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Abstract: Spectral wave modelling is widely used to simulate large-scale wind–wave processes due
to its low computation cost and relatively simpler formulation, in comparison to phase-resolving or
hydrodynamic models. However, some applications require a time-domain representation of sea
waves. This article proposes a methodology to transform the wave spectrum into a time series of
water surface elevation for applications that require a time-domain representation of ocean waves.
The proposed method uses a generated phase spectrum and the inverse Fourier transform to turn the
wave spectrum into a time series of water surface elevation. The consistency of the methodology is
then verified. The results show that it is capable of correctly transforming the wave spectrum, and
the significant wave height of the resulting time series is within 5% of that of the input spectrum.
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1. Introduction

Spectral simulation of water waves is a widely used technique to study large-scale
wind–wave processes. The wave spectrum is assumed to be a stationary function as long
as the conditions that generate the sea state remain stationary [1,2]. This allows one to
use rougher space and time discretisation in spectral models, considerably reducing the
computational cost of these simulations.

However, for some applications the frequency-domain nature of the wave spectrum
is undesirable. Such applications include, for instance, the sea-state modelling of smaller
areas and periods in shallow waters using Boussinesq-type wave models [3]; the fluid
dynamics simulation of wave flumes and tanks using irregular wave data as boundary
conditions; the physical modelling of such flumes and tanks; numerical modelling of sea
ice and its interaction with the marine environment [4,5], etc. In these cases, a time-domain
representation of the waves is necessary to represent the water surface.

Some effort has been made to use more than monochromatic waves, especially for
numerical modelling, since regular waves usually cannot represent the complexity of the
ocean surface. In some cases, irregular wave data is available from buoy measurements [6]
or physical models [7], but these are rare, mainly due to the elevated cost of the equipment
involved.

Some other approaches were already employed, such as the superposition of linear
wave components into a polychromatic wave [8–11], or the numerical solution of the
Korteweg–de Vries partial differential equation for the water surface [12]. Another similar
approach was developed, which uses the random amplitude scheme to evaluate the power
output of wave energy converters [13]. However, as far as the authors are aware, there
were no attempts so far to use the transformation proposed here to generate irregular wave
data from wave spectra.
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Therefore, this article shows a method to generate time-varying sea surface height
data based on stochastic realisations of the wave spectrum at a given point in space and
time. Such data are useful in the cases mentioned above, where the temporal behaviour of
the water surface is important, and other situations in which the water surface elevation
caused by the waves is needed as a function of time, but there is no data available from in
situ measurements.

The main goal of the methodology developed in this article is to serve as a fast and
affordable way to generate time-domain data that represents a wave spectrum (either
modelled or measured in situ) to use as data input (for instance, as boundary condition) for
small-scale wave modelling. More specifically, this methodology was initially developed to
simulate realistic sea states in wave energy conversion devices by means of computational
fluid dynamics (CFD), using wave spectra simulated by the wave model TOMAWAC [14,15].
One such application of this methodology can be found in Machado et al. [16], who used
the generated realistic irregular waves for the numerical analysis of wave energy converters.
Another application can be found in Tavares et al. [17], who compared the hydropneumatic
power available in an oscillating water column device when subject to monochromatic and
to irregular waves.

2. Fourier Analysis Background

The transformation of a function from frequency to time domain is usually done with
an inverse Fourier transform (IFT). However, just feeding the wave spectrum to the IFT
does not return a usable result because the algorithm returns a complex result for any real
input. This is true due to the reciprocity relationship for a Hermitian function. A Hermitian
function is one whose complex conjugate equals the original function with its domain sign
changed [18]:

x?(t) = x(−t) (1)

This implies that the real part of a Hermitian function is an even function and the imag-
inary part is odd. In Equation (1), x is an arbitrary function and t is its domain. A Hermitian
function subject to a Fourier transform then follows the reciprocity relationship [18]:

Axiom 1: x is a real-valued function if and only if the Fourier transform of x is Hermitian;
Axiom 2: x is a Hermitian function if and only if the Fourier transform of x is real-valued.

