⎛
⎝

4cd2
i d3

j +γd2
i (d2

j −d2
i )

16c2d3
i d3

j −γ2(d2
i −d2

j )(d2
j −d2

i )
,0

⎞
⎠

(4.7)

Note that the denominator in expression (4.7) is always positive, for all (di,d j) ∈R>0. Thus,
a country’s optimal research investment is positive as long as its respective numerator in (4.7)
is positive. As these results are symmetric, we obtain the following conditions:

x∗i > 0 ⇐⇒ di < d j
⎛
⎝

√
4cd j

γ
+1

⎞
⎠
≡

¯
d j, (4.8)

x∗i > 0 ⇐⇒ γ

4c
<

d3
j

d2
i −d2

j
(4.9)

x∗j > 0 ⇐⇒ d j < di
⎛
⎝

√
4cdi

γ
+1

⎞
⎠
≡

¯
di. (4.10)

In expressions (4.9)-(4.10), we have that a country only invests in R&D if its own exposure
to climate damage is sufficiently close to the other country’s exposure (di < ¯

d j for country i or
d j < ¯

di for j). Both countries will invest if and only if their climate exposures are within their
respective thresholds. The size of this area is inversely related to the spillover strength, which
is stated on proposition 4.1, whose proof is in the appendix.

Proposition 4.1. Let Λ(γ) = {(di,d j) ∈R2
+ ∶ di < d j,d j < di} represent the area in which both

countries invest in R&D. Then, if γ1 > γ2, we have Λ(γ1) ⊂ Λ(γ2). In other words, the higher
the spillover effect the lower the chance of an equilibrium in which both countries invest in
R&D. In the limit, when γ →∞, we have Λ(∞) = {(di,d j) ∈R2

+ ∶ di = d j}, such that they both
invest in R&D only if are identical.

The above result states that, the higher the spillover effect, the more homogeneous the two
countries must be in terms of damage exposure in order for both to invest (x∗i > 0 and x∗j > 0).
The intuition behind proposition 4.1 is the fact that the spillover acts as a multiplier to the
technology level available to the countries, and the net effect of this multiplier can either be
positive, or negative with respect to the higher exposed country. First, while the countries are
sufficiently similar (as defined by proposition 4.1), the net effect of investing in research and
producing additional energy is positive for both countries. However, note that the less exposed
country always acts as the research-driver:

di < d j ⇒ x∗i > x∗j .
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This difference, x∗i − x∗j increases with the magnitude of the spillover2, up to a point where
the higher exposed country is better off not engaging in research and thus, not allowing the
multiplier to take place. This effectively limits the negative effect from additional emissions
from the higher exposed country.

Using conditions (4.9)-(4.10), we obtain the following equilibrium pairs for R&D:

(x∗i ,x
∗
j ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(0, 1
4cd j

), if (di > ¯
d j)∧(d j < ¯

di)

( 1
4cdi

,0), if (di < ¯
d j)∧(d j > ¯

di)
( 1

cd ,
1
cd ), if (di = d j = d)

eq (4.7), if (di,d j) < (
¯
d j, ¯

di)

(4.11)

We can visualize the four possible scenarios of (4.11) in figure 4.2. Let us consider the
corner solutions first. If a country’s climate damage exposure is sufficiently larger than the
other, it will not engage in climate-friendly research, as the pay-off of doing so (increased
energy production) is offset by a subsequent increase in climate damage. This equilibrium
is represented in the orange-shaded area, when i does not invest in R&D, and blue-shaded
area, respectively for j. As the spillover increases, this negative emissions effect intensifies
the possible increase in local damage, enlarging the corner solution areas. This result can be
observed graphically as we move from A to C in figure 4.2.

Now let us consider the cases where both countries invest in R&D simultaneously in (4.11),
which occurs when their exposures to climate damage are sufficiently close. This is delimited
by the green-shaded region around the 45 degree line. The size of this area is now inversely
dependent on the spillover, as stated in proposition 4.1: as the parameter increases, the area
decreases. This can be seen as we move from A to C in figure 4.2. In the limiting case, as γ →∞
both countries will invest simultaneously if and only if their climate damage is homogeneous.

Fig. 4.2: R&D equilibrium regions varying the spillover parameter. (A) γ = 1, (B) γ = 100, (C)
γ →∞.

Source: Created by the author.

2Note that
∂(x∗i −x∗j )

∂γ
> 0, when {(di,d j) ∈R2+ ∶ di < ¯

d j,d j < ¯
di,di < d j}.
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Finally, we also find that there is no free-rider incentives to the noninvestor in a corner
solutioncountry who does not invest in R&D. Consider the corner solution where xi = 0 and
x j > 0, the first case in expression (4.11): an increase in j’s investment diminishes the non-
investor’s utility:

∂Ui

∂x j
∣
xi=0

= 1
2
√

qi

∂qi

∂x j
− di

4d2
i

γxi−
di

4d2
j
(1+γxi)

= − di

4d2
j
< 0.

