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Abstract
White dwarfs stars are by far the most common outcome of stellar evolution, being the
final product of more than 95% of all stars in the Milk Way. During their evolution,
the white dwarf stars cross several zones known as pulsational instability strips. This
allows us to study the white dwarf stars through asteroseismology, which is a technique
that exploits the comparison between observed periods and the periods computed using
theoretical models. With asteroseismology, we can study the evolutionary and structural
properties of pulsating stars. For white dwarf stars ,it is a powerful tool to estimate the
mass of hydrogen and helium envelopes and to infer the stellar mass with accuracy. In this
work, I present an asteroseismological study of 40 massive variable DA white dwarf stars
known as ZZ Ceti stars. The sample has spectroscopic masses above 0.74M and includes
SDSSJ181222.74+432107.6, the new massive ZZ Ceti discovered within the TESS mission.
To this end, I updated the grid of fully evolutionary carbon-oxygen core DA white dwarf
models generated using LPCODE, adding ∼500 sequences in the white dwarf cooling curve.
For each stellar mass, I expanded the model grid in hydrogen envelope mass, in steps of 0.1
on a logarithmic scale for log(MH /M? ) from -4 to -6, and in steps of 0.5 for values below.
In addition, three new cooling sequences with white dwarf masses of 0.8, 0.86 and 0.9 M
were included, in order to fill some gaps in the stellar mass present in the original grid. I
study the distribution of log(g), effective temperature, and hydrogen envelope thickness.
The mean value of the sample for the asteroseismological mass is hM? isis = 0.84 ± 0.04M ,
which is in excellent agreement with the value obtained for the mean spectroscopic mass
hM? ispec = 0.84 ± 0.07M . The mean hydrogen envelope mass of hMH i = 9 × 10−7 M? . For
36 out of the 40 stars analyzed, I have found a best-fit model with less hydrogen than that
predicted by standard evolutionary computations. I also conclude that the DAVs in the
domain of thick envelopes usually have less hydrogen than what was expected by the prior
evolution.
Key words: white dwarfs. zz cetis. variability. asteroseismology. stellar evolution.

Resumo
As estrelas anãs brancas são o resultado mais comum da evolução estelar, sendo o produto
final de mais de 95% das estrelas da nossa Galáxia. Durante a sua evolução, as estrelas
anãs brancas atravessam diversas zonas conhecidas como faixas de instabilidade, em que
essas estrelas irão apresentar pulsações. Isto nos permite estudar as estrelas anãs brancas
através da asterosismologia, que é uma técnica que explora a comparação entre períodos
observados e períodos calculados, usando modelos teóricos. Com a asterosismologia, nós
podemos estudar as propriedades evolucionárias e estruturais das estrelas pulsantes. Além
disso, ela também é uma poderosa ferramenta para determinar a massa de envelopes de
hidrogênio e de hélio, assim como para inferir massas estelares com acurácia. Neste trabalho,
eu apresentou um estudo asterosismológico de 40 anãs brancas massivas DA variáveis,
conhecidas como estrelas ZZ Ceti. A amostra possui massas espectroscópicas acima de
0.74M e inclui a estrela SDSSJ181222.74+432107.6, a nova ZZ Ceti massiva descoberta
na missão TESS. Para este fim, eu atualizei uma grade de modelos completamente
evolucionários de anãs brancas DAs com núcleo de carbono e oxigênio calculados através
do LPCODE, adicionando ∼ 500 sequências para a curva de esfriamento das anãs brancas.
Para cada massa estelar, eu atualizei a grade de modelo adicionando novas massas para o
envelope de hidrogênio em passos de 0.1 em escala logarítmica para log(MH /M? ), partindo
de -4 até -6, e em passos de 0.5 para valores abaixo disso. Além disso, três novas sequências
de esfriamento com massas de anã branca de 0.8, 0.86 e 0.9 M foram incluídas para
preencher uma lacuna na massa estelar da grade original. Eu estudei a distribuição de
log(g), temperatura efetiva e espessura do envelope de hidrogênio. O valor médio obtido
para massa asterosismológica da amostra foi de hM? isis = 0.84 ± 0.04M . Este valor
está em excelente concordância com o valor médio para a massa espectroscópica que é
de hM? ispec = 0.84 ± 0.07M . O valor médio obtido para a massa de hidrogênio foi de
hMH i = 9 × 10−7 M? . Em 36 das 40 estrelas analisadas, eu encontrei um modelo de melhor
ajuste com menos hidrogênio do que o esperado por cálculos evolucionários. Conclui-se
que as estrelas ZZ Ceti, no domínio de envelopes espessos, possuem menos hidrogênio do
que o esperado pela evolução prévia.

Palavras-chave: Anãs brancas. zz cetis. variabilidade. asterosismología. evolução estelar.

Press Release
Você já ouviu falar nas estrelas anãs brancas? Essas estrelas são o que restam depois
que estrelas como o Sol morrem e, em geral, é possível descrever com muita precisão seu
comportamento. São objetos muito estudados por diversos grupos de pesquisa ao redor
do mundo. Essas estrelas possuem mais ou menos o tamanho do nosso planeta e, além
disso, são objetos bastante comuns no universo. Recentemente, a missão GAIA da Agência
Espacial Europeia (ESA), que busca mapear o céu determinando a distância das estrelas,
publicou dados de cerca de 230 000 anãs brancas, muitas delas nunca antes observadas.
Embora sejam pequenas, essas estrelas abrigam muita informação sobre diversas áreas da
física em seu interior. Como por exemplo, informações sobre física de partículas, física de
plasmas e altas energias, além da astronomia. Em geral, as informações obtidas com essas
estrelas seriam impossíveis de serem obtidas com os laboratórios que possuímos aqui na
Terra.
Toda a informação que temos das estrelas anãs brancas é obtida através da luz que elas
emitem. Em grandes telescópios aqui na Terra, ou até mesmo no espaço, a luz que provém
desses objetos é coletada e processada para que seja possível realizar estudos utilizando
esses dados. Através desses dados, por exemplo, é possível obter a informação do período
de pulsação das estrelas ZZ Ceti, que são um tipo específico de estrela anã branca pulsante.
Os períodos de pulsação, aliado a uma técnica chamada de asterosismologia, permitem
obter diversas informações dessas estrelas, como sua massa, temperatura e quantidade de
hidrogênio.
Para obter essas informações através da asterosismologia é necessário que se realizem
simulações, o que torna possível comparar os períodos que são observados com os períodos
obtidos por modelos no computador. No meu trabalho de mestrado, sob orientação da
Prof Dra. Alejandra Romero e do Prof Dr. Kepler de Oliveira, eu estudei esses objetos
buscando determinar as propriedades de um grupo de 40 ZZ Cetis, como sua distribuição
de massa, quantidade de hidrogênio e temperatura. Um dos resultados que obtive através
desse estudo foi de que essas estrelas possuem uma menor quantidade de hidrogênio do
que o esperado.
Além disso, eu espero que as simulações que realizei neste trabalho possam ajudar
diversas outras pesquisas no futuro, melhorando não só nossa compreensão sobre as
estrelas anãs brancas, mas também ajudando a montar os blocos que formam nossa
compreensão do universo.
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1 Introduction
1.1 Stellar evolution
Stars are formed from a massive interstellar cloud of gas and dust. This cloud
will remain in hydrostatic equilibrium as long as the gas pressure is in balance with the
potential energy of the internal gravitational force. If the cloud has a mass above a mass
limit called the Jeans Mass (around 10 000 M for low metallicity), the cloud will collapse
due to gravity. During the collapse, several protostellar clouds are formed by fragmentation.
These clouds will contract until the gas becomes hot enough for the internal pressure to
support further gravitational collapse. The resulting object is known as a protostar. For
protostars with masses lower than 0.08 M , depending on metallicity,1 the temperature
required to start the hydrogen-burning (∼ 106 K) is never reached. In this case, the
contraction stops when the matter becomes degenerate, forming what it is called a brown
dwarf.2 For protostars with masses above 0.08 M , the central region will become dense
and opaque and it will reach the temperature necessary to burn hydrogen into helium. If
that happens to occur, the gravitational contraction becomes balanced by the pressure
exerted by the nuclear reactions and the protostar soon enters the Main Sequence (MS).
When the stars are burning hydrogen into helium and are in hydrostatic equilibrium,
they are in the Main Sequence, the longest evolutionary stage in the life of the stars. The
time that a star expends in the main sequence is related to its mass. A rough estimate of
the time spent in the main sequence is given by
tM S ≈ 10

10

M
M

!−2

years

(1.1)

This holds for stars up to ∼ 3 M , but can be a good estimate up to ∼ 60 M if the
effects of metallicity are ignored. The higher the metallicity, the longer the time spent in
the main sequence, due to the increase in the opacity that decreases the luminosity of
the star. For instance, a star with an initial mass of 20 M has a lifetime in the MS of 1
million years, while a 1 M star has a lifetime of 10 billion years.
After a star is formed, its temperature and luminosity continuously change over
time. These two quantities are very important, being used to track the evolution of the
stars. Figure 1 shows a Hertzprung-Russel diagram in which the effective temperatures of
the stars are plotted as a function of their luminosity. Where a star will be placed in an
HR diagram depends mainly on its mass and evolutionary stage. Due to this, the stars of
1
2

in Astronomy, all elements heavier than helium are historically referred to as metals
This section is based on the book "Stellar Structure and Evolution", Kippenhahn, Rudolf, Weigert,
Alfred, Weiss, Achim, 2012 [10]
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Chapter 1. Introduction

Figure 1 – Hertzprung-Russel diagram where the effective temperature of the stars are
plotted in function of their luminosity. The position of a star in the diagram
provides information about its present stage and mass. The colors represent
different masses at zero age main sequence.
different masses and ages populate distinct regions of the HR diagram The hot and blue
stars are placed on the left whereas the cold and red stars are placed on the right. The
diagonal stripe in the diagram is the main sequence. The massive stars, which have blue
or even white colors, are located in the upper left end of the main sequence, while the
intermediate-mass stars, which have a yellow color, like the Sun, are found in the mid-way.
Low mass stars, characterized by a red color, are found towards the lower right.
For stars with masses up to 1.25 M the fusion channel is the proton-proton (p
- p) chain reaction, in which protons are directly combined to form helium. Above this
mass, for stars with non-zero metallicity, the nuclear process mainly uses atoms of carbon,
nitrogen and oxygen as intermediaries in the CNO cycle.
The central burning of hydrogen ceases when the star has converted 10% of its
initial mass into helium. This is the so-called Schoenberg-Chadrasekhar limit [11], and
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Figure 2 – Evolutionary paths that a single star may follow according to its mass. Extracted
from Gabriel Lauffer Master Dissertation (2018) - Universidade Federal do Rio
Grande do Sul
once it is reached, the internal pressure will not be enough to balance the gravitational
collapse, and the star starts to contract. During the contraction, half of the energy will
be released, according to the virial theorem, which causes the outer layers of the star to
expand. This expansion of the envelope reduces the effective temperature and the star
goes to the Red giant branch (RGB) phase. The decrease in the temperature causes the
radiative transport become not enough to maintain the radiative equilibrium. Due to this,
the star becomes almost fully convective, approaching the Hayashi limit, where stars are
fully convective [12]. In this stage, the stars have their luminosity increased at an almost
constant effective temperature. The shell around the inert helium core is still burning
hydrogen, which increases the mass of the core. The growth of the core mass results in
contraction and an increase in its temperature. When the core temperature reaches ∼
108 K, the burning of helium into carbon via triple-α process starts. This stage in stellar
evolution is called Horizontal Branch (HB), which is similar to the main sequence, but
helium is burnt in the core, instead of hydrogen.
What happens after the helium-burning stage depends on the mass and metallicity
of the star at the beginning of the MS. Considering single stellar evolution (as along all
this work) and solar metallicity, the stars can be divided into three main evolutionary
paths, shown in Figure 2: the stars in the mass range of 0.08M ≤ M ≤∼ 12M , those
with masses between ∼ 12M ≤ M ≤ 25M and the ones with M ≥ 25M .
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The stars in the mass range of 0.08M ≤ M ≤∼ 12M develop a degenerate and
inert core of carbon and oxygen, surrounded by a helium layer. Once there are no nuclear
reactions in the core, the core contracts and the envelope expands. With the expansion
of the envelope, the luminosity increases and the star reach the Asymptotic giant branch
(AGB).
During the AGB, the scenario is similar to that presented in the RGB, but instead
of only one energy source, there are two: the one originating from the hydrogen-burning
layer; and another one from the helium burning layer which surrounds the inert carbon
and oxygen core. With time, the helium burning layer becomes thinner, triggering an
unstable energy production. These instabilities mark the beginning of the thermal pulse
stage. As the star goes through the AGB, the core mass increases due to the constant
deposit of carbon and oxygen by the helium burning layer. In addition, a large amount
of mass is lost due to mass loss in the form of stellar wind. The thermal pulses produce
periods of high mass loss, resulting in detached shells of circumstellar material. A star
may lose 50 to 70% of its mass during the AGB phase. What it is left is a degenerate
object with a small hydrogen and helium envelope, that has approximately the size of
the Earth. The material that was ejected forms what it is called Planetary Nebula, which
will shine for tens or even hundreds of years due to ultraviolet radiation coming from the
central remaining object. When the gas dissipates and gets lost in the interstellar medium,
what it is left is a White Dwarf star (WD).
For the stars with masses between ∼ 11 M and 25 M the carbon/oxygen core
does not become degenerate. The contraction of the core will be enough for it to reach the
temperature of carbon fusion (∼ 109 K). Then, the star evolves burning all the elements
heavier than carbon until iron is synthesised. When the star forms iron, it cannot generate
energy via nuclear fusion, since the binding energy of iron is maximal. At this point, the
only energy source is the gravitational contraction, which increases the temperature and
causes the disassociation of the atomic nuclei into protons and neutrons. With the increase
in the density, the protons capture the electrons to form neutrons, emitting neutrinos. At
some point, the neutrons will form a degenerate gas. The gas becomes incompressible and
stops the gravitational collapse of the outer layers. The result of this process is a shock
wave which, allayed with the neutrinos emission, transfers momentum to the envelope and
ejects the outer layers into a Supernova (SN) explosion that shines for a couple of minutes.
The remaining object is a degenerate core composed of neutrons.
Stars with masses above 25 M expend most of their evolution as Wolf-Rayet stars,
which are very luminous objects. The stars in this mass range have strong convection, thus,
the processed material from the core gradually reaches the surface. When in a sufficient
amount, these materials absorb all the incoming radiation, creating strong winds. These
winds cause a mass loss rate of 10−5 - 10−5 M /year. The physical processes inside stars
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with masses above 25 M are believed to be similar as in stars in the mass range of
∼ 12M ≤ M ≤ 25M , with the iron core leading to a supernova event. However, in this
case, the mass of the core is too high and the pressure due to the neutron degenerate gas
is not enough to balance the gravitational collapse. The contraction of the core leads to
the formation of a Black Hole.