In light of this, it is possible to understand the output of the Fourier transform (and of
its inverse). When feeding a real-valued function, such as a time series of water surface
height, to the Fourier transform, the result is a complex-valued function that represents
the Fourier coefficients of that function. With these coefficients, it is possible to obtain the
variance spectrum of such function with:

S =
∣∣F (x)

∣∣2 (2)

where F (x) is the Fourier transform of the function x, and
∣∣F (x)

∣∣ denotes the absolute
value of the given complex variable, in this case, F (x). Another point to note is that due
to the symmetry of the Fourier transform’s result, the second half of S is equal to the first
half, mirrored, thus the first half is usually multiplied by two and the second discarded,
making the spectrum one-sided.

3. Transformation of the Spectrum

To transform the wave spectrum using the IFT it is necessary to first adequate the input
of the algorithm so that its output is a real-valued function that represents the water surface
height. It is known, from Axiom 1 of the Hermitian reciprocity relationship discussed in
Section 2 that the water surface height, denoted henceforth by η, will only be a real-valued
function if the Fourier transform of η, F (η), is a complex Hermitian function. In the case
of F (η) being a Hermitian function, one can input it to the IFT algorithm to obtain η.
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Usually, the spectrum is presented as a one-sided spectrum, in which case it has to be
mirrored with respect to the frequency domain and divided by two, reversing the process
previously described, as shown in Figure 1.

One-sided

Two-sided

f

S( f )

Figure 1. Illustration of the one-sided and two-sided representation of the same spectrum.

With the two-sided spectrum one can reverse Equation (2) to make F (x) explicit,
which in the case at hand is F (η), and introduce, ∆ f , which roots from the frequency
discretisation of the function: ∣∣F (η)∣∣ = √St∆ f (3)

where St denotes specifically the two-sided spectrum.
The right-hand side of Equation (3) consists of just the original spectrum, rescaled by

∆ f , which is still a real-valued function because the product St∆ f is always positive.
The only unknown left in Equation (3) is the absolute-value operator on F (η), which

turns the complex-valued result of the Fourier transform into the real-valued right-hand
side of Equation (3). Therefore, to remove the absolute-value operator of the equation,
and make F (η) explicit, the right-hand side has to be made a complex-valued Hermitian
function.

To complete the complex-valued function it is necessary to include the missing phase
spectrum in Equation (3). Sea waves are modelled by their variance spectrum under the
closure hypothesis that their phase spectrum is randomly and uniformly distributed in the
interval [0, 2π] [1,2,19], and the sea surface elevation due to such waves approximately fits
a Gaussian distribution [19]. Adding up these two pieces makes it possible to assert that
the missing phase spectrum can be modelled by a stream of normally-distributed random
numbers with null average and unit standard deviation, with the same size (the length of
the vector, denoted as n) as the original two-sided spectrum.

At this point, there are two real-valued functions, the amplitude and phase spectra,
which need to be merged into one complex Hermitian function. As previously discussed,
the real part of a Hermitian function is an even function and the imaginary part is odd.

Splitting the random number stream from before into two parts of the same size, α
and β, and mirroring them with respect to the frequency domain as previously done for
the spectrum, then changing the sign of the second half of β:

α(n . . n/2 + 1) = +α(1 . . n/2) (4a)

β(n . . n/2 + 1) = −β(1 . . n/2) (4b)

returns the real (α) and imaginary (β) components of a complex Hermitian function. In
Equations (4a) and (4b) the notation a . . b represents the integer range from a to b. If a > b
then the range is from b to a, reversed.

Finally, with α and β, the complex Hermitian function can be written as α + iβ. Given
that, Equation (3) can be rewritten with the Hermitian function in place and the Fourier
transform of η completely explicit:

F (η) =
[
α + iβ

]√
St∆ f (5)

finally yielding a suitable definition for F (η), which now can be input to the IFT, resulting
in the real-valued function η.
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The generated time series of the water surface height, as computed with Equation (5),
will be one random realisation of the wave spectrum used in the process. The variance
spectrum will be embedded in the time series of η as the amplitude of the oscillations, and
the relative positions of such oscillations will reflect the random number stream used to
generate the time series.