(4.12)

Our assumption that spillovers are only in effect when both invest implies that an increase
in j’s investment does not affect the first two terms in (4.12), that is, the change in utility due
to energy production balanced by the local emissions effect. This leaves us with the last term,
the emissions effect from country j, which is negative. Intuitively, in this corner solution, there
are increases in j’s volume of emissions, which directly harms i. This effect highlights another
aspect of the climate crisis asymmetry: not only the countries are already heterogeneously
affected by the climate damage, but individual rationality can even aggravate the situation.

Corollary 4.2.1. If a country does not invest in R&D, it is worst off as investments in the other
country increases: Ui(0,x′j) <Ui(0,x j) for any x′j > x j.

4.3 The case of multiple countries

Suppose now that there are n countries, where each of them choose their level of energy
production and research investment, while also being affected by the global level of emissions.
Each country then solves its respective problem:

Max
xi

⎡⎢⎢⎢⎢⎣
Max

qi

√
qi−di

⎛
⎝

n
∑
j=1

e j(q j,x1, . . . ,xn)
⎞
⎠

⎤⎥⎥⎥⎥⎦
−

cx2
i

2
S.T q j,x j ≥ 0, j = 1,2, . . .n. (4.13)

where emissions are determined by

ei(qi,x1, . . . ,xn) =
qi

1+xi+xi∑n
j≠i γi jx j

(4.14)

and γi j = γ ji, which measures the spillover between countries i and j. The optimal energy
production at the second stage in this case is given by

q∗i (x1, . . . ,xn) = (
1+xi+xi∑n

j≠i γi jx j

2di
) , (4.15)

which is dependent on R&D investments on all countries and the local climate damage. An
increase in research in any country, as long as xi > 0, will enable it to increase its energy pro-
duction. This is balanced by its local exposure to climate damage. Now, i’s best-reply function
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is given by

x∗i (x−i) =
1

4cdi

⎡⎢⎢⎢⎢⎣
1+

n
∑
j≠i

γi jx j
⎛
⎝

d2
j −d2

i

d2
j

⎞
⎠

⎤⎥⎥⎥⎥⎦
, (4.16)

where if we set n = 2, we get the same result as the baseline case in (4.6).
One can show that the interior equilibrium of the game with n countries is given by the

following system:

x∗i =
1+γ (X −d2

i X̂)
4cdi−γ(d2

i −1)
(4.17)

X =
n
∑
i=1

1+γ (X −d2
i X̂)

4cdi−γ(d2
i −1)

(4.18)

X̂ =
n
∑
i=1

⎡⎢⎢⎢⎢⎣

1
d2

i

⎛
⎝

1+γ (X −d2
i X̂)

4cdi−γ(d2
i −1)

⎞
⎠

⎤⎥⎥⎥⎥⎦
. (4.19)

The main results to be extracted from continuing this analysis are related to the strategic
interaction among groups of countries who exhibit sufficiently similar damage exposure and
the formation of research clubs. Although it is possible to analyze the case of a large number of
countries, the complexity quickly grows whereas the qualitative results do not deviate from the
following three player example, which we consider sufficiently informative.

4.3.1 An example with 3 countries

Let us consider the case where there are three countries, specifically where d2 = d3 = d and
d1 = Ad, with A > 0. That is, two of them have identical climate exposure (2 and 3), while 1 has
an heterogeneous exposure, in which we use A as a metric to define its relation to the others: if
0 < A < 1, country 1 is less exposed than the others, if A > 1, it is more exposed. We will also
assume that γi j = γ , for simplicity. This results in the following set of reaction functions:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

x1(x2,x3) = 1
4cdA [1+γ(1−A2)(x2+x3)]

x2(x1,x3) = 1
4cd [1+γ(A2

−1
A2 )x1]

x3(x1,x2) = x2(x1,x3)

(4.20)

Solving by substution yields:

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

x∗1 =
A2

[4cd+2γ(1−A2
)]

2[8c2d2A3−γ2(1−A2)(A2−1)]

x∗2 = 1
4cd [1+γ (A2

−1
A2 )x∗1]

x∗3 = x∗2

(4.21)

Proposition 4.2. There exists A3 > A2 > A1 > 0, such that:
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(i) if A < A1 < 1, then x∗1 > x∗2 = x∗3 = 0;

(ii) if A1 < A < A2 < 1, then {x∗1 ,x
∗
2 ,x

∗
3} > 0, with x∗1 > x∗2 = x∗3 > 0;

(iii) if A2 < 1 < A < A3, then {x∗1 ,x
∗
2 ,x

∗
3} > 0, with x∗1 < x∗2 = x∗3 ;

(iv) if A3 < A, then x∗1 = 0 < x∗2 = x∗3 .