1.2 White Dwarf Stars
White dwarfs are by far the most common outcome of stellar evolution. They
represent the final stage of all-stars with an initial mass lower than 7 - 11.8 M , depending
on their metallicity [13, 14, 15, 16]. We can directly estimate the expected percentage of
white dwarf stars in the Galaxy using the Salpeter Initial Mass Function [17]. Considering
the upper limit for the solar metallicity M = 12M and the IMF for the stars in the solar
neighborhood ξ(M) = 0.06M−2.35 , we have:
0.06
(0.1−1.35 − 12−1.35 ) = 0.993,
1.35
0.1
which implies that 99% of the stars in the Galaxy will become white dwarf stars.
Z 12

0.06M −2.35 dM =

(1.2)

Most of the white dwarf stars start their lives surrounded by a planetary nebula at
very high temperatures. Since at this point the star has no considerable energy source, it
begins to cool down. The degenerate core prevents any gravitational contraction, leading
to an evolution with an almost constant radius. The degeneracy in the core is responsible
for the singular characteristic of the white dwarfs to have have their radius inversely
proportional to the mass. This implies that a white dwarf with a higher mass will be
smaller than one with a lower mass. The existence of a mass limit that no white dwarf
star can exceed without collapsing is also a consequence of electron degeneracy. This mass
limit is known as the Chandrasekhar limit, with a value of ≈ 1.4M , when the electron
velocity approaches the speed of light.
Also because of the electron degeneracy, white dwarfs have an almost isothermic
core. Despite that, the variation of the temperature between the center and the surface of
the white dwarfs can reach ∼ 107 K. The large temperature difference between the surface
and the core occurs mainly in the envelope of the star. In cold stars, this temperature
gradient opens the way for the formation of convective zones in the surface. The cooling
rate of white dwarfs is therefore directly affected by the presence of convection. This occurs
when the convective zone reaches the degenerate core, which increases the flow of energy
through the envelope when compared to the case of a pure radiative transport.
White dwarfs with low temperatures, typically lower than 10 000 K, depending on
the mass, experience the phenomenon of crystallization. With the cooling of the star, the
ions, which are completely decoupled from the electrons, start to lose their kinetic energy,
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initiating a series of phase transitions. During the crystallization process, the cooling rate
of the star goes down in response to the release of a new energy source, the latent heat.
This is the last energy source of a white dwarf. When it is over the white dwarf will cool
until it disappears as a black dwarf, on a timescale much larger than the present Hubble
time
The core of white dwarfs with masses in the range 0.4-1.05 M should be composed
of carbon and oxygen (C/O). In contrast, the progenitors of white dwarfs with masses
higher than ≈1.05 M probably reach stable carbon-burning, producing an oxygen/neon
(O/Ne) or neon/oxygen/magnesium (Ne/O/Mg) core [13, 15, 16]. The determination of the
mass range for each type of core composition still is an open question. Recently, Althaus
et al. 2020[18] showed that ultra-massive white dwarf stars (M > 1M ) could be formed
with carbon-oxygen cores if the rotation of the degenerate core after the helium-burning is
implemented together with a reduced mass-loss rate in the AGB stage. They reported that
the characteristic of an ultra-massive WD with a C/O resulted from a single star evolution
is markedly different from those with O/Ne, and from those with C/O core that might
result of a double degenerate merger. In summary, determining the values of these limits
is critical to improve our understanding of the population of massive and ultra-massive
white dwarfs.
The stellar evolution theory usually predicts the formation of white dwarfs with
pure hydrogen atmospheres. However, there are some events like very late thermal pulse
(VLTP) and also late thermal pulse (LTP) that can form H-deficient white dwarfs. The
VLTP happens during the Born-Again episode [19, 20, 21, 22, 23], in which a helium flash
occurs in the cooling track of the white dwarfs, forcing the star to evolve back to the AGB
stage. As a result, the VLTP burn a great part of the hydrogen left in the envelope of the
star. While in Late Thermal Pulse (LTP), the star experience an intense helium-shell pulse
that occurs just following AGB departure and causes a rapid looping evolution between
the AGB and PN phases.
The composition of white dwarfs atmospheres allows us to separate them into two
groups: DA and non-DA. The DA spectral type shows a hydrogen-dominated atmosphere
typically with MH = 10−4 M , but it depends on the white dwarf mass. This class represents
the majority of white dwarf stars, to be precise 80% of them [24]. The remaining ∼ 20%
are non-DA, which includes all the white dwarfs that do not have hydrogen as the main
element of the atmosphere. The non-DA white dwarf are composed of the spectral types
DO, DB, DQ, DZ, and DC (see Althaus et al. 2010 [25] for further details), depending on
the element present in their atmospheres.
The use of white dwarfs models combined to observational data can be a powerfool
tool to have information about a variety of topics in modern astrophysics. An important
example is the Initial-to-Final mass relation (IFMR), which is a connection between the
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WD and their progenitor star. The IFMR leads to constraints on the upper mass limit
that separates WD progenitors of Type-II supernovae [26, 27]. Also, by the comparisons of
theoretical computations with the distribution in the Color-Magnitude Diagram [28, 29]
or from white dwarf luminosity function [30, 31], the age of stellar populations can be
obtained. Furthermore, binaries systems with white dwarfs are believed to originate Type-Ia
supernovae, when the WD accrete a mass close to the Chandrasekhar limit [32]. Lastly, the
use of white dwarf models can enhance the comprehension of the physics in extreme regimes
[33, 34]. Most of white dwarfs cross at least one stage of pulsational instability during
their lives,3 turning them into multi-periodic pulsating variable, which allows us to analyze
their internal structure employing the tools of asteroseismology [35, 36, 37, 25, 2, 24].

1.3 Stellar Pulsations
The pulsations are a natural well known phenomenon on Earth, manifesting in a
variety of forms and environments. Some examples are the waves on the surface of the
oceans produced by the action of gravity, or also as the sound waves produced by pressure
gradients. The physical principles responsible for the characteristics of the pulsations are
the same in stars: conservation of mass, energy, and momentum.
In a simple approximation, the structure of a star can be described as a selfgravitating sphere of gas. This sphere is thought to be in equilibrium, which means that
the gradient pressure balances the gravitational force. Besides that, many processes can
occur inside the star which can disturb this equilibrium. These processes can have their
origin in changes in the radius of the star, in the surface temperature, in the area, or in
the orientation of the stellar surface, or a combination of all of these effects. Some of these
perturbations can reach amplitudes high enough to become visible on the surface of the
star, becoming observable as periodic variations in the luminosity. When it happens the
star becomes a pulsating star.
Stellar pulsations are a common phenomenon, with pulsating stars present at all
the stages of stellar evolution. Figure 3 shows a HR diagram with all the instabillity strips.
We can see that the variable stars are numerous, spanning over a large range of masses,
spectral types, evolutionary stages, with distinct excitation mechanisms [1].
The pulsation in stars can be categorized in two oscillation types: radial and
nonradial. In the radial pulsations, the luminosity variations are due to changes in the
volume of the star, which keeps its spherical symmetry. Radial oscillations are acoustic
waves, where the restoring force is the pressure, the p-modes. On the other hand, in
nonradial pulsations, the star comes out of its equilibrium state without preserving spherical
3

An exception are the high-field magnetic white dwarfs, that represents a fraction of the local population
and there is no observational evidence of variability due pulsations
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Figure 3 – Approximate locations of major pulsating variables colored roughly by spectral
type in the Luminosity-effective temperature diagram (or Hertzsprung Russell
diagram). Shadings represent opacity driven p-modes (\ \ \), g-modes (///),
strange modes (|||), and acoustically-driven modes (≡). Approximate spectral
types are indicated on the top axis. Extracted from Jeffery & Saio 2016 [1].

symmetry. The stellar material displaces in the radial and the horizontal direction, with
the pressure and the also the gravity acting as the restoring forces. Notwithstanding,
whereas the radial pulsations show an acoustic mode spectrum, the nonradial pulsations
can also show a gravity mode spectrum, the g-modes [38].
In the Figure 3, the color represents roughly the spectral type, and the shading
represents the excitation mechanisms: opacity-driven p-modes (\ \ \), g-modes (///),
strange modes (|||), and acoustically-driven modes (≡). Still, it is possible to classify
these stars according to the type of pulsation they experience. In the radial group are the
“classical pulsating stars” like the Cefeidas type II, RR Lyrae, and the Miras. The stars
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that composed the nonradial pulsations group are the β Cep, γ Dor, GW Vir, and the ZZ
Ceti 4 .

1.3.1 Nonradial pulsations
The objects studied in this work exhibit nonradial pulsations, which are described
by hydrodynamics5 through the equations for conservation of mass (eq 1.3), momentum
(eq 1.4), and energy (eq 1.5):
∂ρ
+ ∇.(ρ~u) = 0 ,
∂t

(1.3)

∂
ρ
+ ∇.~u ~u = ρf~ − ∇P − ρ∇Φ + ∇Θ and
∂t

(1.4)

!

!

ρT

∂
+ ∇.ū S = ρ(N + V ) − ∇.F~R
∂t

.

(1.5)

where ρ is the density, P is the pressure, T the temperature, ~u is the flux velocity, S is the
specific entropy, Φ the gravitational potential, f~ the external electromagnetic forces, Θ
the viscosity tensor, N nuclear energy generation rate, V generation of heat by viscosity,
F~R the radiation energy flux, and ∇ is the gradient operator.
In order to model the pulsations, small perturbations are applied to a system in
equilibrium that has spherical symmetry. a system of linearized equations is obtained,
assuming first order perturbations. Thus, we can describe the variables according to the
following equation:
0
f 0 (r, θ, φ, t) = fk,`,m
(r) Y`m (θ, φ) e(iσk,`,m t)

,

(1.6)

here f’ represents an Eulerian perturbation of a physical parameter f, Y`m (θ, φ) is the
0
spherical harmonics, and σk,`,m is the oscillation frequency. The function fk,`,m
(r) describes
m
(iσk,`,m t)
the radial part of the perturbation while Y` (θ, φ) and e
describe the nonradial
part. The nonradial oscillations problem needs to be solved numerically. In the adiabatic
approximation (dS=0), the linearized nonradial pulsations problem becomes a fourthorder eigenvalue problem. Once it is solved, the eigenfunctions with their correspondent
eigenvalues (σk,`,m ) become available.
According to equation 1.6, each mode is described by three parameters: the radial
order k, the harmonic degree `, and the azimuthal order m. These parameters indicate the
number of nodes and nodal lines, which are imaginary lines that separate the the star in
4

5

The EHM-DAV are the massive ZZ Ceti stars and it cannot be in the place where they are puted in
Figure 3. Therefore, this pulsation subclass should be disregarded.
For further details it is recommended to consult the works of Cox (1980) [39] and Unno et al. (1989)
[40]
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sectors. Geometrically, k = 0, 1, 2 .. is the number of nodes in the radial component of
the function, ` = 0, 1, 2 .. is the number of nodal lines in the stellar surface, and m =
−`, .. , 0 , .. , ` is the number of nodal lines longitudinally. The harmonic degree indicates
the number of nodal lines in the star surface, where |m| correspond to meridians and
` − |m| are parallels. The modes are known as spheroidal modes [40].
Figure 4 depicts the nodal pattern over a stellar surface of the spherical harmonics
according to certain values of ` and m. Two particular cases are observed: when `=|m|,
and m = 0. In the first one, the nodal lines are all meridians, while in the second, all
lines are parallels. When m=`=0, the oscillation is radial and the spherical symmetry is
conserved.
In the nonradial oscillation, some regions of the stellar surface become more
brilliant and other ones dimmer, with these regions becoming smaller as the value of `
increases. What we observe is a luminosity variation due to the combination of these
regions. Therefore, modes with ` ≥ 3 are too hard to observe in white dwarf stars because
the surfaced averaged variations are very small. This phenomenon is known as geometric
cancellation, which occurs when the regions of opposite brightness are too small for a
variation in luminosity to be detected.

Figure 4 – Representation of the real part of the spherical harmonics Y`m (θ, φ). Extracted
from Romero (2012) - PhD. Thesis Universidad De Buenos Aires, Facultad de
Ciencias Exactas y Naturales
In models where magnetic fields and rotation are not considered, the pulsation
equations become independent of the azimuthal order m, because the spherical symmetry
is conserved. It means that the eigenfrequencies σ will be degenerate, with each frequency
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splitted into 2` + 1 components. Therefore, for each certain value of k and ` it will exist
2` + 1 normal modes characterized by the same frequency of oscillation.

1.3.2 Spheroidal modes
The spheroidal modes are classified according to the restoring force, being called
p-modes when this force is the pressure gradient and g-modes when it is the gravity. The
properties of these two types of modes are ruled by two characteristic frequencies: N and
L` .
The g-modes are in the domain of the low frequencies (long periods), becoming
lower (longer) as the values of ` and k increase. Their period spectrum is ruled by the
Brunt-Väisälä (N ) frequency, which can be written as:
1 dlnp dlnρ
N2 = g
−
Γ1 dr
dr

!

,

(1.7)

with g being the local gravitational acceleration, Γ1 the adiabatic exponent, p the pressure,
and ρ the density. In particular, N provides the difference between real and adiabatic density
gradients. When N 2 is positive, then N is the oscillation frequency of a convective bubble
around its equilibrium position [40]. In white dwarf stars, the Brunt-Väisälä frequency
assumes lower values in the center due to the degenerate core.
On the other hand, the p-modes are in the high frequencies (short periods) regime,
and are characterized by displacement of the material essentially in the radial direction.
The period spectrum is ruled by the Lamb frequency, which can be written as:

L2` =

(` + 1)l 2
cs
r2

,

(1.8)

q

where c2s is the adiabatic local sound velocity cs = Γ1 p/ρ. The Lamb frequency is inversely
proportional to the time that takes a sound wave to travel a distance λ` = 2πr/` [40].
Considering the Cowling approximation [38], where Φ = 0 (Φ is the gravitational
potential), the coefficients in the equations varies slowly in comparison with the eigenfunctions. Then, if we assume a radial dependency of the displacements in the form eikr ,r ,
where kr is the radial wavenumber, we can write a dispersion relation in the following way:

kr =

1
σ 2 c2s

(σ 2 − L2` )(σ 2 − N 2 ) .

(1.9)

The equation 1.9 is the dispersion relation, which relates the wavenumber to the
frequency. The appearance of the Lamb frequency and Brunt-Väisälä frequency as critical
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frequencies should be noted. For a mode to be able to propagate, kr necessary needs to be
positive, which occurs when:
σ 2 > L2` , N 2

,

(1.10)

σ 2 <N 2 , L2`

.

(1.11)

and

These inequations define the regions where waves can propagate inside the star. The
solution 1.10 represents the p-modes, where the radial displacements are dominant. These
oscillations have a timescale of a few seconds in the white dwarfs, making them to be
very hard to be observed. To the date of this dissertation, no p-mode was observed in a
white dwarf star. On the other hand, the solutions given by the inequation 1.11 represent
the g-modes, which have a scale time of hundreds of seconds or more. In these modes
there are predominant horizontal motions across equipotential surfaces of gravity, which is
energetically more favorable to excite the pulsation modes to observable amplitudes. If
these inequations are not satisfied, kr is a pure imaginary number and the solutions are
evanescent. Due to this,the stellar interior is divided into propagation zones and evanescent
zone, determined by the characteristic frequency profiles.
Figure 5 shows the propagation diagram6 for a subdwarf B model (or sdB), with
M? = 0.473M and Teff = 28 700K. The quantity ω 2 denotes the square of dimensionless frequency [ω 2 = σ 2 /(GM/R3 )] and is plotted as function of the radial coordinate
−log(1 − Mr /M? ). It shows the log(N 2 ), the log(L2` ), and with dotted horizontal lines the
oscillation frequencies of several modes, along with the nodes of the correspondent radial
eigenfunction. The region between the Brunt-Väisälä and the Lamb frequencies is the
evanescent region (gray shaded), where the modes do not propagate. The region above
log(N 2 ) is the high-frequency domain, where the p-modes do propagate. The region below
the log(L21 ) is where the g-modes do propagate, in the low-frequency domain. In realistic
stellar models, the characteristic frequencies have a dependence on the position. Indeed,
it is possible to see bumps in the Lamb and Brunt-Väisälä frequencies profile in Figure
5. It will be shown later that these ’bumps’ are associated with changes in the chemical
composition of the models due to the presence of chemical interfaces.

1.4 Pulsating white dwarfs
During their evolution, white dwarf stars cross some instability strips manifesting
nonradial pulsations. When it happens, brightness variations can be detected from these
stars. Each one of these pulsating white dwarfs will present a characteristic period spectrum
6

see Cox 1980 [39]; Unno et al. 1989 [40] for further details
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Figure 5 – Propagation diagram of a sdB star with M? = 0.473M and Teff = 28 700K
for modes with ` = 1. The shaded-gray region is the evanescent zone where
the modes do not propagate, whereas white zones are propagation zones. The
logarithm of the Brunt-Väisälä and the Lamb frequencies are depicted with
filled and dashed lines, respectively. The horizontal lines show the squared
eigenfrequencies, whereas the black dots are the nodes of the radial eigenfunction.
Extracted from Romero (2012) - PhD. Thesis
and we can classify them according to their effective temperature and surface gravities. The
white dwarfs that show periodic variabilities can be classified into the following groups7 :
1. PG1159/PNNVs/DOVs: these objects are pre-white dwarfs with hydrogen deficient envelopes, but rich in C/O/He. Their effective temperature and surface gravity
are around 80 000K ≤ Teff ≤ 180 000K and 5.5 ≤ log(g) ≤ 7.5, respectively. Some of
the stars in this class are surrounded by a planetary nebula and are called PNNVs,
while those that do not are called DOVs;
7

For further details about the evolutionary and pulsating properties of the white dwarf stars, it is
recommended to consult the works of Winget & Kepler (2008) [36], Fontaine & Brassard (2008) [37],
Córsico et al. (2019) [24] and Aerts (2021) [41].
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2. DBVs or V777 Her: this class is composed of helium-rich white dwarfs with
22 000K ≤ Teff ≤ 31 000K and 7.6 ≤ log(g) ≤ 8.2;
3. DQs: white dwarfs stars with the presence of C and He in their envelopes, with
19 000K ≤ Teff ≤ 22 000K;
4. DAVs or ZZ Ceti: composed of white dwarfs with hydrogen envelopes. Their effective temperature and log(g) spans over 14 000K ≤ Teff ≤ 10 500K and 7.8 ≤ log(g) ≤ 9,
respectively;
5. GW Lib: accreting pulsating WDs in cataclysmic variables. Their atmospheres are
H-dominated, but due to accretion from a solar composition or He-enriched low
mass companion, they can have an enhanced He abundance. Their temperature and
surface gravities are around 16 000K ≤ Teff ≤ 10 500K and 8.3 ≤ log(g) ≤ 8.7. The
first object of this class was named GW Librae, discovered by Warner and van Zyl
(1998) [42];
6. ELMVs: extremely low-mass WDs variables with 10 000K ≤ Teff ≤ 7 800K and
6 ≤ log(g) ≤ 6.8.
7. pre-ELMVs: probable the precursors of the ELMVs [43]. Their effective temperature
and surface gravity are usually around 13 000K ≤ Teff ≤ 8 000K and 4 ≤ log(g) ≤ 5;
8. hot DAVs: these objects were predicted theoretically by Shibahashi et al. (2005, 2007)
[44, 45], which found that g modes should be excited in DA stars at high temperatures
(Teff ≥ 30 000 K) and with very thin hydrogen envelopes, about 10−14 M .