Reproducing the procedure with a different variance spectrum will produce a visually
similar time series with changed amplitudes, while changing the random number stream
will produce a rather different time series, but one which contains the same information
when averaged over larger time scales.

An example implementation of the methodology to transform a water wave spec-
trum into a time series of surface elevation is available online: https://gist.github.com/
PhelypeOleinik/39803f2385a18d0e86dc3ff8fe02af7b (accessed on 18 September 2021). The
theoretical description of the methodology should cite this paper, and the code can be cited
as:

Oleinik, P.H.; Tavares, G.P.; Machado, B.N.; Isoldi, L.A. Transformation of Water
Wave Spectra into Time Series of Surface Elevation: base implementation. Earth
2021, 1, 1–9. Available online: https://gist.github.com/PhelypeOleinik/39803f2
385a18d0e86dc3ff8fe02af7b (accessed on 18 September 2021).

4. Verification of the Method

The verification dataset for this method will be a set of 5000 discrete spectra from ran-
domly selected points and time intervals from the simulation performed by Oleinik et al. [20].
Since this article does not feature a case study, this simulation was chosen only due to
its relatively large space and time coverages to evaluate the method proposed here. The
significant wave height of the sea states represented by the sampled spectra ranges between
approximately 0.15 to 4 m.

All the analyses in this section will use time series of η generated from the sampled
spectra above, each with 65 536 (n = 216) points over a time interval of 3600 s. The length
of 1 h for the time series was chosen to be long enough to make statistical bias due to
random numbers negligible, and to be short enough so that the sea state can be considered
a stationary function in that period (although the latter would not influence here, since the
usage of the spectrum already implies a stationary sea state).

Uniformly-distributed random number streams were generated using the GNU
FORTRAN (5.4.0) random_number intrinsic function, which uses the XORSHIFT1024∗ al-
gorithm [21]. These were then transformed into normally-distributed random number
streams using the polar form [22] of the Box–Muller transform [23].

4.1. Verification of Average Values

The first, most straightforward, verification of the proposed method is the fact that
once the IFT is applied to the result of Equation (5), the imaginary part of the result is zero,
as it should be to comply with Axiom 2 of the Hermitian reciprocity relationship from
Section 2.

Another trivial verification is that, since the spectrum does not carry any information
of the average sea surface height, the constant term of the Fourier transform is zero,
therefore the average of η is also zero. Figure 2 shows that the average of the time series
for the sampled spectra is approximately zero. In fact, the residuals are below the precision
limit for a double-precision variable, so it can be safely assumed as zero.

https://gist.github.com/PhelypeOleinik/39803f2385a18d0e86dc3ff8fe02af7b
https://gist.github.com/PhelypeOleinik/39803f2385a18d0e86dc3ff8fe02af7b
https://gist.github.com/PhelypeOleinik/39803f2385a18d0e86dc3ff8fe02af7b
https://gist.github.com/PhelypeOleinik/39803f2385a18d0e86dc3ff8fe02af7b
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Figure 2. Mean values of the time series of the 5000 sampled spectra for the verification.

The most widely known and used spectral wave parameter is the significant wave
height (Hs). This parameter can be obtained by a number of different means. From the wave
spectrum, the significant wave height is obtained from the zeroth-order moment (m0) of the
wave spectrum, which can be computed using the equation for the nth-order moment [24]:

mn =
∫ ∞

0
f nS( f )d f (6)

with n = 0. Geometrically, m0 represents the area under the graph of the spectrum, which
can be proven by replacing n = 0 in Equation (6), and m0 also represents the total variance
of the spectrum S( f ). From m0, the significant wave height can be approximated with [2]:

Hm0 = 4.004
√

m0 (7)

In this article, a simple integration with the Midpoint rule was used. Equation (7) is valid
in this case because the wave phase spectrum is assumed to have a Gaussian distribution
(see Section 3) and in the time scales used the sea state is considered stationary [1].