In the first two cases of the proposition above, notice that 0 < A < 1, that is, country 1 is
less exposed than the others. As in the baseline case, if it is sufficiently less exposed than 2
and 3, it will perform research alone (case i), but as this distance decreases, the other countries
will start to engage in research (case ii). Country 1 will perform less research when its climate
exposure becomes larger (A > 1) in case (iii), and eventually stop altogether if it becomes suffi-
ciently larger (the last case). The intuitive result of this extension is that homogeneous climate
exposure generates a kind of clustering of countries regarding R&D investment. Particularly,
heterogeneously higher exposed countries will not engage in research (or invest less), while less
exposed groups of countries will be the drivers of research investment. This could be interpreted
as a kind of non-cooperative research club.

4.4 Concluding Remarks

We consider the existence of heterogeneous exposure to climate damage between countries
and its effects on climate-friendly R&D investments. Our model brings three main findings.
First, the equilibrium where both countries invest in R&D occurs when their climate exposure
is sufficiently close. This situation is magnified by the spillover parameter: as the spillover
increases, the more homogeneous the countries must be in order for both of them to engage in
research. A country sufficiently exposed to damages will not engage in research, as the benefits
of an increased energy production is offset by the local damages, as well as the possible damages
generated by additional emissions from the less exposed country. The second result is that there
is no free-rider effect when the country does not invest in technology: an increase in research
at the higher exposed country (for instance, due to a parameter change), ends up harming the
non-investor through climate damages. Finally, as we expand this analysis to a three-country
scenario, we identify the possibility of a non-cooperative research club, where countries with
similar exposure to climate damage simultaneously invest in research.

Our model can be extended in several ways. An alternative is to implement aspects of uncer-
tainty, such as modeling climate exposure as a random variable whose distribution is known, or
having uncertain payoffs to research. Finally, it seems promising to explore the welfare-related
issues imbued in this heterogeneous structure.
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4.6 Appendix

4.6.1 Proofs

Proposition 4.1

Proof. We are interested in the area between the curves defined by equations di = d j

√
4cd j

γ
+1

and d j = di

√
4cdi

γ
+1. Given that

di = d j

√
4cd j

γ
+1 > d j (4.22)

d j = di

√
4cdi

γ
+1 > di, (4.23)

the area can be split into the one between di = d j

√
4cd j

γ
+1 and di = d j, and the one between

d j = di

√
4cdi

γ
+1 and di = d j. In other words, we have

Λ(γ) = ∫
+∞

0

⎛
⎝

d j

√
4cd j

γ
+1−d j

⎞
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d (d j)+∫
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⎛
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√
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γ
+1−di

⎞
⎠

d (di). (4.24)
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Now, observe that

∂Λ
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⎤⎥⎥⎥⎥⎥⎦
< 0, (4.25)

which shows that the area is decreasing in γ . Finally, because both di and d j are decreasing in
γ , and limγ→∞di = d j and limγ→∞d j = di, it is the case that if γ1 > γ2, we have Λ(γ1) ⊂ Λ(γ2),
and Λ(∞) = {(di,d j) ∈R2

+ ∶ di = d j}. ∎
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5. Conclusion

This thesis contains essays on three distinct, but relevant, contemporary economic topics.
First, I present an auditing game between an institute which is collecting information on the
true state of the world and a respondent which must report this state. The provision of precise
information by statistics institutes is relevant to any policymaker, whether of public or private
nature, and the rising difficulties faced by these institutes in this process motivates our exposi-
tion. Our model allows us to perform both an positive and normative analysis of the primary
data collection scenario. For instance, it shows the rationale behind respondents who misreport
their information, as well as the possible free-riding effect in a multi-respondent case. I also
show how auditing procedures and fines can be used as substitute instruments in improving
efficient information collection.

The second essay is an analytical model of the interaction between intellectual property
(IP) owners and pirate release groups. The baseline results are as expected: the pirate’s attack
levels are increasing for low levels of protection and decreasing thereafter, as they initially only
seek to obtain success in removing the protection, while investment in technological measures
is dependent on the prize that blocking piracy entails. The main insight is when pirates take
into consideration the effects of prestige: as the pirates grow more sensitive to it, investment in
technological measures can be deemed as ineffective, as further protection only elicit increasing
pirates attacks. If IP owners are operating under this scenario, alternative strategies should
be contemplated, such as investment in deterrent controls and increasing the set of exclusive
features of the original version.

In the third essay I explore the case of a non-cooperative R&D investment game on climate-
friendly technologies when two countries are heterogeneously exposed to climate damage. In
the baseline case, both countries invest if their climate exposure is sufficiently close. A country
that is more exposed can end up not engaging in research, as the benefits of an increased energy
production can be offset by the local damages. As we consider more countries, research clus-
ters can be formed if they are similarly exposed, resembling a non-cooperative research club.
These findings further reinforce the importance of taking into consideration the asymmetric
characteristics underlying the climate change problem.
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