1.5 The ZZ Ceti or DAV stars
ZZ Ceti stars where the first pulsating white dwarfs to be discovered [46], and they
are currently the most numerous, with approximately ∼300 objects detected [24, 47, 48].
These stars have their atmospheres composed of hydrogen, have effective temperature in
the range 10 500K ≥ Teff ≥ 14 000K, and have superficial gravity 7.8 ≤ log(g) ≤ 9. They
pulsate in low harmonic degree (` ≤ 2) g-modes, with periods usually between 100 - 2 000 s.
The ZZ Ceti can be separated into two groups [49, 50]. The first one is composed
of the stars at the hot edge (high temperatures) of the instability strip. Stars in this
group usually exhibits only a few modes characterized by short periods, less than 350 s,
and amplitudes around 1.5 to 20 mma. They present a light curve that is stable over
decades, with sinusoidal pulse shapes. In opposition, the ZZ Cetis at the red edge (lower
temperatures) of the instability strip show several long periods (up to 1000 s) usually
with high amplitudes (40-110 mma). The pulsation spectra of ZZ Cetis at red edge can
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suddenly change due to amplitude variation. It can cause the appearance of harmonics
and combination of frequencies, making the light curve of these objects more complex.
There are strong observational evidences indicating that the ZZ Ceti instability
strip is pure, i.e., all DA white dwarfs that are inside the instability strip will pulsate. The
observational determination of the instability strip is directly related to two factors: the
sensibility and precision of the light curves, and also the precision of the determinations of
parameters like the log(g) and the effective temperature.

1.6 Asteroseismology of ZZ Ceti stars
The analysis of the pulsation spectrum and the amplitudes of a variety of stars
has led to the development of several techniques which, taken together, are known as
asteroseismology. These techniques exploit the comparison between observed periods and
the periods computed using theoretical stellar models. It is based on the hypothesis that
each pulsation mode propagates in a particular zone in the stellar interior, the one in which
the mode oscillates with higher amplitude. Thus, each mode carries information about a
specific part of the star. The crucial point for a successful use of asteroseismology is not
the absolute number of observed modes itself, but the heterogeneity of the eigenfunctions
of the modes. Therefore, the information provided by a few periods corresponding to
low-order modes is, in general, richer than the information provided by a larger set of
high-order modes, which are close to the asymptotic regime.
Asteroseismology applied to white dwarf stars is a very powerful technique that
allows us to determine with good precision the stellar mass, the thickness of the outer
envelope, magnetic fields, rotation rates, cooling rates, and more. Using the pulsation
periods through asteroseismology, allows us to constrain the value of the C(α, γ)O crosssection [51], which cannot be measured in any terrestrial laboratory. Pulsating white dwarfs
are valuables laboratories to study the physics at extreme conditions: crystallization [52,
53, 54], neutrino cooling [55], axion emission [56, 57, 34, 58] and also important properties
about the convection zone in the envelope of the star [59, 60]. Finally, asteroseismology in
pulsating white dwarfs can be used to obtain the rotation period, the presence and the
magnitude of magnetic fields, the asteroseismological distance, and many more applications.
Is possible to mention the important work of Tassoul et al. (1990) [61], in the early
days of asteroseismology of ZZ Ceti stars, which presented a model grid of DA and also
DB (He-rich) stars. These models were by many years the reference models in white dwarf
asteroseismology, being explored in the important works of Brassard et al. (1991, 1992ab)
[62, 63, 64]. However, some models had some inconsistencies like a pure carbon core,
whereas the evolutionary computations predict a mix of carbon and oxygen depending
on the stellar mass. Another inconsistency is that the chemical interfaces were modeled

42

Chapter 1. Introduction

considering diffusive equilibrium. This produces abrupt changes in the chemical profile,
that translates into unreal bumps in the Brunt-Väisälä frequency [65, 66].
A significant improvement in the white dwarf models was introduced by the group
of Stellar Evolution and Pulsations of La Plata [67, 68]. They presented models considering
time-dependent diffusion, which includes gravitational settling and chemical diffusion. The
core chemical profile was extracted from the evolutionary tracks of Salaris et al. (1997)
[69], appropriately scaled according to the stellar mass. However, despite representing
great progress, those models were not fully evolutionary, coming from artificially initial
models not consistent with white dwarf previous evolutionary stages.
Years later, Castanheira & Kepler (2008, 2009) [70, 71] carried out an asteroseismological study of a sample composed of 87 ZZ Ceti stars, which at that time represented
almost all know ZZ Cetis. To this end, they used artificial initial models, with a core composed of 50% of carbon and 50% oxygen, and with the He/H interface modeled following the
predictions of time-dependent diffusion. The most important result of these works was the
evidence of the existence of a range of hydrogen envelope mass (10−4 ≥ MH /M? ≥ 10−10 ),
suggesting that there is also a group of DA white dwarfs with thinner hydrogen envelopes.
In the same year of the work of Castanheira & Keppler, Bischoff-Kim et al. (2008) [57]
presented an asteroseismological study of the ZZ Ceti stars G117-B15A and R 548, using
parametrized models similar of those used in Castanheira & Kepler (2008, 2009), but with
core chemical profiles extracted from evolutionary computations of Salaris et al. (1997).
In the past few years, the use of fully evolutionary models have become more
important. Therefore, it is possible to use two approaches for white dwarf asteroseismology.
The first one uses static models in which it is possible to parametrize the chemical profiles
to explore a large variety of combinations [72, 73, 74]. The other one uses evolutionary
models that result from the computation of the complete evolution of the progenitor
stars [75, 76, 47, 77]. The chemical profiles of the white dwarf models, in this case, are
consistent with the previous evolution, a feature that is important to correctly assess
the pulsation periods and also the mode-trapping properties of the ZZ Ceti stars [24]. In
addition, an analysis of the impact of the uncertainties from the evolutionary history of
progenitor stars in the pulsational properties of the white dwarf models was presented by
De Geronimo et al. (2017) [78], adding confidence in the use of evolutionary models as a
robust asteroseismological approach.
The first asteroseismological study using complete evolutionary models was presented by Romero et al. (2012) [75]. The authors presented an asteroseismological study
for 44 ZZ Ceti stars in the mass range 0.42-0.81 M , which include the G117-B15A, one
of the most studied ZZ Ceti [79, 80, 81, 82, 83]. They used a grid of evolutionary models
characterized by consistent chemical profiles and covering a wide range of stellar masses,
thicknesses of the hydrogen envelope, and effective temperatures. One of their results, in
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agreement with Castanheira & Kepler (2008, 2009), was the existence of DA white dwarfs
with less hydrogen in their envelopes than predicted by the previous evolution.
The study was continued in Romero et al. (2013) [76], where the authors analyzed
the massive branch of the ZZ Ceti stars, with 42 objects in the mass range of 0.72 - 1.05M .
To this end, they extended the model grid towards the high mass domain. They found
that the phase diagram presented in Horowitz et al. (2010) [84] seemed to be a good
representation of the crystallization process inside white dwarf stars. Another important
report was the discrepancies between the determination of mass from spectroscopy and
asteroseismology. The treatment of convective energy transport, which is encompassed in
the mixing-length theory in one-dimensional models, was quoted as a possible explanation.
Tremblay et al. (2013) [85] presented a grid of mean three-dimensional spectra for
pure-hydrogen white dwarfs based on 3D model atmospheres. The authors applied the grid
to the well-studied spectroscopic data sets from the SDSS and the White Dwarf Catalog,
where they found that the so-called high-log(g) problem was not present. Therefore, the
shortcomings in the 1D mixing length theory was in fact producing the high-log(g) problem.
Regardless of the employing of 3D model atmospheres, Tremblay et al. (2019) [86] reported
a slight residual high-mass problem in their analysis, showing that this problem is not
fully accounted for by 3D log(g) corrections. It was confirmed in the seismological analysis
of Romero et al. (2019) [2], where the authors reported the largest discrepancy between
spectroscopy and seismology for stellar masses above ∼0.75M .
To extract the information from pulsating white dwarfs are required two ingredients:
reliable observational data and representative theoretical models of those objects. In the
last decades, the detection of white dwarf and also pulsating white dwarf was increased
significantly due to the Sloan Digital Sky Survey (SDSS). The list has also been enlarged
with the use of observations from satellites, such as those of Kepler spacecraft [87, 5]
and TESS8 . The main targets of TESS are planets that transit bright host stars [88], but
compact pulsators as white dwarfs and sub dwarf stars are also being studied, once the
2-minute cadence photometry is available [89]. All the activities about compact pulsators
are coordinated by the TESS Compact Pulsators Working Group (WG#8).
To summarize, the increasing number of ZZ Ceti being discovered in the last years
make the use of representative models necessary to correctly extract the information they
can provide. A problem that remains is the not-good agreement between spectroscopy
and asteroseismology in the high-mass domain. These topics that remain open need to be
solved, as ZZ Ceti allows us to study very important things about the stellar evolution
and the evolution of our Galaxy.
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2 Objectives
Although there are fully evolutionary representative models for white dwarfs
covering a wide range of hydrogen mass, these models used to date have large gaps between
the values available. Due to this, I will study the properties of a sample composed of
40 massive ZZ Ceti stars by updating the grid of model used in Romero et al. (2019b),
increasing their resolution.
Whereas the current grid has, for each stellar mass, ∼ 7 distinct values of hydrogen
mass in the range 10−3 ≥ MH /M? ≥ 10−9 , in this work I will update this value to ∼ 16.
For each stellar mass, I expanded the model grid in hydrogen envelope mass, in steps of 0.1
on a logarithmic scale for log(MH /M? ) from -4 to -6, and in steps of 0.5 for values below.
With this grid, I expect to have a good resolution on the evaluation of the properties of
massive ZZ Ceti stars as a group, especially about their hydrogen distribution.
Part of the sample has already been studied in previous works, which provides a
comparison between the best-fit models obtained in this work. However, others do not
have any asteroseismological work with the employment of evolutionary models, as in
the case of SDSSJ181222.74+432107.6, the new massive ZZ Ceti discovered within the
TESS mission (Romero et al. 2021 in preparation). With the updated grid, I expect help
to improve the agreement between asteroseismological and spectroscopical determinations
of log(g). I also aim to obtain information about the hydrogen content of these objects.
As an example, if they have usually less hydrogen than expected by the evolutionary
computations.
In closing, I expect that this grid can be used in many asteroseismology works in
the future, not just assisting our understand about pulsating star, but also helping to
build the blocks that form our knowledge of the Universe.
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3 Methodology
The methodology used is described in the following:
• I computed evolutionary sequences for the white dwarf cooling curve in the mass
range 0.498 to 1.02 M varying the thickness of hydrogen envelope in the range 10−3
to 10−10 MH /M?
• With these sequences, I updated the grid of fully evolutionary carbon-oxygen core
DA white dwarf models generated using LPCODE, adding ∼500 sequences for white
dwarf cooling curve.
• For each stellar mass, I expanded the model grid in hydrogen envelope mass, in steps
of 0.1 on a logarithmic scale for log(MH /M? ) from -4 to -6, and in steps of 0.5 for
values below.
• Three new cooling sequences with white dwarf masses of 0.8, 0.86 and 0.9 M were
included, in order to fill some gaps in the stellar mass present in the original grid.
• I applied this grid to a sample of 40 massive ZZ Ceti stars. For each object I perform
asteroseismological fits and selected a best fit model. Some particular cases were
appropriately discussed. More details about the fitting process will be given in
Section 3.4.
• Finally, I study the distribution of log(g) from asteroseismology in comparison with
the spectroscopy, as well as the effective temperature. I obtain the hydrogen envelope
mass distribution for the sample of 40 massive ZZ Ceti stars..

3.1 Numerical Methods
3.1.1 LPCODE
The La Plata Evolutionary Code (LPCODE) computes the evolution of single
stars with low and intermediate mass from the ZAMS to the white dwarfs cooling curve
[90, 25, 91, 76, 92, 93]. It was written in the FORTRAN 77 language. This code was
employed to study aspects of the evolution of low-mass stars [91], H-deficient white dwarfs
[94, 95], the formation of horizontal branch stars [96], extremely low-mass white dwarfs
[93], Blue Large-Amplitude Pulsators (BLAPs) [97], and also ultra-massive white dwarf
stars [98]. For a detailed description, it is recommended to consult, besides these works,
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the Ph.D. Thesis of Serenelli (2002) and also Miller Bertolami (2009). Next, the code will
be briefly described.
The stellar evolution equations are based on some assumptions: the star is assumed
as a sphere; the effects of rotation and magnetic fields are negligible; the evolution of the
stellar structure can be described by a succession of models in hydrostatic equilibrium;
the material in each layer is in local thermodynamic equilibrium and the energy transport
mechanisms are the convection and some extra mixing process, like the overshooting.
Taking these effects into account the equations of the stellar structure and evolution, in
the lagrangian formulation, can be written as [99].
1
∂r
,
=
∂m
4πr2 ρ

(3.1)

∂P
Gm
=−
,
∂m
4πr4

(3.2)

∂L
∂T
δ ∂P
= nuc − ν − cp
+
,
∂m
∂t
ρ ∂t

(3.3)

GmT
∂T
=−
∇.
(3.4)
∂m
4πr4 P
where r is the radial distance to the center of the star, L is the luminosity, T is the
temperature, P is the pressure, t is the time, ν is the energy loss by neutrino emission per
unit of mass and time, nuc is the nuclear energy release per unit of mass and time, cP is the
∂lnρ
specific heat at constant pressure per unit of mass, δ = ∂lnT
, ρ is the density, and finally,
∂lnT
∇ = ∂lnP is the dimensionless temperature gradient. The remaining quantities assume
their usual meaning. These equations need to be solved by numerical calculations. To
perform the calculations, the equations are linearized and treated discretely, in a Henyey
based method. The system obtained as the result of the linearization is solved iteratively
through the Newton-Raphson method. In the LPCODE there is a change in the variables,
which are:
m
ξ = ln(1 −
);
(3.5)
M?
θ = ln(T /T0 )
p = ln(P/P0 )
x = ln(r/r0 )
λ=

L
∆L0

T0 ≡ 106 K;

(3.6)

P0 ≡ 1015 din/cm2 ;

(3.7)

r0 ≡ 1010 cm;

(3.8)

L0 ≡ 1033 erg/s,

(3.9)
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The boundary conditions are imposed upon integration of the envelope, starting
in the photosphere until the interior of the model. The independent variable is now the
ξ = ln(1 − Mm? ), and the dependent variables are the radius (r), the pressure (P), the
luminosity (L) and the temperature (T). The linearized equations are solved iteratively,
reaching the desired precision upon correction in each iteration i of the quantities obtained:
yki = yki−1 + δyki−1

.

(3.10)

This iterative equation is applied to the differences in physical quantities (pressure,
temperature, radius, and luminosity) between the current model and the previous. In this
way, the physical quantities iterated are not θ, p, x, λ, but uθ , up , ux , and uL , that can be
written as:
θn+1 = θn + ln(1 + uθ )

(3.11)

pn+1 = pn + ln(1 + up )

(3.12)

xn+1 = xn + ln(1 + ux )

(3.13)

Ln+1 = Ln + uL

(3.14)

where up = ∆P/P n , ux = ∆r/rn , uL = ∆L, uθ = ∆T /T n are the dependent variables in
the dimensionless form, and n is the time step.
The chemical composition in LPCODE is computed by N coupled differential
equations which will give the time evolution of the N chemical species present in the
model. The evolution of the chemical species can be given by changes in the composition
due to the nuclear burning process and mixing, like convection, diffusion, or RayleighTaylor instabilities. In the LPCODE, and also in the evolutionary codes in general, the
structure and chemical equations are not solved simultaneously. The equations are resolved
by iteration in which, having the values of T, P, r, and L at a time tn , the chemical
composition is computed at a given time tn+1 , and so on. The simultaneous resolution of
the equations is not needed because a short time step is employed, which is a requirement
to use the linearized equations.