With η, the significant wave height can be computed using two different methods.
The first is by computing the variance of η, which should be equal to the total variance
of the spectrum, and is also computed using Equation (7), replacing m0 with the variance
of η (σ). The second method is by using the zero up- or down-crossing methods, which
consist in splitting a time series into individual waves, measuring their heights, and taking
the average of the highest one-third of the wave heights.

The significant wave height was obtained from the 5000 spectra by evaluating Equa-
tion (7) with the total variance of each spectrum. The obtained values were taken to be
the reference values of significant wave height for the following analyses since all results
are derived from the spectra. The significant wave height of η was then calculated using
the aforementioned methods: using the variance of η in Equation (7) to obtain Hσ, us-
ing the zero-up crossing method to obtain H1/3↑, and the zero-down crossing method to
obtain H1/3↓.

Due to the amount of data a direct comparison of the four parameters does not provide
a good measure of their correlation. The Pearson correlation coefficient (r) between Hm0

(the significant wave height calculated from the spectra) and the other three metrics ranges
between 0.9981 and 0.9985, and the linear regression coefficients are A = 1.0017 (linear
coefficient) and B = −0.0032 (intercept), so a scatter plot will not show much either.

Therefore, the comparison of the three computed significant wave heights with Hm0

was accomplished by taking the ratio between each of Hσ, H1/3↑, and H1/3↓, and the reference
value Hm0 . Figure 3 shows the computed histogram of these ratios for the 5000 sampled
spectra. The horizontal axis of Figure 3 represents the ratio between each of the analysed
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variables and the reference Hm0 . It represents how much the reference value is over- or
under-estimated by each other method.
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Figure 3. Histogram and box plot of the ratio between Hσ, H1/3↑, and H1/3↓ and the reference Hm0 for
the 5000 sampled spectra.

Figure 3 shows that Hσ provides the best estimation of Hm0 because it has more values
closer to 1 (where Hσ = Hm0). Both H1/3↑ and H1/3↓ yield slightly more scattered values,
although the majority of the data points are still close to Hm0 . The better fitness of Hσ

is explained by the fact that it is computed using the variance of the variable of interest
and Equation (7), as is Hm0 , so both are different measures of the same quantity. What
makes Hσ not identical to Hm0 are the random number streams used in the generation of η
from the spectrum, as explained in Section 3.

H1/3↑ and H1/3↓ give more scattered values because they are not based on the variance
of the sea surface elevation, as Hσ, they are derived from a different measurement of the
surface height, so the estimate is not guaranteed to be the same. However the estimates
of H1/3↑ and H1/3↓ are still mostly within 5 % of Hm0 and most of the fluctuation is possibly
due to the random phase spectrum, as is the case with Hσ.

Below the histograms in Figure 3, the box plots show that on average all the estimates
tend to the same value, as their ratio tends to 1. As expected, the estimation with Hσ

produces a narrower interquartile range, highlighting its higher accuracy. The box plots
show that, except in the case of outliers, the significant wave height of the generated time
series of η will remain within 5 % of the spectral significant wave height, thus showing that
the transformation from the spectrum to the time series does not influence the underlying
sea state.

It should also be noted that the distribution of Hσ/Hm0 approximates a Gaussian
distribution because the random number streams are normally distributed. The grey curve
in Figure 3 shows a Gaussian curve fitted to the histogram of Hσ/Hm0 . The fitting resulted
in a correlation coefficient of 0.9972.

4.2. Reversing the Process to Obtain the Spectrum from η

One final verification which can be made is whether after transforming the spectrum
to a time series of η, this time series can be transformed back to the same spectrum. To
reverse the process, Equation (5) has to be manipulated so that St is explicit on the left-hand
side:

St = ∆ f−1
(
F (η)[
α + iβ

])2

(8)

where F (η) is the Fourier transform of η. However this approach uses the same random
number streams α and β as the forward transformation, and the result of St is trivial: the
input spectrum.
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In practical applications (data collected from a wave buoy, for instance) the phase
spectrum (composed by α and β) is not available, only η is. Equation (3), before the
inclusion of the random number streams, directly relates St with η through the Fourier
transform. Rearranging Equation (3) to have St explicit:

St = ∆ f−1∣∣F (η)∣∣2 (9)

results similar to Equation (8), but without α and β. It is worth noting that the absolute
value operator which was removed from Equation (3) to obtain Equation (5) reappears
here, after removing the random number streams.