3.1.2 Physical ingredients
The radiative opacities are those from the OPAL opacity project [100] supplemented
by the Alexander & Ferguson (1994) [101] molecular opacities for low temperatures. The
conductive opacities are the one presented by Cassini et al. (2007) [102]. Neutrino emission
rates by pair reactions, pair production by photons, and Bremsstrahlung are taken from
Itoh et al. (1994) [103] and Haft et al. (1994) [104]. Throughout the white dwarf cooling
sequence, the metallicity Z is defined consistently according to the predictions of chemical
diffusion.
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For the evolution of the chemical species, the code considers the simultaneous
treatment of the processes of the instantaneous mixture and nuclear burning of the elements.
The changes in the chemical abundances are governed by the following system of equations:








~
~
dX
dX

=

dt
dt

nuc





~
∂ 
∂X
,
+
(4πρr2 )D
∂Mr
∂Mr

(3.15)

~ is a vector that contains the abundances of all chemical elements considered in
where X
the computations. The first term of equation 3.15 represents the nuclear evolution that is
coupled to the changes in the chemical composition due to the mixture processes, which
in turn is represented by the second term of the equation. The mixture efficiency is given
by the parameter D. For further details, it is recommended to consult the work of Althaus
et al. (2005) [105].
Extra-mixing episodes are considered beyond each convective edge boundary,
following Herwig et al. (1997) [106]. The considerations of these extra-mixing episodes are
important to the chemical stratification of the white dwarfs [33, 107]. These episodes are
treated as a time-dependent diffusion process in the code, assuming that mixing speeds
decay exponentially with time.
The mass loss was taken into account during the central helium burning and
RGB stages, following the prescription of Shröder & Cuntz (2005) [108]. In the AGB and
TP-AGB stages, it is considered the prescriptions of Vassiliadis & Wood (1993) [109].
When the model reaches the cooling curve of the white dwarf stars, some extra
physical ingredient needs to be taken into account. For the low-density regime it is used an
updated version of the equation of state of Magni & Mazzitelli (1989) [110], whereas for the
high-density regime it is used the equation of state of Segretain (1994). The high-density
regime equation includes the effects of crystallization considering the contributions of the
liquid and solid states [111].
The sequences presented in this dissertation are taking into account the changes in
the chemical profile due to diffusion processes. The result is that the model develops a
pure hydrogen envelope whose width gradually increases with the evolution during the
cooling curve. Time-dependent diffusion employed in LPCODE is based on the multicomponent gas treatment presented in Burgers et al. (1969) [112]. It is taken into account
the gravitational settling and chemical diffusion of 1 H, 3 He, 4 He, 12 C, 13 C, 14 N, and 16 O
[113]. Chemical abundance changes due to residual nuclear burning are also considered
in the computations. The chemical re-homogenization of the inner carbon-oxygen profile
induced by Rayleigh–Taylor (RT) instabilities was also included, following Salaris et al.
(1997) [69]. For the convective process the mixing-length theory, in its ML2 flavor, α = 1.0,
is adopted.
As a result of strong Coulomb interactions in their interior, cool white dwarfs are
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expected to crystallize [114]. When this process occurs, two additional energy sources are
considered in the computations: the release of latent heat and the release of gravitational
energy, which is associated with the change of the chemical composition of the carbonoxygen profile induced by crystallization [115, 116, 54]. This is done self-consistently
and coupled with the full set of stellar evolution equations. The luminosity equation is
appropriately modified to take into account the additional energy sources. To assess the
oxygen enhancement in the core due to crystallization the azeotropic-type formulation of
Horowitz et al. (2010) [84] was adopted.

3.2 Pulsation computations
The nonradial pulsations in the adiabatic approximation were computed with
the LP-PUL, developed by Alejandro Córsico in his Ph.D. thesis [117]. The adiabatic
computations are a mathematical approximation to the real non-adiabatic problem. Bradley
(1998) [80] performed a study where he showed that the typical differences between adiabatic
and non-adiabatic periods are from the order of 10−4 s. The pulsation equations are a
linear four-order eigenvalue problem, which needs to be solved numerically. The resolution
is made using a generalized version of the Newton-Raphson technique [118], where a
solution is proposed and then iteratively improved. For detailed information about the
processes, it is recommend to consult the works of Córsico and Benvenuto (2002) [65] and
also the Ph.D. thesis of Córsico (2003) [117]. I computed adiabatic g-mode pulsation with
harmonic degree ` = 1 and ` = 2 for the new sequences added to the model grid. The
periods are in the 80-2000 s range, which corresponds in average to 1 ≤ k ≤ 50 for ` = 1,
and 1 ≤ k ≤ 90 for ` = 2.
To compute g-modes in the white dwarfs, it is required to obtain the numerical
value of the Brunt-Väisälä frequency. Following the description of Brassard et al. (1991)
[62], this quantity is written as:
N2 =

g 2 ρ χT
(∇ad − ∇ + B),
P χρ

(3.16)

whereas χT and χρ are:
χT =

∂lnp
∂lnT

!

χρ =
ρ

∂lnp
∂lnρ

!

,

(3.17)

T

and B is the Ledoux term, given by:
X
1 n−1
dln(Xi )
B=−
χXi
,
χT i=1
dlnp

(3.18)

being Xi the abundance of atoms of species i, and n the total number of species considered.
The quantity χXi is written as:
χXi =

∂lnp
∂ln(Xi )

!

.
ρ,T,Xj6=i

(3.19)

52

Chapter 3. Methodology

This numerical treatment of the Brunt-Väisälä frequency is called "Ledoux modified"
[61], which is generalized to include variations in the nuclear species abundance most
abundant in the white dwarfs interior (H, He, C, and O). The Ledoux term B is responsible
for the major contribution to the Brunt-Väisälä frequency due to changes in the chemical
composition. As output, the LP-PUL provide the dimensionless eigenfrequencies ω`,k ,
dimensionless eigenfunctions y1 , ..., y4 , periods Π`,k , rotation coefficients C`,k , oscillation
kinetic energy K`,k , and the weight functions W`,k .
To consider the effects of crystallization on the pulsation spectrum of g-modes, it
is adopted the "hard sphere" boundary condition, which assumes that the amplitude of
the eigenfunction is abruptly reduced below the solid/liquid interface due to the non-shear
modulus of the solid, as compared with the amplitude in the fluid region [119]. Therefore,
our inner boundary condition is the crystallization interface that moves towards the surface
with the cooling of the model and not the stellar center [52].

3.2.1 Characteristic frequencies
The Brunt-Väisälä frequency (N) is a fundamental parameter in white dwarf
pulsations, characterizing the g-modes in the lower frequencies regime. It is computed
using the so-called Ledoux-modified scheme, generalized to include the effects of having
three different components varying in abundance [61]. This frequency is affected by each
chemical transition that is presented in the chemical profile of the white dwarf model,
showing peaks where these transition zones occur. The presence of these peaks modifies the
theoretical period spectrum, once the Brunt–Väisälä frequency is an important quantity
of the computations. Also, the Lamb frequency (L) is computed, which characterizes the
p-modes in the high frequencies regime. This frequency is less dependent on the chemical
transitions presented in the model.
Figure 6 shows the chemical profile (up) and the run of the Brunt-Väisälä and Lamb
characteristic frequencies (low) for DA white dwarf models with M? = 0.51M (upper
panel), M? = 0.80M (central panel) and M? = 0.998M (lower panel) at Teff = 12 000 K
and with −log(MH /M? ) ∼ 6.3. Since the Brunt-Väisälä frequency (N) [61] is proportional
to the chemical gradients, it is sensitive to each chemical transition. As can be seen from
Figure 6, N 2 shows bumps around the transition regions, for instance, in the core region
at -log(1 − Mr /M? )≈ 0.6-1.0, caused by steep variations in the inner C-O profile. This
constitutes an important source of mode trapping in the core region [120]. Note that
C-O profiles of the core for the model with M? = 0.998M change due to the effects of
crystallization at -log(1 − Mr /M? )≈ 0-0.2. The bump at -log(1 − Mr /M? )≈ 3-5, for all
stellar masses, is caused by the chemical transition of the He, C, and O resulting from
nuclear processing in the AGB stages, and are another source of mode trapping. Once the
efficiency of the chemical diffusion increases with the stellar mass, this bump is smoothed
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in the M? = 0.80M model (central figure), and almost disappears in the M? = 0.998M
model (lower figure). Lastly, the He/H transition region, which is responsible for the modes
trapped in the outer H envelope.

3.3 The model grid
The representative DA white dwarf models used in this work are the result of fully
evolutionary calculations from the ZAMS, through hydrogen and helium central burning
stages, thermal instabilities, mass loss in the asymptotic giant branch (AGB), and finally
through the planetary nebula domain until the models reach the white dwarf cooling curve.
All the progenitor stars have initial metallicity Z = 0.01. This metallicity is used as a
standard in the LPCODE. The initial models used for the computations of the cooling
sequences are the ones presented in Romero et al. (2012, 2013, 2019b) [75, 76, 2]. In this
dissertation, we only compute the cooling evolution of the white dwarfs.
In addition, I included three new sequences for the WD cooling curve with a mass
of 0.82, 0.86, and 0.9 M . These sequences are the result of an interpolation of the chemical
profiles between two evolutionary sequences. This process is performed at high effective
temperatures (≥ 90 000 K), in a way that any unphysical signature in the chemical profiles
is washed by the chemical diffusion before the model reaches the ZZ Ceti instability strip.
The values of the stellar masses of our model grid, are listed in column 1 of Table 1. The
bold values are the new masses computed for this dissertation, the other masses were
presented in previous works [75, 76, 2]. Are also listed the canonical (predicted by prior
evolution) hydrogen mass (column 2), the helium mass (column 3), the carbon (column
4) and oxygen (column 5) central composition. In Table 1, the mass values in italics
correspond to interpolated sequences.
Our parameter space expands over the following quantities: stellar mass (M? ),
effective temperature (Teff ), and the hydrogen envelope mass (MH ). The stellar mass and
the effective temperature parameters are obtained consistently with what it is expected
from the evolutionary calculations. For the MH , I artificially vary the thickness of the
hydrogen envelope. For each sequence, with a stellar mass M and a hydrogen envelope
mass MH , as predicted by the pre-white dwarf evolution, I have simply replaced 1 H by
4
He at the basis of the hydrogen envelope. This is done at temperatures above 90 000 K,
in such a way that any transitory effect disappears when the model reaches the ZZ Ceti
instability strip. The choice of changing the MH is not random, once there are uncertainties
related to some physical process during the pre-white dwarf previous evolution, which,
consequently, causes uncertainties in the amount of hydrogen left in the envelope of white
dwarf stars [75, 76, 121]. For instance, the amount of hydrogen left in the envelope of white
dwarf stars is dependent on the metallicity, being thicker for models with less metallic
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Figure 6 – Internal chemical profiles for DA white dwarfs models with M? = 0.51M (upper
figure), M? = 0.80M (central figure) and M? = 0.998M (lower figure) for the
Teff = 12 000 K and −log(MH /M? ) ∼ 6.3. In the lower panel of the figures it is
depicted the spatial run of the logarithm of the squared Brunt-Väisälä frequency
(N2 ) and the logarithm of the squared Lamb frequency (L2 ) for ` = 1 modes for each
model. Note the correspondence between the chemical transitions (upper panels of
each figure) and the resulting features in the shape of the Brunt-Väisälä frequency.
Note also that these features are less pronounced in the Lamb frequency.
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Table 1 – The main characteristics of our set of DA white dwarf models. In column 1 are
listed the stellar mass at the white dwarf stage. It is also listed the hydrogen mass
at 12 000 K (column 2), the helium mass (column 3), and the central abundances
of carbon (column 4) and oxygen (column 5). Sequences with mass value in
italics are the result of an interpolation process of the chemical profile of two
evolutionary sequences, this process is performed at high effective temperatures,
typically above 90 000 K. Sequences with mass value in bold were computed for
this work.
M? /M
0.493
0.510
0.525
0.534
0.542
0.548
0.560
0.570
0.593
0.609
0.621
0.632
0.646
0.660
0.674
0.686
0.690
0.705
0.721
0.745
0.770
0.800
0.820
0.837
0.860
0.878
0.900
0.917
0.949
0.976
0.998
1.024
1.050

−log(MH /M? )
3.50
3.53
3.62
3.65
3.67
3.74
3.70
3.82
3.93
4.02
4.04
4.25
4.11
4.26
4.35
4.36
4.46
4.45
4.50
4.62
4.70
4.84
4.92
5.00
5.07
5.07
5.27
5.41
5.51
5.68
5.70
5.74
5.84

−log(MHe /M? )
1.08
1.15
1.31
1.37
1.36
1.38
1.42
1.46
1.62
1.61
1.68
1.76
1.83
1.92
1.97
2.03
2.04
2.12
2.14
2.18
2.23
2.33
2.40
2.50
2.54
2.59
2.71
2.88
2.92
2.96
3.11
3.25
2.96

XC
0.268
0.351
0.278
0.380
0.378
0.290
0.296
0.301
0.283
0.264
0.395
0.234
0.402
0.258
0.280
0.422
0.303
0.326
0.328
0.330
0.332
0.339
0.432
0.347
0.423
0.367
0.419
0.378
0.373
0.374
0.358
0.356
0.374

XO
0.720
0.570
0.709
0.562
0.564
0.697
0.691
0.696
0.704
0.723
0.570
0.755
0.569
0.730
0.707
0.556
0.684
0.661
0.659
0.657
0.655
0.648
0.550
0.640
0.561
0.611
0.565
0.609
0.614
0.613
0.629
0.631
0.613

progenitors. Also, Romero et al. (2020) [122] reported the detection of periodic variations
on the Teff = 32 000 K DA white dwarf HE 1017-1352, which confirms the new pulsating
class of the hot DAV. These objects were predicted theoretically by Shibahashi et al.
(2005, 2007) [44, 45], which found that g-modes should be excited in DA stars at high
temperatures (Teff ≥ 30 000 K) and with hydrogen envelopes of about 10−14 M . This is a
prove of the existence of white dwarf stars with thin H-envelopes.
The hydrogen masses computed are spaced by 0.1 in logarithmic scale from
the canonical value to log(MH /M? ) = −6. Then in 0.5 until our thinner envelope with
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log(MH /M? ) = −9.5. Adding the sequences computed in this work (∼ 500) to those used in
Romero et al. (2019) [2], I have available a grid with ∼ 800 sequences. With this updated
model grid, I have on average a 2 second difference for the same mode between two models
with distinct hydrogen mass at the same temperature Indeed, Kepler et al. (2012) [123]
estimates that the uncertainty surrounding the physics of progenitor star evolution in the
g-mode period spectrum is around 1 second. There is also the uncertainty associated with
the asteroseismological fit, which needs to be taken into account. Therefore, our model
grid can provide a better resolution in the asteroseismological fits.
Other structural parameters are not expected to change considerably according to
evolutionary computations. Indeed, Romero et al.(2012) [75] has shown that the remaining
helium left in a DA white dwarf can be slightly lower, 3 or 4 times, than what it is expected
from the standard stellar evolution. This can occur only at the expense of a ∼ 0.2 M
increase in mass of the hydrogen-free core. In addition, the structure of the carbon-oxygen
core, fixed by the central helium-burning stage, is affected by the uncertainties related to
the 12 C (α,γ)16 O reaction rate [78].
Figure 7 shows the model grid used in this work, with the hydrogen masses (vertical
axis) calculated for each white dwarf mass (horizontal axis). The red dots are the sequences
computed for this work and the black diamonds represent the models used in previous
works. The thick orange line connects the maximum values of MH for each stellar mass as
predicted by our evolutionary computations (column 2 of Table 1). It is possible to see
that the hydrogen mass has a strong dependence on the stellar mass, with a decrease in
the amount of hydrogen envelope mass with the increase of the stellar mass.
Another phenomenon that our grid can shed light on is the ’avoided crossings’,
present in the g-mode period spectrum of the ZZ Ceti stars. When two modes’ experiences
avoided crossing, the modes exchanges their intrinsic properties [124]. We can study the
avoided crossing phenomena by tracking the change in the period of a given mode with the
change in the hydrogen mass. As a result, for some values of MH , the period spacing turns
to be as shorter as ∼8 s. Figure 8 shows the periods in terms of the hydrogen envelope
thickness for modes with ` = 1, for a model with M? = 0.82 M at 12 000 K. It is evident
that there is an increase in the periods as the hydrogen envelope becomes thinner. But
this growth is not linear, and the avoided crossing becomes apparent. In particular, modes
with k = 1 and 2 experience a collision at −log(MH /M? ) = 6.5, when the modes differ by
only 9 seconds.

3.4 Star sample and asteroseismological fits
In this work, I have analyzed 40 ZZ Ceti stars with spectroscopic stellar mass
between 0.74 M and 1.15 M , extracting their observed periods from the literature and
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Figure 7 – Evolutionary sequences of DA WD considered in this work displaced in the
M? /M - log(MH /M? ) plane. Each point corresponds to a complete cooling
sequence with a given stellar mass and hydrogen envelope mass. Filled red
dots correspond to the evolutionary sequences computed for this work, black
diamonds correspond to the sequences used in [2]. The thick orange line connects
the sequences with the maximum hydrogen envelope mass predicted by our
evolutionary computations. As expected, the maximum hydrogen mass decreases
with the increase of the stellar mass.
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Figure 8 – Periods of the modes with ` = 1 and k=1-5 in terms of the thickness of the
hydrogen envelope corresponding to M? = 0.82M at 12 000 K. The avoid
crossing can be seen in the −log(MH /M? ) = 6.5, 7, 8.5 between the k=1 and
k=2, k=2 and k=3, and k=4 and 5, respectively.

then searching for the best fit model in the model grid. These objects are listed in Table 2
(column 1) along with the effective temperature (column 2), the surface gravity (column
3), and the spectroscopic mass (column 4). The effective temperature and the log(g) values
were corrected using 3D convection [85]. The stellar mass values were determined by
linear interpolation of the evolutionary tracks presented by Romero et al. (2012, 2013,
2019b) [75, 76, 2] in the log(g) - Teff diagram, using the values of the log(g) and effective
temperature from Table 2.
The sample in the log(g) - Teff plane is shown in Figure 9 as black dots, together
with all ZZ Ceti known to date. The two stars with masses above 1.05 M , i.e. GD-518 and
J0840+5222, probably do not have a C/O core according to their spectroscopic mass, and
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Table 2 – Atmospheric parameters of our sample of stars corrected using 3D convection (columns
2 and 3), spectroscopic mass (column 4), and the references (column 5).
Star
KIC 211914185
HS 1531+7436
G226-29
SDSSJ005208.42-005134.7
WDJ161218.08+083028.32
WDJ084021.23+522217.4
G207-9
WDJ164115.61+352140.6
WDJ181222.47+432107.6
WDJ120054.55-025107.0
WDJ203857.52+771054.5
WDJ215354.11-073121.9
WDJ220831.39+205909.45
GD-518
WDJ062159.49+252335
WD 2102+233
WDJ093944.89+560940.2
WDJ221458.37-002511.7
WDJ220915-091942.5
BPM37093
HE 0532-5605
WDJ082547.00+411900.0
WDJ125710.50+012422.9
WDJ155438.35+241032.6
WDJ133714.44+010443.83
WDJ212808.49-000750.8
WDJ132350.28+010304.2
WDJ215905.52+132255.7
KUV 0159-1109
WDJ103642.25+211527.9
WDJ101540.14+234047.4
SDSSJ030325.22-080834.9
WDJ121628.55+092246.4
WDJ092329.81+012020.0
WDJ220830.02+065448.7
WDJ171113.01+654158.3
WDJ204127.11-041724.22
WDJ004154.66-030802.5
WDJ165020.53+301021.2
WDJ094000.27+005207.1

Teff
13 590 ± 380
13 270 ± 250
12 510 ± 250
12 300 ± 427
12 250 ± 136
12 160 ± 320
12 080 ± 250
12 025 ± 160
12 448 ± 103
11 970 ± 200
11 940 ± 310
11 910 ± 200
11 776 ± 250
11 760 ± 250
11 728 ± 250
11 712 ± 310
11 690 ± 250
11 650 ± 150
11 630 ± 230
11 620 ± 250
11 510 ± 250
11 510 ± 230
11 490 ± 250
11 470 ± 230
11 460 ± 340
11 420 ± 190
11 380 ± 200
11 370 ± 210
11 360 ± 180
11 329 ± 250
11 320 ± 300
11 260 ± 220
11 240 ± 210
11 190 ± 160
11 147 ± 250
11 130 ± 70
11 114 ± 366
10 936 ± 176
10 830 ± 110
10 590 ± 100

log(g)
8.43 ± 0.06
8.49 ± 0.04
8.35 ± 0.04
8.4 ± 0.1
8.29 ± 0.04
8.93 ± 0.07
8.37 ± 0.04
8.3 ± 0.1
8.49 ± 0.01
8.24 ± 0.06
8.38 ± 0.08
8.27 ± 0.06
8.49 ± 0.05
8.97 ± 0.04
8.3 ± 0.3
8.28 ± 0.05
8.29 ± 0.08
8.30 ± 0.04
8.30 ± 0.07
8.69 ± 0.04
8.42 ± 0.04
8.37 ± 0.08
8.30 ± 0.09
8.49 ± 0.07
8.6 ± 0.1
8.24 ± 0.07
8.45 ± 0.07
8.69 ± 0.08
8.29 ± 0.06
8.27 ± 0.03
8.4 ± 0.1
8.40 ± 0.08
8.25 ± 0.08
8.38 ± 0.06
8.25 ± 0.05
8.47 ± 0.03
8.39 ± 0.03
8.36 ± 0.04
8.43 ± 0.06
8.34 ± 0.07

M? /M
0.87 ± 0.05
0.90 ± 0.03
0.81 ± 0.03
0.9 ± 0.1
0.78 ± 0.04
1.13 ± 0.03
0.82 ± 0.03
0.81 ± 0.09
0.89 ± 0.05
0.74 ± 0.05
0.83 ± 0.04
0.77 ± 0.06
0.90 ± 0.04
1.15 ± 0.02
0.7 ± 0.3
0.77 ± 0.05
0.78 ± 0.07
0.78 ± 0.04
0.78 ± 0.06
1.01 ± 0.02
0.86 ± 0.03
0.82 ± 0.07
0.78 ± 0.08
0.90 ± 0.04
0.99 ± 0.09
0.74 ± 0.04
0.88 ± 0.06
1.01 ± 0.05
0.78 ± 0.05
0.76 ± 0.03
0.87 ± 0.04
0.84 ± 0.07
0.75 ± 0.07
0.83 ± 0.05
0.75 ± 0.05
0.89 ± 0.03
0.83 ± 0.03
0.82 ± 0.04
0.86 ± 0.05
0.80 ± 0.06

Ref.
[5]
[3]
[3]*
[3]
[3]*
[3]
[3]*
[3]*
[125]§
[3]*
[76]
[3]
[3]*
[3]
[4]
[3]
[3]*
[3]*
[3]*
[3]
[3]
[3]*
[3]*
[3]
[3]*
[3]*
[3]*
[3]*
[6]
[6]
[3]
[3]*
[3]*
[3]*
[3]*
[3]*
[6]
[6]
[3]*
[3]*

Note. The values of log(g) and Teff corrected by 3D convection were extracted of [24]. The
values of log(g) and Teff of Bognar et al. (2016) [3] white dwarf period tables were taken from
the works of [126] and [127].
* Analyzed in [76]
§ Photometric determination
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Figure 9 – ZZ Ceti stars known to date distributed in the log(g) - Teff plane. They were
extracted from the works of Bognar et al. (2016) [3] (grey triangle-up), Su et al.
(2017) [4] (green triangle-down), Hermes et al. (2017) [5] (blue cross), Rowan
et al. (2019) [6] (red semi-filled dots), Bell et al. (2017) [7] (pink up-filled dots),
Fuchs (2017) [8] (dark-red pentagons), and Curd et al. (2017) [9] (red squares).
The black dots with uncertainties are the objects analyzed in this work. We
also include evolutionary tracks (dashed lines) with stellar masses of 0.621,
0.770 and 1.024M from top to bottom, for guidance purposes.
are beyond the mass limit of our model grid. Nevertheless, considering the uncertainties
related to the spectroscopic parameter determinations [128], and also the uncertainties in
the stellar mass where the C/O core becomes an O/Ne core [13, 15, 16, 18], I decided to
keep these objects in the analysis.
In the asteroseismological fits, I search for the best representative model for each of
the stars presented in Table 2. To this end, I look for the theoretical model that minimizes
the quality function given by Corsico et al.(2008) [129]:
N
h
i
1 X
obs 2
§ (M∗ , MH , Teff ) =
min Πth
;
k − Πi
N i=1
2

(3.20)

where N is the number of observed periods, Πobs
are the observed periods, and Πth
k
i are
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the correspondent theoretical ones. Because the period spacing between ` = 2 modes is
shorter than for ` = 1 modes, there will always be more quadrupolar modes in a given
period range. Because of that, it is easier to fit quadrupolar modes in a period interval.
Therefore, I stipulate the theoretical periods to be closer to the observed periods by a
factor of N`=2 /N`=1 , ensuring a better match between theoretical and observed periods.
Note that calculating the square root of S 2 , we get the standard deviation between the
observed and the theoretical periods.
The effective temperature, stellar mass, and hydrogen mass of the envelope are
allowed to vary in the ranges: 14 500 ≥ Teff ≥ 9 000, 1.050M ≥ M∗ ≥ 0.686M , −4.4 ≥
log(MH /M∗ ) ≥ −9.4, where the values of MH will depend on the stellar mass (see column
2 of Table 1). I also allow the stellar mass to adopt values lower than the inferior mass
limit of the sample to ensure the choice of the best-fit model.
Most of the stars in the sample have data only of the discovery paper, having just
a few periods detected. Thus, we cannot rely only on the periods as boundary conditions
to select the best-fit model. In order to find other restrictions, to be able to overcome this
issue, there are some general procedures that are used during the fits that are summarized
below:
1. First, I search for the minimum in the quality function to ensure that our models
match the observed periods;
2. When there are several families of solutions, I looked for those with Teff inside 1 σ
from the spectroscopic value. The log(g) could also be a boundary condition, but, in
general, I use the effective temperature since the determinations of Teff are more
accurate than those of the log(g);
3. When available, I use external identification of the harmonic degree ` of the modes.
If that information is not available, I give more weight to the model that fit the
observed periods with similar amplitudes using the same harmonic degree `.
4. For the stars that have a single detected mode, I often have several families of
solutions that perfectly fit the observed period. Therefore, it is not possible to choose
a single solution. In this case, I will present at least three possible best-fit models.
Those solutions usually have the same order of hydrogen mass, which allows us to
infer if the stars have a thick or a thin hydrogen envelope.
I calculate the internal uncertainties associated to the quantities M? , Teff , and
log(L/L ) using the following expression [130, 70]:
σi2 =

d2i
,
S − S0

(3.21)

62

Chapter 3. Methodology

0
where (M?0 , MH0 , Teff
) is the value of the quality function of the best-fit model and S is the
value of the quality function when we change the parameter i by an amount of di , keeping
the other parameters fixed. The quantity di can be evaluated as the minimum step in the
grid of parameters i. Those uncertainties are internal errors of the fitting procedure. Other
uncertainties come from evolutionary computations and are not considered.

The results of the asteroseismological analysis are listed in Table 3 and 4. In Table
3, are presented the results of the asteroseismological fit for 22 stars of the sample that
have a least two observed periods, while the results for the stars showing only one period
are presented in Table 4. The Tables are organized as follows: columns 2, 3, and 4 show
the effective temperature, stellar mass, and thickness of the hydrogen envelope of a given
asteroseismological model, respectively. In columns 5 and 6 are shown the observed period
and the amplitude used in the fitting procedure. The theoretical period along with the
corresponding harmonic degree ` and the radial order k are listed in columns 7, 8, and
9. In columns 10, 11, and 12 are shown the difference between the observed and the
theoretical period ∆, the value of the quality function S(M∗ , MH , Teff ), and the references
where the observed modes were extracted. The best-fit model is always listed first, with
other possible solutions listed below for comparison purposes.
The structural parameters of the best-fit models selected in the asteroseismological
fit for each star analyzed in this work are listed in Table 5. The uncertainties in the M? ,
Teff and log(L/L ) were computed using the expression 3.21, while the uncertainties in
the surface gravity and in the radius were propagated from them.
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Table 3 – Results of the asteroseismological fits for 22 massive white dwarf stars that have
at least two observed period.
Star
KIC 211914185

Teff (K)

M? /M

−log(MH /M? )

Πobs
(s)
i

A(mma)

Πth
k (s)

`

k

∆ (s)

S

109.15
190.45
109.15
190.45
1077.2
1093.8
1077.2
1093.8
172.7
326.6
797.4
172.7
326.6
797.4
129.4
196.1
254.29
291.85
305.2
317.20
409.92
557.4
595.7
623.8
740.4
356.09
743.44
798.66
356.09
743.44
798.66
257.10
271.30
294.10
304.78
257.10
271.30
294.10
304.78
249.72
477.35
538.84
558.89
576.05
592.60
249.72
477.35
538.84
558.89
576.05
592.60
440.2
513.2
583.7
440.2
513.2
583.7

1.40
1.85
1.40
1.85
4.0
4.0
4.0
4.0
6.2
7.1
6.3
6.2
7.1
6.3
1.1
1.2
10.4
19.8
0.4
5.3
10.0
63.4
2.0
1.1
46.4
14.3
11.1
12.1
14.3
11.1
12.1
6.69
13.09
6.69
23.72
6.69
13.09
6.69
23.72
1.5
1.6
5.1
8.5
2.7
4.5
1.5
1.6
5.1
8.5
2.7
4.5
1.5
2.4
1.5
1.5
2.4
1.5

108.69
190.40
109.60
189.57
1077.15
1093.76
1077.68
1093.02
172.82
325.47
797.62
174.01
326.35
798.87
125.95
194.57
252.96
292.60
302.25
317.79
409.46
555.57
595.21
624.88
743.62
355.36
743.19
799.07
357.73
743.72
799.52
255.10
271.54
295.01
303.50
256.58
272.38
293.35
304.90
250.16
479.34
537.77
559.84
576.43
594.21
250.72
478.73
538.42
558.64
574.35
594.90
440.20
511.75
584.79
440.23
512.97
583.67

1
1
1
2
1
2
1
1
1
1
1
1
2
1
2
2
1
2
1
2
1
1
2
1
1
1
2
1
1
1
1
2
2
2
1
2
2
2
2
1
1
2
1
2
1
1
1
2
1
2
1
1
1
1
2
2
1

1
3
1
2
29
51
31
32
2
7
22
2
15
23
3
7
5
13
6
14
10
15
29
17
21
6
30
18
8
20
22
8
9
10
5
9
10
11
12
4
11
23
13
25
14
4
11
23
13
25
14
11
13
15
21
25
16

0.46
0.05
-0.45
0.88
0.05
0.04
-0.48
0.09
-0.12
1.13
-0.22
-1.4
0.25
-1.47
3.45
1.53
1.33
-0.75
2.95
-0.59
0.46
1.83
0.49
-1.08
-3.22
0.73
0.25
-0.41
-1.64
-0.28
-0.86
2.0
-0.24
-0.91
1.28
0.52
-1.08
0.75
-0.12
-0.44
-1.99
1.07
-0.95
-0.38
-1.61
-1.00
-1.38
0.42
0.25
1.70
-2.30
0.00
1.45
-1.09
-0.03
0.23
0.03

0.32

14 020

0.998

6.24

12 986

0.877

7.38

11 974

0.860

5.32

12 504

0.976

6.06

1 144

0.998

5.94

12 479

1.024

6.38

G207-9

12 394

0.949

5.66

J1812+4321

12 181

0.900

8.37

11 870

0.998

5.87

11 866

0.770

5.46

11 661

0.877

5.60

12 223

0.900

6.41

12 155

0.900

6.31

11 905

0.976

5.99

12 181

1.024

6.52

J0052-0051

J0840+5222

J1200-0251

J2208+2059

GD 518

Ref.
[5]

0.84
0.06

[131]

0.34
0.67

[9]

1.16

2.53

[132]
[133]
*

0.55

*

1.08

2.09

[134]

1.26

1.40

[76]

1.72

1.24

0.36

[135]
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Table 3 – (Continued)
Star
J2214-0025

J2209-0919

BPM37093

HE 0532-5605

J0825+4119

J1257+0124

Teff (K)

M? /M

−log(MH /M? )

Πobs
(s)
i

A(mma)

Πth
k (s)

`

k

∆ (s)

S

Ref.