Computing Equation (9) results in St, a vector with the same number of elements as
the time series of η. To obtain the one-sided spectrum, St should be truncated to the first
n/2 elements (that is, half its length), and multiplied by two (see Figure 1).

To analyse the result of the process described above, one point was selected, taking
into account the histogram in Figure 3, whose ratio Hσ/Hm0 is approximately equal to one.
Figure 4 shows the original spectrum, as described at the beginning of Section 4, taken
from the point aforementioned. This spectrum was transformed into a 1 h long time series
of η, using the methodology described in this article, and then Equation (9) was applied to
this time series to obtain the spectrum from η.
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Figure 4. Wave spectra at the point selected for analysis. “Original” is the original spectrum used for
the analysis, “Equation (9)” is the result of Equation (9) applied on the time series of η obtained from
the original spectrum, and “Result” is the result of Equation (9) after noise removal treatment.

However, it is clear from Figure 4 that, although the general behaviour of the result is
consistent with the original spectrum, the direct application of Equation (9) is not enough
to obtain the spectrum back due to the amount of noise in the result. This noise is intrinsic
to the Fast Fourier Transform algorithm, which uses only one amplitude per frequency to
estimate the variance density of the spectrum, yielding errors in the order of 100% [2].

One of the approaches to reduce this error is, instead of applying Equation (9) to the
entirety of η in one go, is to divide η in a number (p) of non-overlapping segments, and
then process each of these with Equation (9). The final spectrum is the frequency-wise
average of each of these segments. This is referred to as the quasi-ensemble average of
the spectrum [2], and it reduces the error by a factor of

√
p at the expense of reducing the

resolution of the data set by a factor of p. With a large enough time series of η, this should
not be a problem, since the spectrum is usually discretised with around 50 frequencies,
depending on the application.
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Applying a quasi-ensemble average with p = 64 segments to the data set being
analysed reduces the error in the order of 12.5 %. Figure 4 also shows the final result after
the noise reduction. It can be seen from Figure 4 that the result closely follows the original
spectrum. The calculated root mean square error between the original spectrum and the
result is 0.0198 m2/Hz.

5. Conclusions

In this article, a method is developed to transform a sea wave spectrum into a time
series of sea surface elevation. The method is based on the definition of the variance
spectrum from the result of a Fourier transform and uses the closure hypothesis that
the phase spectrum of the waves is randomly distributed in the interval [0, 2π]. This
allows providing both the amplitude and phase spectra to the IFT, which then returns the
corresponding sea surface elevation.

The verification analyses of the method show that it is capable of correctly transform-
ing a wave spectrum into a time series of sea surface elevation with maximum differences
of around 5% due to the random phase spectrum inserted in the data. However, this
difference in one realisation of the sea surface should not be considered as an error because,
on average, it cancels out among other realisations. This difference is intrinsic to the usage
of the spectrum as a predictor function for the sea surface elevation.

It should be noted, however, that the application of the IFT superimposes the indi-
vidual components of the wave spectrum, without regard to nonlinear effects. Thus, for
extreme sea states where the linear wave theory doesn’t hold, waves may be generated
steeper than in reality, thus it is recommended attention be given to the generated results
when applying this method to regions of very shallow water or extreme sea states. Further
developments of this methodology may focus on detecting and avoiding these anomalies.

The methodology presented in this paper can be used to represent the sea state,
provided the spectrum is known, in applications that require time-varying wave data, the
most obvious one being the numerical modelling of wave flumes and tanks using CFD, but
also as a boundary condition to other types of phase-solving wave models, and physical
wave tanks. This method can also be used to generate wave data to simulate the load on
offshore structures subject to wave action, or their fluid dynamic interactions, as done by
Machado et al. [16], for example.
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