195.2
255.2
195.2
255.2
789.31
894.71
789.31
894.71
511.7
531.1
548.4
564.1
582.0
600.7
613.5
635.1
660.8
511.7
531.1
548.4
564.1
582.0
600.7
613.5
635.1
660.8
586.4
688.8
586.4
688.8
611.0
653.4
611.0
653.4
377.8
398.1
466.4
507.1
644.5
786.9
905.8
946.3
1070.5
377.8
398.1
466.4
507.1
644.5
786.9
946.3
1070.5

6.1
13.1
6.1
13.1
10.37
43.94
10.37
43.94
0.7
1.2
0.8
0.9
1.0
0.9
1.1
1.1
0.5
0.7
1.2
0.8
0.9
1.0
0.9
1.1
1.1
0.5
1
1
1
1
11.2
17.1
11.2
17.1
6.6
6.7
8.9
8.4
21.9
8.9
46.7
10.5
7.9
6.6
6.7
8.9
8.4
21.9
8.9
10.5
7.9

195.18
255.14
195.28
255.51
790.95
893.61
789.26
894.34
507.54
531.10
547.36
565.53
582.79
598.09
614.20
635.31
659.75
508.39
531.55
551.10
563.62
580.63
601.57
609.76
637.35
667.10
586.58
688.90
586.84
688.35
611.18
653.42
611.24
653.11
375.37
398.48
465.29
511.41
644.87
787.45
905.56
946.48
1069.34
379.68
397.59
467.09
506.38
649.15
785.99
946.59
1070.92

2
1
1
1
1
1
1
1
1
1
2
2
2
1
2
2
1
2
2
2
2
2
2
1
1
1
1
1
1
1
1
1
2
1
2
1
2
1
1
2
1
2
2
1
2
1
2
1
1
1
2

5
3
1
3
17
20
21
24
13
14
26
27
28
16
30
31
18
24
25
26
27
28
29
16
17
18
13
16
13
16
14
15
19
11
6
13
8
18
13
16
21
20
40
6
13
8
18
13
16
20
40

0.02
-0.09
-0.08
-0.31
-1.64
1.10
0.37
0.05
4.16
0.00
1.04
-1.43
-0.79
2.61
-0.70
-0.21
1.05
3.31
-0.55
-2.7
0.48
1.07
-0.87
3.74
-2.25
-6.3
-0.18
-0.1
-0.46
0.45
-0.18
-0.02
-0.24
0.29
-2.43
-0.38
-0.79
1.01
-0.37
-0.55
0.24
-0.18
-1.16
-1.88
0.51
-0.79
0.72
-4.65
0.91
-0.29
-0.42

0.07

[136]

11 697

0.820

8.82

11 691

0.705

7.34

11 600

0.770

5.75

11 638

0.949

5.84

12 382

0.949

5.76

12 633

1.024

6.52

11 460

0.860

5.99

11 578

0.877

6.39

11 559

0.800

4.89

11 470

0.721

9.24

11 277

0.837

5.88

11 228

0.721

5.36

0.23
1.40

[137]

0.26
2.08

[53]

1.11

0.15

[138]

0.45
0.08

[139]

0.25
2.23

[140]
[76]

1.92

[76]
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Table 3 – (Continued)
Star
J2128-0007

Teff (K)

M? /M

−log(MH /M? )

Πobs
(s)
i

A(mma)

Πth
k (s)

`

k

∆ (s)

S

Ref.

274.9
289.0
302.2
274.9
289.0
302.2
432.48
497.40
525.00
550.47
564.55
590.13
603.62
612.23
636.39
656.02
675.36
698.64
731.62
831.06
884.17
683.70
746.67
801.0
683.70
746.67
801.0
707.0
1128.0
707.0
1128.0
707.0
1128.0
409
570
626
823
840
967
409
570
626
823
840
967
668.9
595.1
1436.4
655.7
595.1
1436.4
595.1
1436.4

11.0
9.7
17.1
11.0
9.7
17.1
5.1
6.3
3.6
8.6
18.31
7.1
8.3
11.9
4.8
15.2
6.3
4.3
5.2
4.6
4.1
11.7
24.2
15.1
11.7
24.2
15.1
4.1
3.5
4.1
3.5
4.1
3.5
30.1
24.6
21.6
45.2
42.0
20.5
30.1
24.6
21.6
45.2
42.0
20.5
3.5
2.7
1.4
4.4
2.7
1.4
2.7
1.4

275.33
289.00
301.83
275.02
288.69
302.37
431.34
489.59
526.45
550.77
566.63
590.73
600.80
613.69
636.23
658.11
677.15
693.81
730.90
832.62
880.73
683.28
746.07
801.88
683.50
746.83
801.21
706.85
1127.67
707.75
1127.67
707.10
1128.04
408.87
568.55
625.49
824.04
837.80
970.02
408.67
566.87
628.04
823.86
840.14
966.89
669.69
595.39
1435.16
655.87
594.64
1436.49
594.37
1436.30

1
2
1
1
2
2
1
1
1
2
2
2
1
2
2
2
2
1
2
2
2
2
1
2
1
1
2
1
1
1
1
2
2
1
2
1
2
1
1
1
2
1
1
2
2
1
1
1
1
1
1
1
1

3
7
4
5
11
12
10
12
13
25
26
27
15
28
29
30
31
18
34
39
41
29
18
34
16
18
34
17
18
15
25
28
46
6
0
12
30
17
20
7
21
13
18
32
37
15
13
34
17
15
39
13
34

-0.43
0.0
0.17
-0.12
0.31
-0.17
1.14
7.81
-1.45
-0.3
-2.08
-0.6
2.82
-1.46
0.16
-2.09
-1.79
4.83
0.73
-1.56
3.44
0.42
0.60
-0.88
0.2
-0.16
-0.21
0.15
0.33
-0.75
0.33
-0.1
-0.04
0.13
1.45
0.51
-1.04
2.20
-3.02
0.33
3.13
-2.14
-0.86
-0.14
0.11
-0.79
-0.05
0.37
-0.17
0.46
-0.09
0.73
0.1

0.33

[140]

11 067

0.721

7.84

11 758

0.877

5.55

J1323+0103

11 519

0.917

5.41

J2159+1322

10 987

0.976

6.29

11 004

0.900

6.02

11 303

0.877

5.60

11 353

0.837

6.26

11 265

0.820

5.87

11 669

0.770

7.33

10 823

0.837

5.97

11 088

0.877

6.29

11 496

0.949

5.76

11 306

0.800

5.39

J0303+0808

J1216+0922

J0923-0120

0.37

3.54

[123]
[76]

1.04

[136]
[76]

0.26

0.26

[141]

0.58
0.1
2.00

[81]

2.46

0.86

[50]
[76]

0.29

0.52

[76]
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*
Table 3 – (Continued)
Star
J2208+0654

J1711+6541

Teff (K)

M? /M

−log(MH /M? )

Πobs
(s)
i

A(mma)

Πth
k (s)

`

k

∆ (s)

S

Ref.

668.07
757.23
668.07
757.23
668.07
757.23
214.3
234.0
561.5
609.5
690.2
934.8
1186.6
1248.2

4.1
4.5
4.1
4.5
4.1
4.5
1.7
1.2
3.0
5.5
3.3
2.9
3.3
3.2

668.27
756.89
668.01
757.14
668.22
757.09
214.90
236.91
561.91
610.01
690.27
935.37
1183.32
1253.38

1
1
1
2
1
2
2
1
1
1
2
2
2
1

14
16
14
29
17
34
7
4
13
14
29
40
51
31

0.20
0.16
0.06
0.09
-0.15
0.14
-0.60
-2.71
-0.41
-0.51
-0.07
-0.57
3.28
-5.18

0.28

[134]

11 154

0.770

5.46

11 138

0.837

5.97

11 183

0.998

5.87

10 779

0.837

5.00

0.12
0.20
3.00

[139]
[71]

Note. The main structure parameters are isted for each star given by the asteroseismological solution. It
is also listed the observed and the theoretical periods with the corresponding harmonic degree ` and the
radial order k. The best-fit model is listed first; other solutions are also listed for comparison. The last
column has the references from where the periods have been extracted.
*Romero et al. (2021), in preparation.
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Table 4 – Results of the asteroseismological fits for 18 massive white dwarf stars that have
only one observed period.
Star
HS 1531+7436

G226-29

J1612+0830
J1641+3521
J2038+7710
J2153-0731
J0621+2523
WD 2102+233
J0939+5609

J1554+2410
J1337+0104
KUV 0159-1109
J1036+2115
J1015+2340

J2041-0417

J0041-0308
J1650+3010

J0940+0052

Teff (K)
13 409
12 792
13 196
12 571
12 270
12 782
12 174
12 373
12 109
11 709
12 289
12 134
11 909
11 900
11 646
11 691
11 714
11 721
11 671
11 506
11 659
11 544
10 954
11 338
11 198
11 339
11 366
11 342
11 323
11 401
11 510
11 215
10 936
11 262
11 314
10 986
11 138
10 982
10 797
11 017
10 550
10 745
10 503

M? /M
0.917
0.917
1.024
0.860
0.770
0.900
0.770
0.820
0.770
0.800
0.837
0.917
0.705
0.659
0.745
0.949
0.770
0.820
0.770
0.721
0.837
0.900
0.917
0.998
0.860
0.770
0.800
0.770
0.745
0.877
0.820
0.949
0.837
0.820
0.800
0.820
0.820
0.860
0.820
0.721
0.800
0.877
0.820

−log(MH /M? )

Πobs
(s)
i

A(mma)

Πth
k (s)

`

k

S

5.76
5.73
6.52
5.27
4.69
5.52
4.91
5.22
5.00
5.29
7.35
7.87
6.54
6.24
6.34
7.88
7.33
5.58
4.91
9.24
5.40
5.52
8.37
6.24
6.38
5.85
5.39
4.91
4.62
6.10
6.36
5.84
5.08
4.99
6.84
5.06
5.13
9.27
9.59
8.33
7.84
5.11
5.22

112.5
112.5
112.5
109.27
109.27
109.27
116.2
116.2
809.3
809.3
203.7
203.7
210.2
210.2
830.0
830.0
800.0
800.0
249.9
249.9
249.9
673.6
673.6
715.0
715.0
687.0
687.0
680.0
680.0
498.5
498.5
498.5
525.0
525.0
525.0
870.0
870.0
339.06
339.06
339.06
255.36
255.36
255.36

4.2
4.2
4.2
1.1
1.1
1.1
5.1
5.1
27.3
27.3
17.7
17.7
5.6
5.6
1.9
1.9
26.0
26.0
7.2
7.2
7.2
2.2
2.2
10.0
10.0
15.0
15.0
23.0
23.0
4.9
4.9
4.9
17.0
17.0
17.0
5.0
5.0
14.7
14.7
14.7
17.1
17.1
17.1

112.49
112.50
112.49
109.32
109.25
109.26
116.20
116.21
809.40
809.42
203.83
203.73
210.08
210.20
829.99
829.98
799.97
800.02
249.90
249.90
249.89
673.59
673.60
715.01
715.00
687.02
686.97
679.95
680.09
498.5
498.5
498.49
524.97
524.97
525.0
870.17
870.02
339.03
339.06
339.07
255.41
255.34
255.33

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
19
19
2
2
2
2
17
19
16
19
4
2
4
17
14
18
16
14
15
15
15
11
10
12
12
12
10
21
21
3
4
4
3
4
4

0.01
0.00
0.01
0.05
0.02
0.01
0.00
0.01
0.10
0.12
0.13
0.03
0.12
0.00
0.01
0.02
0.03
0.02
0.00
0.00
0.01
0.01
0.00
0.01
0.00
0.02
0.03
0.05
0.09
0.00
0.00
0.01
0.03
0.03
0.00
0.17
0.02
0.03
0.00
0.01
0.05
0.02
0.03

Ref.
[142]

[143, 35]

[139, 71]
[140]
[9]
[140]
[4]
[144]
[9]

[9]
[81]
[6]
[6]
[9]

[6]

[6]
[141]

[134]
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Table 5 – Structural parameters for the best-fit models corresponding to each DAV star
analyzed in this paper. Surface gravity, effective temperature, stellar mass,
hydrogen and helium mass weighted by the stellar mass, luminosity and radius
weighted by solar radius and finally the oxygen abundance of the core are listed.
The uncertainties are the internal errors of the fitting procedure, as described in
section 3.4.
Star
KIC 211914185
J0052-0051
J0840+5222
G207-9
J1812+4321
J1200-0251
J2208+2059
GD 518
J2214-0025
J2209-0919
BPM37093
HE 0532-5605
J0825+4119
J1257+0124
J2128-0007
J1323+0103
J2159+1322
J0303+0808
J1216+0922
J0923-0120
J2208+0654
J1711+6541
HS 1531+7436
G226-29
J1612+0830
J1641+3521
J2038+7710
J2153-0731
J0621+2523
WD 2102+233
J0939+5609
J1554+2410
J1337+0104
KUV 0159-1109
J1036+2115
J1015+2340
J2041-0417
J0041-0308
J1650+3010
J0940+0052

log(g)

Teff [K]

8.64 ± 0.04
8.42 ± 0.04
8.65 ± 0.02
8.57 ± 0.04
8.49 ± 0.03
8.29 ± 0.04
8.49 ± 0.03
8.61 ± 0.04
8.37 ± 0.02
8.29 ± 0.02
8.57 ± 0.04
8.43 ± 0.02
8.33 ± 0.03
8.37 ± 0.02
8.22 ± 0.02
8.52 ± 0.02
8.60 ± 0.02
8.46 ± 0.02
8.29 ± 0.03
8.46 ± 0.02
8.30 ± 0.03
8.39 ± 0.03
8.52 ± 0.03
8.43 ± 0.04
8.30 ± 0.05
8.30 ± 0.05
8.40 ± 0.03
8.19 ± 0.03
8.25 ± 0.02
8.30 ± 0.02
8.28 ± 0.02
8.49 ± 0.02
8.65 ± 0.02
8.29 ± 0.03
8.28 ± 0.03
8.46 ± 0.02
8.39 ± 0.03
8.36 ± 0.02
8.44 ± 0.02
8.35 ± 0.03

14 020 ± 197
11 974 ± 53
12 144 ± 150
12 394 ± 100
12 181 ± 105
11 866 ± 65
12 223 ± 72
11 905 ± 120
11 697 ± 42
11 600 ± 120
12 382 ± 100
11 460 ± 46
11 599 ± 54
11 277 ± 160
11 067 ± 65
11 518 ± 64
10 988 ± 50
11 303 ± 35
11 669 ± 40
11 088 ± 35
11 154 ± 36
10 779 ± 101
13 409 ± 380
12 571 ± 370
12 174 ± 220
12 109 ± 48
12 289 ± 355
11 909 ± 280
11 646 ± 21
11 714 ± 25
11 671 ± 45
11 544 ± 24
11 338 ± 48
11 339 ± 24
11 342 ± 28
11 401 ± 31
10 936 ± 35
10 986 ± 68
10 982 ± 50
10 550 ± 83

M∗ /M
0.998 ± 0.026
0.860 ± 0.023
0.998 ± 0.026
0.949 ± 0.032
0.900 ± 0.023
0.770 ± 0.030
0.900 ± 0.023
0.976 ± 0.027
0.820 ± 0.020
0.770 ± 0.030
0.949 ± 0.032
0.860 ± 0.023
0.800 ± 0.030
0.837 ± 0.023
0.721 ± 0.024
0.917 ± 0.032
0.976 ± 0.027
0.877 ± 0.023
0.770 ± 0.030
0.877 ± 0.023
0.770 ± 0.030
0.837 ± 0.023
0.917 ± 0.032
0.860 ± 0.023
0.770 ± 0.030
0.770 ± 0.030
0.837 ± 0.023
0.705 ± 0.016
0.745 ± 0.025
0.770 ± 0.030
0.770 ± 0.030
0.900 ± 0.023
0.998 ± 0.026
0.770 ± 0.030
0.770 ± 0.030
0.877 ± 0.023
0.837 ± 0.023
0.820 ± 0.020
0.860 ± 0.023
0.800 ± 0.030

MH /M∗

MHe /M∗

log(L/L )

log(R/R )

XO

Crist (%)

5.75 × 10−7
4.78 × 10−6
1.15 × 10−6
2.18 × 10−6
4.26 × 10−9
3.47 × 10−6
3.89 × 10−7
1.02 × 10−6
1.51 × 10−9
1.77 × 10−6
1.73 × 10−6
1.02 × 10−6
1.29 × 10−5
1.31 × 10−6
1.44 × 10−8
3.89 × 10−6
5.12 × 10−7
2.51 × 10−6
4.67 × 10−8
5.13 × 10−7
3.46 × 10−6
9.77 × 10−6
1.73 × 10−6
5.37 × 10−6
1.23 × 10−5
1.00 × 10−5
4.46 × 10−8
2.88 × 10−7
4.57 × 10−7
4.67 × 10−8
1.23 × 10−5
3.02 × 10−6
5.75 × 10−7
1.41 × 10−6
1.23 × 10−5
7.94 × 10−7
8.31 × 10−6
8.70 × 10−6
5.37 × 10−10
1.44 × 10−8

7.74 × 10−4
2.84 × 10−3
7.73 × 10−4
1.19 × 10−3
1.92 × 10−3
5.97 × 10−3
1.92 × 10−3
1.12 × 10−3
3.90 × 10−3
5.98 × 10−3
1.19 × 10−4
2.85 × 10−3
4.72 × 10−3
3.19 × 10−3
7.25 × 10−3
1.31 × 10−3
1.10 × 10−3
2.59 × 10−3
5.97 × 10−3
2.59 × 10−3
5.97 × 10−3
3.19 × 10−3
1.31 × 10−3
2.85 × 10−3
5.97 × 10−3
5.97 × 10−3
3.16 × 10−3
7.66 × 10−3
6.24 × 10−3
5.96 × 10−3
5.97 × 10−3
1.91 × 10−3
7.73 × 10−4
5.98 × 10−3
5.97 × 10−3
2.59 × 10−3
3.18 × 10−3
3.89 × 10−3
2.85 × 10−3
4.74 × 10−3

−2.67 ± 0.03
−2.78 ± 0.01
−2.92 ± 0.02
−2.82 ± 0.01
−2.81 ± 0.01
−2.71 ± 0.01
−2.79 ± 0.01
−2.92 ± 0.01
−2.79 ± 0.012
−2.75 ± 0.02
−2.82 ± 0.01
−2.86 ± 0.01
−2.77 ± 0.01
−2.84 ± 0.02
−2.79 ± 0.01
−2.91 ± 0.01
−3.07 ± 0.01
−2.90 ± 0.01
−2.75 ± 0.01
−2.94 ± 0.01
−2.82 ± 0.01
−2.94 ± 0.01
−2.65 ± 0.022
−2.70 ± 0.04
−2.66 ± 0.03
−2.67 ± 0.01
−2.72 ± 0.05
−2.64 ± 0.07
−2.72 ± 0.01
−2.74 ± 0.02
−2.73 ± 0.01
−2.90 ± 0.01
−3.04 ± 0.01
−2.79 ± 0.01
−2.78 ± 0.01
−2.89 ± 0.01
−2.92 ± 0.03
−2.89 ± 0.01
−2.94 ± 0.012
−2.95 ± 0.02

−2.10 ± 0.01
−2.02 ± 0.02
−2.10 ± 0.01
−2.07 ± 0.01
−2.05 ± 0.02
−1.98 ± 0.01
−2.05 ± 0.01
−2.09 ± 0.02
−2.01 ± 0.01
−1.98 ± 0.01
−2.07 ± 0.02
−2.03 ± 0.01
−1.99 ± 0.01
−2.01 ± 0.02
−1.96 ± 0.01
−2.05 ± 0.01
−2.09 ± 0.02
−2.03 ± 0.01
−1.98 ± 0.01
−2.04 ± 0.01
−1.98 ± 0.01
−2.01 ± 0.01
−2.05 ± 0.01
−2.02 ± 0.01
−1.98 ± 0.01
−1.98 ± 0.01
−2.02 ± 0.01
−1.95 ± 0.01
−1.97 ± 0.01
−1.98 ± 0.01
−1.98 ± 0.01
−2.05 ± 0.01
−2.10 ± 0.02
−1.98 ± 0.01
−1.98 ± 0.01
−2.04 ± 0.01
−2.01 ± 0.01
−2.00 ± 0.01
−2.03 ± 0.01
−2.00 ± 0.01

0.601
0.561
0.601
0.582
0.565
0.546
0.565
0.586
0.550
0.546
0.582
0.561
0.549
0.552
0.659
0.609
0.586
0.568
0.546
0.568
0.546
0.552
0.609
0.561
0.546
0.546
0.552
0.534
0.589
0.546
0.546
0.565
0.601
0.546
0.546
0.568
0.552
0.550
0.561
0.549

0
0
16.8
0
0
0
0
8.1
0
0
0
0
0
0
0
0
37.3
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
41.7
0
0
0
0
0
0
0
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4 Results and Discussion
4.1 Particular Cases
In this section, I will discuss in detail the asteroseismological analysis of a few
objects that require additional attention.
G207-9 : This is a classical ZZ Ceti, the eighth known member of the DAVs,
first observed by Robinson et al. (1976) [132] which detected four periods with very high
amplitude and one with a low amplitude. Then, thirty years later, this star was observed
again over 24 nights in the Konkoly Observatory, with the data published in the work
of Bognar et al. (2016b) [133], consisting of 7 periods (five new ones and two observed
previously). Also, this star was observed in Sector 26 of TESS mission (Romero et al. 2021,
in preparation). We were able to detect four new pulsation periods, along with four that
have already been observed before in previous works [132, 133]. Unfortunately, three of the
four new periods are shorter than 240 seconds and are not trustworthy. This is due to the
available TESS data for this star, which has only 120 seconds cadence. For this star, I fit
the period spectrum of each observation individually, and then I do the fit considering all
the periods. In all fitting procedures, the solutions are in the range of 0.9-1.05 M , with
effective temperatures in the range 12 000-12 600K, more massive and hotter than the
spectroscopic determinations (0.82 M and 12 080 K). Interestingly, models with a mass
of 0.949 M are always present among the solutions. The best-fit model for G207-9 has a
mass of 0.949 M , with a thick hydrogen envelope (MH = 2.19 × 10−6 M? ), and an effective
temperature of 12 394 K. This model is more massive and hotter than the spectroscopic
determinations and also than the best-fit model found in the work of Romero et al. (2013)
[76].
J1812+4321 : This star was discovered within TESS, in Sectors 25 and 26. Three
low amplitude modes were detected (356, 743, and 798 sec), characteristic of stars in the
hot edge of the instability strip. I searched for a model that fits the period with the highest
amplitude with ` = 1 and a maximum difference of 1 sec. I have found two families of
solutions: one of them has masses higher than 0.949 M , with hydrogen envelopes typically
thicker than −log(MH /M? ) = 6, and effective temperature lower than 11 500 K; the other
family of solutions is in the mass range of 0.7-0.917 M , with thinner hydrogen envelopes
and effective temperatures above 11 700 K. To break this degeneracy in the solutions, I
use the temperature and log(g) obtained using the GAIA photometry [125] and selected a
best-fit model with a mass of 0.90 M , a thin hydrogen envelope (MH = 4.25 × 10−9 M? ),
and an effective temperature of 12 181 K.
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GD 518 : Reported by Hermes et al. (2013) [135], this is an ultra massive ZZ
Ceti star, with Teff = 11 760 K, log(g) = 8.97, and with a mass of 1.15 M . Thus, this
star may harbor a C/O/Ne core, or even an O/Ne core [13, 15, 16]. However, due to
the uncertainties on the transition mass where the neon abundance becomes significant,
the C/O core composition cannot be excluded [145]. In this scenario, low radial orders
pulsation modes could be an important ally of the core composition identification once
these modes mainly propagate in inner regions. However, for stars in this range of mass
and temperature the crystallization is in advanced stages (30 - 90% of the star could be in
the solid-state [146]), affecting the core chemical profile and the pulsation properties. As
the g-modes do not propagate in solid material, they cannot provide information about
the core composition. For this object, there were only three periods detected, all of them
longer than 400 seconds. The period-to-period fit indicates that the best-fit model has
a stellar mass of M=0.976 M , effective temperature of Teff = 11 905 K, hydrogen mass
of MH = 1.02 × 10−6 M? , and with a quality function S= 1.24 s. This solution has a mass
0.174 M lower than the spectroscopy determination, however, has a consistent effective
temperature and fits all the periods with good precision. The best-fit model shows that
8.1% of the mass of the star is crystallized. Our result is in good agreement with those
from Córsico et al. (2019b) [77] in terms of the hydrogen mass and effective temperature,
but they obtained a higher stellar mass of M=1.22 M and 97% of its mass crystallized,
using O/Ne-core DA white dwarf models.
BPM 37093 : Discovered by Kanaan et al. (1992) [147], this object was the first
ultra-massive ZZ Ceti star observed. This star shows a log(g) of 8.69 and an Teff = 11 620
K (corrected using 3D models atmospheres), giving a spectroscopic mass of 1.024 M . This
star has nine detected frequencies [53], being BPM 37093 an important object in the study
of the massive and ultra-massive ZZ Ceti stars. A detailed asteroseismological analysis
was carried out by Córsico et al. (2020b) [148], which used the effective temperature
and log(g) not corrected by 3D as boundary conditions. The authors used white dwarfs
models with oxygen/neon core in their study. They found a seismological model with
1.16 M , Teff = 11 650K and 92.3% of crystallization, using the eight periods published
by Metcalfe et al. (2004) [149]. In the fitting procedure, I used the nine observed modes
reported by Kanaan et al. (2005) [53], which used the WET (Whole Earth Telescope)
observations. The best-fit model has a mass of M=0.949M , with MH = 1.74 × 10−6 M? ,
and an effective temperature of Teff = 12 382K. This model is less massive and hotter than
the spectroscopic determination, and I believe that our model grid cannot consistently
reproduce this star. One of the possible reasons is that this star is inside the mass range
of (1.024-1.15 M ) where Lauffer et al. (2018) [16] found hybrid C/O-O/Ne core white
dwarfs. In this case, not even the O/Ne core white dwarf models of Córsico et al. (2019)
[77] could provide a consistent asteroseismological solution. Therefore, BPM 37093, which
is the ultra-massive ZZ Ceti star with the higher number of periods detected, remains an
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open subject for asteroseismological studies.
KIC 211914185 : This is the hottest object on our list. It has a rotation period
of 1.13 hrs and it is the fastest known isolated pulsating star [5]. It has a log(g) of 8.43
and a Teff = 13 590K, resulting in a spectroscopic mass of M=0.867 M . This object
has two short periods detected, 109.15 and 190.45 s, with low amplitudes, each one of
them the center of a triplet. Due to this, I searched for models that fit both modes with
` = 1. I find solutions compatible with the spectroscopic mass but not so much with
the effective temperature. In this case, the best-fit model have a mass of M=0.867 M ,
Teff = 12 986 K and −log(MH /M? ) = 7.38. However, with the identification of both modes
with a harmonic degree ` = 1, the best-fit model has a mass of 0.998 M , Teff = 14 020 K,
and −log(MH /M? ) = 6.24.
J0052-0051 : This object is part of a detached white dwarf plus main-sequence
star binary system [131]. The WD component has two long periods detected, 1077 and
1093 s, with low amplitude. Restricting the solution for models that fit both modes with
` = 1, I only found solutions hotter and massive than the spectroscopy determination.
Thus I chose to fit both modes with ` = 2. The best-fit model has a mass of 0.860 M ,
Teff = 11 974K and −log(MH /M? ) = 5.07. I also detected a second possible solution with
0.976 M and −log(MH /M? ) = −6.06, ten times thinner than our best-fit model, which
can be interpreted in terms of the core-envelope symmetry described in Montgomery et al.
(2003) [150].
J0840-5222 : This is another ultra-massive ZZ Ceti star, first published by Curd
et al. (2017) [9], with three pulsation modes (172.7, 326.6, and 797.4 sec). The spectroscopic
analysis suggests that this object has a log(g) of 8.93 and a Teff = 12 160K, which gives
a mass of 1.13M . Curd et al. (2017) performed an asteroseismological analysis using
sequences computed with the LPCODE, with a mass in the range of 1.024 - 1.15M , and
C/O core. Their best-fit model have a mass of 1.14 M , MH = 5.8 × 10−7 M? , effective
temperature in the range 11 850 - 12 350 K, and a of 50 - 70% of its mass crystallized.
Córsico et al. (2020b) [148] also analyzed this star and found a solution with 1.10 M ,
Teff = 12 550K, MH = 1.02 × 10−7 M? , and a crystallized ratio of 81%, using O/Ne core
white dwarf models. I found as the best-fit model a mass of 0.998 M , an effective
temperature of 12 144 K, and a hydrogen mass of MH = 1.15 × 10−6 M? , 100 times thicker
than the solutions of Curd et al. (2017) and Córsico et al. (2020b). This model has 16.8%
of the mass crystallized. The model fits the three modes with ` = 1 and S=0.67 s. If
the spectroscopic determination of log(g) was overestimated, then this model is a good
solution.
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Figure 10 – Comparison between the values of surface gravity according to asteroseismology
and spectroscopic 3D determinations. The uncertainties in the asterosismological log(g) are due to internal errors in the fitting procedure. The red line is
the 1:1 correspondence.

4.2 Surface gravity from asteroseismology
In the analysis of the correspondence between the spectroscopy and the asteroseismological determinations performed in this work, I use directly the log(g) instead of
the mass to avoid one more transformation and its uncertainties. Figure 10 shows the
comparison between the spectroscopic (y-axis) and asteroseismological (x-axis) log(g)
determinations. The red line is the 1:1 correspondence. We can see that the agreement
between both sets of estimations is good, with the bulk of points accumulating around
the 1:1 line. This result is excellent when compared to one reported by Romero et al.
(2013). Probably solutions were being lost because of the limited number of sequences for
the cooling curve of white dwarfs. Therefore, the ∼500 sequences computed for this work
and added with the existing ones (summing ∼800) improved the correspondence between
the spectroscopic and seismological log(g) determinations. However, there are five objects
quite out of the 1:1 correspondence, all located above the log(g) = 8.55. The discrepancy
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between the spectroscopic and seismological log(g) could reside in the fact that these stars
are in the range of mass where a core composed of carbon and oxygen it is not expected
[145].
The mean value of the asteroseismological mass is hM? isis = 0.84 ± 0.04M . whereas
the average spectroscopic mass is hM? ispec = 0.84 ± 0.07M . This agreement between asteroseismology and spectroscopy is encouraging since the methods used to derive both values
are quite different. Also, they rely on two different and independent sets of observational
data: the spectrum for the spectroscopy and the observed periods for the asteroseismology.
If I do not consider the two ultra-massive stars of the sample, i.e. J0840+5222 and GD518, the values are hM? isis = 0.84 ± 0.04M . for the asteroseismological determination,
and hM? ispec = 0.83 ± 0.05M for the spectroscopic determination. Finally, despite some
outliers, the agreement between the mean spectroscopic and asteroseismological mass is
satisfactory.

4.3 Using GAIA data
In 2018, the groundbreaking second data release (DR2) of the Gaia mission [151] led
to a true revolution in the field of white dwarfs. With accurate parallax measurements, this
data enables the possibility to search for these objects on a unique scale. The early Data
Release 3 (2020) of Gaia (EDR3) [152], relies on 34 months of observations, representing
an improvement on all fronts over DR2, with parallax measurements being 20 to 30 percent
more accurate [152]. For the ZZ Ceti stars, the data from the Gaia mission provide us
additional information with the measurements of the magnitudes and distances. This
makes it possible to estimate the atmospheric parameters, like the log(g) and the effective
temperature, independently from the spectroscopy.
The atmospheric parameters were extracted from the work of Gentile Fusillo et
al. (2021) [153], that has used the Gaia EDR3 data for the computations. The authors
employed the standard H-atmosphere spectral models of Tremblay et al. (2011), which
includes the Lα red wing absorption of Kowalski & Saumon (2006) [154]. For the white
dwarf stars with masses above 0.46 M , they used the evolutionary sequences with
thick hydrogen layers (MH /MWD = 10−4 ) of Fontaine et al. (2001) [155]1 . The parallax,
G apparent magnitude, Gbp − Grp color, MG absolute magnitude, and log(g) are listed
in columns 2, 3, 4 and 5, of Table 6, respectively. Unfortunately, seven stars of our
sample (G226-29, J005208.42-005134.7, G207-9, GD-518, BPM 37093, KUV 0159-1109,
and J030325.22-080834.9) are not present in the Gentile Fusillo et al. (2021) catalog, since
the authors only searched for a 3 arcsec radius, which excludes the stars with elevated
uncertainties in proper motion.
1

For further details about obtaining the parameters is recommended to consult [156]
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Table 6 – Gaia EDR3 data for 33 stars of the sample. The parallax (col 2), apparent G magnitude (col 3), color Gbp − Grp (col 4), absolute magnitude MG (col 5), and log(g)
(col 6) are listed. The objects not present are: G226-29, J005208.42-005134.7,
G207-9, GD-518, BPM 37093, KUV 0159-1109, and J030325.22-080834.9.
Star
KIC 211914185
J0840+5222
J1812+4321
J1200-0251
J2208+2059
J2214-0025
J2209-0919
HE 0532-5605
J0825+4119
J1257+0124
J2128-0007
J1323+0103
J2159+1322
J1216+0922
J0923-0120
J2208+0654
J1711+6541
HS 1531+7436
J1612+0830
J1641+3521
J2038+7710
J2153-0731
J0621+2523
WD 2102+233
J0939+5609
J1554+2410
J1337+0104
J1036+2115
J1015+2340
J2041-0417
J0041-0308
J1650+3010
J0940+0052

parallax (mas)

G

Gbp − Grp

MG

log(g)

4.8 ± 0.3
7.4 ± 0.2
17.21 ± 0.03
5.4 ± 0.2
11.01 ± 0.09
6.7 ± 0.1
5.2 ± 0.3
20.10 ± 0.03
5.9 ± 0.2
4.4 ± 0.2
6.1 ± 0.2
5.5 ± 0.2
5.1 ± 0.2
4.5 ± 0.2
7.41 ± 0.2
7.6 ± 0.1
12.63 ± 0.05
13.45 ± 0.03
7.8 ± 0.1
3.6 ± 0.2
3.7 ± 0.2
4.1 ± 0.2
7.2 ± 0.1
14.78 ± 0.04
4.2 ± 0.2
8.91 ± 0.08
6.1 ± 0.2
8.89 ± 0.08
5.7 ± 0.2
6.9 ± 0.2
7.4 ± 0.1
7.7 ± 0.1
4.7 ± 0.2

18.870 ± 0.004
18.315 ± 0.003
18.224 ± 0.003
18.207 ± 0.003
17.487 ± 0.003
17.895 ± 0.003
18.587 ± 0.005
15.932 ± 0.003
18.566 ± 0.003
18.665 ± 0.004
18.009 ± 0.003
18.549 ± 0.004
18.959 ± 0.004
18.542 ± 0.004
18.402 ± 0.003
17.972 ± 0.003
16.947 ± 0.003
16.541 ± 0.003
17.806 ± 0.003
19.092 ± 0.004
19.096 ± 0.004
18.506 ± 0.003
17.609 ± 0.003
15.985 ± 0.003
18.754 ± 0.003
17.602 ± 0.003
18.601 ± 0.003
17.572 ± 0.003
18.711 ± 0.004
18.285 ± 0.003
18.041 ± 0.003
18.151 ± 0.003
18.190 ± 0.003

0.010
0.042
0.005
0.050
0.084
0.022
0.104
0.040
0.057
-0.074
0.038
−0.006
0.049
0.114
0.026
0.030
0.036
−0.016
−0.003
0.083
−0.078
−0.029
0.094
0.031
−0.006
0.046
0.052
0.037
0.069
0.066
0.031
0.104
0.083

12.285
12.658
12.423
11.855
12.285
12.031
12.182
12.448
12.411
11.872
11.930
12.261
12.497
11.810
12.753
12.395
12.455
12.184
12.259
11.912
11.978
11.551
11.899
11.834
11.872
12.352
12.541
12.317
12.500
12.485
12.389
12.595
11.551

8.4 ± 0.2
8.5 ± 0.1
8.48 ± 0.02
7.9 ± 0.1
8.37 ± 0.2
8.1 ± 0.1
8.1 ± 0.3
8.41 ± 0.02
8.4 ± 0.2
8.3 ± 0.2
8.1 ± 0.1
8.4 ± 0.2
8.5 ± 0.2
7.8 ± 0.2
8.6 ± 0.1
8.4 ± 0.1
8.44 ± 0.04
8.37 ± 0.03
8.38 ± 0.07
8.0 ± 0.2
8.4 ± 0.2
7.9 ± 0.2
7.9 ± 0.1
8.03 ± 0.03
8.2 ± 0.2
8.36 ± 0.05
8.4 ± 0.1
8.35 ± 0.06
8.4 ± 0.2
8.40 ± 0.01
8.40 ± 0.07
8.37 ± 0.09
7.7 ± 0.1

In order to test our asteroseismological log(g) distribution, I compared the values
of log(g) obtained by Gentile Fusillo et al. (2021) with the values obtained from the
best-fit models of this work. The result is presented in Figure 11. The uncertainties
of the asteroseismological log(g) are obtained as described in Section 3.4, whereas the
uncertainties in the log(g) obtained from Gaia are extracted from Gentile Fusillo et al.
(2021) catalog.
For most objects, the correspondence between both determinations is in good
agreement. It is possible to see that the log(g) obtained from Gaia EDR3 data are, in
general, lower than those of asteroseismology. Also, only two out of the five outliers are
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present in the catalog, for the reasons explained before. For KIC 211914185, the behavior
is the same as observed in the comparison with the spectroscopy: the log(g) obtained from
asteroseismology is higher. However, the log(g) from Gaia EDR3 data agrees with the
log(g) from spectroscopy. This may suggest that the asteroseismological fit for this object
was not good. The 109 s period, identified with ` = 1 of this star, will always return a
massive solution. Therefore, only the detection of further periods could solve this problem.
For J0804+5222, the log(g) from Gaia EDR3 data is in agreement with the log(g) from
asteroseismology, considering the uncertainties. Therefore, as discussed in Section 4.1, the
spectroscopic log(g) determination for this star may be overestimated. Finally, the objects
with only one period detected were highlighted (red squares) from those with at least two
periods (black dots) in order to enable us to see some tendency behavior of the points.
That is necessary because the spectroscopic log(g) was used as an additional boundary
condition during the asteroseismological fits of these stars. Nevertheless, the objects with
one period are spread all over the log(g) plane, and no tendency in the points distribution
was found.

4.4 Effective temperature
Figure 12 shows a comparison between the spectroscopic (x-axis) and asteroseismological effective temperature (y-axis ). The diagonal red line shows the 1:1 correspondence.
This figure reveals a good agreement between both determinations, being BPM 37093 the
largest discrepancy, with a 760 K difference between the spectroscopic and asteroseismological determination. As discussed in detail in Section 4.1, I only found solutions with
effective temperatures above 12 000 K for BPM 37093, much higher than the 11 620 K of
the spectroscopy determination. There are also some discrepancies at low temperatures,
which can be related to the extent of the outer convection zone.
The agreement between the spectroscopic and asteroseismological effective temperature determination tends to be better than those of log(g) since, as mentioned before, the
Teff had been used as a boundary condition. If I gave more weight to the surface gravity
in the fitting procedure, the differences in the log(g) determination in the Figure 10 would
be, probably, less pronounced, while the differences in the effective temperature in Figure
12 maybe increase.

4.5 The hydrogen envelope distribution
One of the most powerful contributions of asteroseismology for stellar astrophysics
is to probe the internal structure of the stars. Although it has some observational evidence
of a range in the hydrogen content, this can only be verified in asteroseismological studies.
Figure 13 shows the hydrogen envelope thickness distribution of the 40 massive DAV stars
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Figure 11 – Comparison between the values of surface gravity according to Gaia EDR3
data and asteroseismology for 33 stars of the sample. The red dots represent
the stars that have one observed period, while the black dots are those with
at least two observed periods. The uncertainties are due to internal errors in
the fitting procedure. The red line represents the 1:1 correspondence.
studied in this work, presenting only the best-fit model for each object. The black-dashed
bars are the complete sample whereas the red-filled bars are only the stars with at least
two observed periods. The
horizontal dotted line represents the square root of the number
q
of objects in the sample, (40) ≈ 6, being is the expected value for a uniform distribution.
This quantity shows how pronounced are the peaks in the distribution. The distribution
shows a very pronounced peak at −log(MH /M? ) range 5 to 6 (20 objects), what I consider
thick hydrogen envelopes. Of the 40 best-fit models determined in the asteroseismological
fits of our sample, only 4 (10%) of them correspond to models with a canonical hydrogen
content, i.e., with the hydrogen envelope thickness predicted by the prior evolution. Romero
et al. (2013) reported 11 best-fit models with canonical envelopes, representing 26% of
their sample, a higher value than found in the present work. These authors used a sample
of 42 massive DAV stars with a spectroscopic and asteroseismological mean mass of 0.84
M and 0.85 M respectively, which is very similar to our sample. I reinforce, however,
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Figure 12 – Comparison between the spectroscopy (x-axis) and the asteroseismological (yaxis) determinations of the effective temperature of 40 ZZ Ceti stars analyzed
in this work. The diagonal red line is the 1:1 correspondence.

that the grid used in this work has a higher resolution in hydrogen envelope mass when
compared to the grid used in Romero et al. (2013). Thus, it is possible to observe deeper
in the hydrogen distribution of the ZZ Ceti stars. Thus, it is possible that the ZZ Ceti
stars in the domain of thick envelopes may have less hydrogen than what is expected by
the prior evolution.
The smooth pattern of the hydrogen mass distribution depicted in Figure 13,
together with the pronounced peak in the −log(MH /M? ) range 5 to 6 is a stimulating
result. Around 80% of the spectroscopic identified white dwarf stars are characterized by
H-rich atmospheres [24], i.e., with canonical hydrogen envelopes, or near to the canonical
values, which is what we see in Figure 13. Indeed, spectroscopic and asteroseismological
studies of DA stars shows that 15-20% of the DA stars have thin H-envelopes, −log(MH /M? )
range 6 to 10 [157, 71, 75]. In this work, I found 15 best-fit models characterized with a
thinner hydrogen envelope, which represents 38% of our sample of massive DAVs. This
value agrees with the result reported in Romero et al. (2013), which found 26 best-fit
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Figure 13 – Histogram showing the hydrogen envelope thickness distribution for the complete sample of 40 massive ZZ Ceti stars (black-dashed) and only for those
with at least 2 periods (red-filled).

models (62%) with thin hydrogen envelopes. The presence of a high number of best-fit
models with thin hydrogen envelopes in our results, when compared to the 20% expected
[157, 71], could be related to the number of objects analyzed in this work. The number
of DAV stars known is around 300, thus our sample represents only 13% of the total
number. On the other hand, also supported by the work of [76], this could mean that
H-deficient stars may not be a minority. Thus, models with thinner hydrogen envelopes
cannot be ignored in asteroseismological studies of ZZ Ceti stars, especially when dealing
with massive objects.
The mean value of the hydrogen mass of our sample of 40 stars is hMH i = 9 × 10−7 M? ,
or hMH i = 7 × 10−7 M? if I consider the reduced sample of stars which have at least 2
detected periods. This value is ∼ six times lower than the value reported in Romero et al.
(2013) and three times lower than the value reported in Romero et al. (2019b), which used
a sample that covers a broad range in stellar mass. The hMH i value is, in fact, close to
the value reported by Castanheira & Kepler (2009) [71], with our result being 1.75 times

4.5. The hydrogen envelope distribution

79

larger. It is important to point out that the grid used by Castanheira & Kepler (2009)
was independent of the grid used in this work, with their sample covering a large range
in stellar mass. Despite these differences, we all conclude that the possible values for the
hydrogen mass left in the envelope of the DAVs span over a large range, from 10−4 to
10−10 M? .
An important work that highlights the existence of H-deficient white dwarfs was
carried out by Ourique et al. (2020) [158], who studied the spectral evolution of white
dwarfs. The sample used was composed of ∼ 13 000 DA and ∼ 3 000 non-DA white dwarfs
stars, both extracted from the SDSS DR12 catalog and the GAIA DR2 survey. The authors
reported that the ratio of non-DA to DA white dwarfs is ∼ 0.075 for effective temperatures
higher than 22 000 K, increasing five times for effective temperatures below 15 000 K. The
most likely explanation is the convective mixing of a thin hydrogen envelope into the
underlying helium layer of 14±3% of DA white dwarfs stars. Another relevant study that
proves the existence of H-deficient stars was presented by Romero et al. (2019) [47]. The
authors, studying 40 Eridani B compared the theoretical mass-radius relations for different
hydrogen envelope masses with the dynamical stellar mass from Mason et al. (2017) [159],
and the radius obtained from photometry and distance Bond et al. (2017) [160]. One of
their results is that 40 Eridani B have a thin H-envelope, with MH = 2.6 × 10−8 M? .
The hydrogen content of the DA white dwarfs had also been discussed in the work
of Tremblay et al. (2008) [157], which studied the ratio He to H-rich in terms of Teff
from a model atmosphere analysis of the infrared photometric data from the Two Micron
All Sky Survey combined with available visual magnitudes. These authors conclude that
15% of the DA white dwarfs probably harbor a −log(MH /M? ) between 8 and 10. The
asteroseismological study performed in this work points that 38% of the DAVs should
have a hydrogen envelope thinner than the canonical values, with −log(MH /M? ) between
6 and 10. Particularly, 3 stars analyzed in this work have 10−10 ≤ MH /M? ≤ 10−8 , which
represents 7.5% of our sample. This result is in agreement with Tremblay et al. (2008)
[157], considering that our sample is small and only composed of massive components of
the DAV white dwarfs.
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5 Conclusions
In this dissertation, I have carried out an asteroseismological study of 40 massive
DA variable white dwarfs with spectroscopic masses higher than 0.74 M . To this end, I
introduce an updated grid of fully evolutionary models characterized by models with a
consistent and detailed chemical profile, from the core to the surface. This model grid is an
updated version of the grid used in the pioneer works of Romero et al. (2012, 2013, 2019b)
[75, 76, 47], which employed for the first time the use of a grid of fully evolutionary models
in the asteroseismological fits. For each stellar mass and effective temperature, starting
from the canonical value to log(MH /M? ) = −6, the updated grid has models spaced in
0.1 in logarithmic scale, from this value on, the sequences have hydrogen masses spaced
in 0.5 until our thinner envelope with log(MH /M? ) = −9.5. Also, I computed three new
sequences for the cooling curve of the white dwarfs (0.82, 0.86, and 0.9 M ), in order
to fill some gaps in the stellar mass present in the grid. Those sequences are the result
of an interpolation of the chemical profiles between two evolutionary sequences. The
updated grid has ∼ 800 sequences for the cooling curve of the white dwarfs, with at least
∼ 500 of them being computed in this work. Of the 40 best-fit models selected in the
asteroseismological fits, 30 of them (75%) are from new sequences included in the grid,
which highlights the importance of having a good resolution in the mass of the hydrogen
envelope.
The main results of the asteroseismological fits are the following.
(i) The mean value obtained for the asteroseismological mass is hM? isis = 0.84 ± 0.04M ,
which it is in excellent agreement with the value obtained for the mean spectroscopic
mass hM? ispec = 0.84 ± 0.07M . Considering that 40 stars were analyzed, this result is
encouraging.
(ii) The mean asteroseismological mass obtained is in good agreement with Kleinman
et al. (2013) [161], which reported a mean mass of hM? ispec = 0.82M for the massive
component of the DA white dwarf stars, including variable and non variable objects.
(iii) I found a smooth distribution for the hydrogen envelopes mass, with a pronounced peak at −log(MH /M? ) range 5 to 6. It is the first time that a smooth distribution
is obtained in asteroseismological studies. A range in the thickness of the hydrogen envelope
has been also reported in previous works [71, 75, 76, 2].
(iv) For 36 out of the 40 stars analyzed, I have found a best-fit model with less
hydrogen than it was predicted by standard evolutionary computations. I found 15 best-fit
models characterized with a hydrogen envelope thinner than −log(MH /M? ) = 6, which
represents 38% of our sample of massive DAVs. It indicates that is possible that the
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DAVs in the domain of thick envelopes have less hydrogen than what was expected by the
previous evolution.
(v) I found a mean hydrogen envelope mass of hMH i = 9 × 10−7 M? , 6 times lower
than the value reported by Romero et al. (2013). This difference may be due to the higher
resolution of our model grid. If I consider only the stars with at least two periods detected,
the hydrogen mean mass is hMH i = 7 × 10−7 M? .
In this work, I obtained a good agreement between the spectroscopic and asteroseismological log(g) values, despite five outliers. This is an encouraging result since the
methods used to derive both values are quite different and rely on two independent sets
of observational data. This might suggest that solutions were being lost in the fitting
procedure because of the lower resolution in MH . Therefore, considering previous works, the
∼500 sequences computed for this work, added with the existing ones (summing ∼ 800),
improved the agreement between the spectroscopic and seismological log(g) determinations,
reducing the dispersion.
In the future may be interesting to analyze the outliers in more detail. The dispersion
in the comparison of the asteroseismology and spectroscopic determination of log(g) seems
to occur above log(g)sis 8.5. Thus, the detection followed by the asteroseismological analysis
of more objects in this log(g) range could help to identify the problem: this happens because
the model grid can not correctly represent the objects in this range of mass? Spectroscopy
is not good for these objects? It is also important to note that this range of mass is where
could be a change in the core composition. Therefore, the analysis of objects in this range
of mass also enables the exploration of the mass range where the core composition of the
white dwarf stars changes and perhaps constrain a limit value.
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